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1 Introduction 

In this article the answers to the following questions are considered for any even 
n > 4: 

1. What is a Clifford algebra and how to construct it? 

2. What is the real and complex representations? 

3. What is an involution, and how it helps in a transition to real inclusions? 

4. How to construct the complex and real representations of the Clifford genera- 
tors (the connecting operators)? 

5. How does the involution act on the Clifford generators (the connecting oper- 
ators)? 

6. How to lead a complex orthogonal matrix to a block diagonal form? 

7. How to construct the basic isomorphisms (including the double coverings) and 
other relations in the explicit form with the help of the connecting operators? 

8. How to construct a partial solution of the Clifford equation for the connecting 
operators for even n > 4? 

9. How to construct the structure constants of the hypercomplex (sedenion) al- 
gebra (without division for n>8) by means of the connecting operators for n 
mod 8 = 0? 

10. How to enter and to coordinate the connection in the tangent and spinor 
bundles? 

11. How to construct the Lie operator analogues and what are the conditions of 
their construction? 

12. How to construct the curvature spinors? 

13. What is the communication between the twistor equation, the derivational 
equation of the normalized Grassmannian and the conformal Killing equation? 

14. What is the difference between the spinor formalism for n < 8 and the one for 
n > 8, and how to construct it for small dimensions? 

15. How to construct the geometric representation of spinors (twistors) for ^('24)? 

16. How to construct a generalization of the Cartan triality principle to the Klein 
correspondence and what is the geometry of such the generalization for n = 8? 

17. How to construct (one-to-one) the spin (spin-pair) analogues of the Lie oper- 
ators for n = 4 in an explicit form? 

The conclusion of all results of this article is made on the basis |33j|^ 

-'^The Russian edition (on the pp. 124-261) contains the original variant of the article with the 
corrected errors and the original numbering of the pages (pp. 1-138) 
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2 Clifford algebra 



In this section, it is told about how to construct the real 2n-diniensional Clifford 
algebra with any functional G according to ITS', lecture 13, pp. 258-299]. In the case 
when the functional G in a suitable basis has the diagonal form with the identical 
quantity ^ + ^ and <C — ^ on the main diagonal, the generators of such the 
Clifford algebra create the generators of the complex n-dimensional Clifford algebra 
which is isomorphic to the algebra of complex matrixes C(2?). The conclusion of all 
results of this section is made on the basis |18j . 

Let V be a vector space over M. Then V will be a module over M: 1). a (x+y) 
=ax-|-ay, 2). (a+b) x=ax-|-bx, 3). (ab) x=a (bx), 4). 1- x=x, where x, y G V, a, b 
G M. Let's consider the ideal 

J{G) := {T®{x®x-^G{x)y, T eTo(y),x eTo\V)} (2.1) 

in the algebra To(V) = To°(V) © ... © To'^{V) © .... Also we will define the Clifford 
algebra as CLiG"^^) := To(V)/J(G). We will construct a representation of such the 
algebra into an polynomial algebra 

a:V^A, a: To(V) ^ A, 

a{V) = B^x-^, a{To(y)) =A + B~^x^ + C^^x^x^ + ... . ^ ' ' 



Hereinafter yl, ... = l,2n. Suppose that the relation ce{J{G)) = is executed 

for some mapping a : CL{G) i — > CA. It will mean that 

X ^x {j, -\- X ipX ^ = X . (2-3) 

Therefore, the form G{x^ ^ X ^ ^ ill cL suitable basis has the diagonal form. Suppose 
that for such the basis, the parities 

x^x^+x^x^ = 0, {A^^)- x~/ = ±l (2.4) 

are carried out that will define the mapping 

a(C/(G2n)) qA^^ ^ C^^^^x^x^ + ... (2.5) 

In turn, it means that the Clifford algebra is finite- dimensional and dim GLiG"^^) = 
2^", dim V = 2n. Let's construct now the complex Clifford algebra CL{g'"'). For 
this purpose, we will consider the real Clifford algebra CL(G'^"^j). We will demand 
that (x2a)^ = 1, (x2A-i)^ = —1 and set 

V2za = X2A + iX2A-l, \PlZA = X2A- iX2K-\. (2.6) 



Hereinafter A, ... = l,n. Then 

2{zAZq, + Zq,ZA) = (X2A + iX2A-l)(x2-^ + iX2^~l) + {X2^ + iX2^-l){x2A + iX2A~l) = 
= X2AX2^ — X2A-lX2<^-l + i(x2A-lX2* + X2AX2*-i) + 
+ X2*X2A - X2*-lX2A-l + «(x2*-lX2A + X2*X2A-l) = 

'4, A = ^, 
0, A^v]/, 

2{zaZ^ + ZqjZA) = {X2A + ^X2A-l) (X2<I' - iX2^-l) + (^2* - 'jX2*-l)(x2A + ^X2A-l) = 
= X2AX2^' + X2A-lX2^'-l — i{—X2A-lX2m + X2AX2*-i) + 
+ X2*X2A + X2*-lX2A-l — '^(x2*-lX2A — X2*X2A-l) = 0, 

(2.7) 
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ZKZin + z^zt. = g{zA, z^). (2.8) 

Therefore, the factorization of the complex algebra ToiV'^) = To(V'^)(2;) by the ideal 
J{g) = {T(g){z0z- Igiz)); T G To{V^), z G To^fv^)} will define the complex 
algebra CL{g^) ^ To{V^)/Jig). 

Theorem 2.1. For the Clifford algebra, there is the decomposition 

CL{GfZX'^,^) = GL{Gl^^,^) ® GLiG^,^), GL{g-) = GL{g-~^) ® GL{g') 

(2.9) 

with the multiplication a ■ b = {a, a) ■ {b, b) = {ab, ab). 

Proof. Let be a basis in V^"", and let X2n+i,X2n+2 be a basis in 

X;[X^ + X^Xx = 0, {A^^)\ (a;2A)^ = 1; (x2A_i)^ = -1, 
^2n+\^2n+2 + ^2nJr2^2n^\ = 0; (x2n+2)^ = (a^2n+l)^ = 1- 



(2.10) 



It will give a chance to define the basis in V^""^^ as 

■^A ~ ^A^2n+lX2n+2, ^2n+l = X2n+2, -^2n+2 = a^2n.+l (2.11) 

with the conditions 

Xj,X^ + X^X^ = 0, {A^ (X2a)2 = 1, (X2A-1)' = -1, 



in this equation A = 1, n + 1, A = l,2n + 2. 
Then for any a G CL(G'^^^^^^^p, the decomposition 

a = aiX2n+2X2n+l + a.2-^2?i+2 + a.3-^2n+l + 0-4 = 
= ai (g) X2n+lX2n+2 + ^2 ® X2n+1 + ^3 ® 3^2,1+2 + 04 ® 1 

is executed. Let's spend the replacement of the basis 

y2n+l = {X2n+1 + 3;2n+2)/2, ?/2n+2 = {X2n+1 — X2n+2)/'^, 
(y2n+l)^ = 0, (?/2n+2)^ = 0, 2?/2n+ll/2n+2 = 1 " a;2n+ia;2n+2- 



(2.12) 



(2.13) 



(2.14) 



Then, the decomposition (2.13) will have the form 



a = (-Oi + a4)l/2n+ll/2n+2 + (^2 + a3)y2n+l + (^2 " a3)?/2n+2 + (Ol + a4)y2n+2y2n+l • 

(2.15) 

Hence, any element a G GL^G"^^ ^^) is decomposed as 

a = aiX2n+lX2n+2 + (l2X2n+l + %2;2ra+2 + 0,4 = 

-ai+a4 02 + 03 \ / l/2n+ll/2n+2 ^ (2.16) 
02-03 Oi + 04 / I ?/2n+l 



( y2n+iy2n+2 ?/2n+2 ) 



and for any two elements o, 6 G CL(G^"^^^^-^-|), the relation 

C:= a-b = (Oi (g) X2„+lX2n+2 + O2 ® X2n+1 + 03® X2n+2 + 0401)- 
ibi®X2n+lX2n+2 + b2 ® X2n+l + &3 ® a;2„+2 + ^4 ® 1) 
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=Cl 



=C2 



(0364 + 0463 - 0162 + 02^1 ) ®a;2n+2 



+ {aibi + 0464 + a2&2 - a3&3 



■V/ — 

=C3 



=C4 



(2.17) 

is executed. At the same time, for any two elements a,6 G CL{G'^^ ^^), the identity 
c := a ■ b = 



-ai + 04 a2 + 03 

a2 — Ct3 Cll + CI4 



-bi + 64 62 + bs 
62 - 63 &i + &4 



ai6i — 0164 — 0461 + 0464 + 0262 + 0.362 — 0263 — 0363 
—0261 + 0361 + 0264 — 0364 + 0162 + 0-462 — 0163 — 0463 

-0162 + 0462 - O163 + O463 + O261 + 03^1 + 0264 + 0364 
O262 — 0362 + 0263 — 03^3 + Oi^i + 0461 + 0164 + 0464 



(2.18) 



-Ci + C4 C2 + C3 
C2 — C3 Ci + C4 

is true. That will allow to define the correspondence between the generators of the 
Clifford algebra CL{G'^^^ ^^) and their matrix representations 





^ 






' 




X2n+l — 1 




I) 


, a^2n+2 — ( 




I) 



(2.19) 



This means that for any two elements a,b E C'L(G'^"^^^_|_j^p, for the similar matrix 
representation, ci, 02,03,04 G CL(G^^^^). Other two representations are similarly 
proved also. □ 

Theorem 2.2. The complex Clifford algebra for even n is isomorphic to the algebra 
of complex matrixes of kind 



CL{g) = C(2 



n/2\ 



(2.20) 



Proof. Let's determine according to the proof of Theorem 2.1 and replacing X on x 

^/^Zn+l = X2n+2 + '>'X2n+l, V^^n+2 = a^2n+4 + ^3;2n+3; 



(2.21) 



Zn+lZn+l — 1, Zn+lZn+1 — iX2n+lX2n+2 — ~Zn+lZn+li 
Zn+2Zn+2 = 1, 2;„+2^n+2 = 'i'X2n+zX2n+i = —Zn+2Zn+2, 

Zn+lZn+2 + ^n+2^ra+l = 0. 

This will allow to define the correspondence between the generators of the Clifford 
algebra CL(G'^2 2)) their matrix representations 
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X2n+4: = 







-1 









, 3;2n+3 = 







1 
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1 










) 






^ 1 













/ 



(2.22) 



Then for the generators CL{g^) in the special basis similar to the one of Example 
3./ ' , we will obtain 



v'2.„..^(^_° 1+'). V-2....-{,J>, (2.23) 

as will prove our theorem. Strictly to construct the specified conformity in the 
common view, the knowledge of some additional facts, which are worthy to devote 
them the following section, is necessary. □ 

Thus, the real Clifford algebra CL(G'^"^^) is isomorphic to the real algebra of 
n-dimension matrixes 

CL(G?:,„))-M(2'^). (2.24) 

Therefore, there is a mapping 

7 : M(2") ^ (v«)2". (2.25) 



On the basis (2.3), the operators 7y[ should satisfy the equation 

lAl^ + lilA = Gxi,, (2.26) 

which is called Clifford equation. At the same time, the complex Clifford algebra 
is represented by the matrix algebra C(2"'/^). The multiplication in the complex 
Clifford algebra delegates the matrix multiplication in C(2"/^). Therefore, one can 
construct mapping 

7 : C(2"/2) ^ {y^Y_ (2.27) 



From (2.8), it follows that the operators 7a should satisfy the complex Clifford 
equation 

7a7* + l^lk = 9k^- (2.28) 



3 Complex and real representations 

In this section, it is told about how locaUy to construct the n-dimcnsional complex 
representation on the real one of the 2n-diniensional pseudo-Riemannian manifold 
with tangent bundle fibers isomorphic to Ili(^'„-)- For this purpose, we construct the 
corresponding complex reparametrization of an atlas in a neighborhood of some point 
that induces the Neifeld operators [15] connected to the Norden affinor [17] in the 
tangent bundle. Accordingly, by means of the connecting operators 7^, the Neifeld 
operator analogues are induced to within a sign in the spinor bundle. It will give a 
chance to pass to the complex representation of the connecting operators 7a. The 
conclusion of all results of this section is made on the basis [15j, X7\ . 

Under complex analytical Riemannian space CV^, we will further understand an 
analytical complex bundle supplied with analytical quadratic metric, i.e., a met- 
ric defined by means of a symmetric nonsingular tensor g^^q, (here A, \Ef,... = l,n; 
yl, !^', ... = l,2n), which the coordinates are analytical functions of the point coor- 
dinates. To this tensor, there corresponds complex Riemannian torsion-free connec- 
tion, the coefficients of which are defined by the Christoffel symbols, and hence these 

^In the example, 1 — > ~7^^A^ -^A ' — ^ 73 "^^^ 
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coefficients are analytical functions. The tangent bundle to this manifold r*^(CV^) 
has fibers = CM" that is fibers isomorphic to the n-dimensional complex Euclid- 
ian space, the metric of which is defined by the value of the metric tensor at the 
given point. The real representation of CVn has the tangent bundle T^{V2n) with 
fibers isomorphic to Let on an atlas {U;x^) be set. We will consider 

reparametrization of this atlas {U ; w^) such that — ■^{u^{x^) + iv^{x^)), which 
is locally solvable as — x^{u^,v^). Set 

^ 1 du^ ,dv^ dw^ ^ 1 dx"^ .dx^ dx^ . . 
Then 

—^A —-JA 

(3.2) 

that will define the complex structure f on V2n, where is Norden affinor. We 
will define Neifeld operators ^ := m*^ as 

n— . m^-v?. A_i(( ^'^^ ^^"^ dx"^ ■ (du^ dx"^ I dv'' dx"^ \\ 

=0 

X A _. rn^.rriT^ - ^((— — + — —1 -? dx± _ dv^ dx±\\ 

0^ -.m - 2\\ Q^X du"^ ^ Q^A dy^> ^^dx^ dv^ dx^du^))^ (3.4) 

Then, |^ |^ = (where v"^' = 5^*'^* and m*' = and the tensor 5^*' has 

the identity matrix). Hence, 

du^ I du^ dv^ dx^ dn^ dx^ dv^ , , 

are Cauchy-Riemann conditions if the complex structure has the canonical form in 
the given basis 

where E is the identity matrix of dimension n x n. It is easy to check up that 
= —E. If now to demand that maps of the atlas on CV^ have been coordinated 
by means of holomorphic transformations then by such a way, one can identify the 
two manifolds: CVn and V2n- Thus, it is possible to construct the isomorphism be- 
tween fibers of the tangent bundles: T'^{CVn) and r'^(V2n) as well as between fibers 
of their real representations: T^{CVn) and T^{V2n)- 

Let in the same basis in which the complex structure has the canonical form, our 
metric be 

^A^ ^ ( -E ) ' 
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where E is the identity matrix of the dimension n x n. The special operators 
m\^, m^-[ which by definition, should satisfy the following system of the equa- 
tions 



TTlA Til X ^1 



(3.8) 



A, 



answer for the conformity V2„ i — > CV^. Then from the average equation, the 
parities 

= ^^^(^A^^*;i) = nrnK^)rri^ A = + ^fn^rn^ A- (3-9) 

will follow. Whence, the relations 

m*^ = i f/m^'x (3.10) 

arc the Cauchy-Riemann conditions again. Therefore, in the presence of the metric 
G^^ for M?^„), the metric 



(3.11) 



is induced in the complex representation. In the standard complex representation 
(where instead of the space the space R^" undertakes), this means that g'A'*' = 

Oa'^' = and leads to the Hermitian metric g'A'*- However, in our case, it is necessary 
to take advantage of the conditions 



— 5'A*' — 0. 

It will lead to some restrictions on the metric tensor 



(3.12) 



= gA'^m^' ^m^ Q = {G x§mK'^m^,'^)m^' ^m^ q = Gj[^{mA''^m^'^){mq,'^m^Q) 



=0 



=0 



(3.13) 

Therefore, our pseudo-Euclidian metric with the canonical complex structure satis- 
fies the equation 

-Go^, (3.14) 



E 
-E 



E 
-E 



-E 
E 



E 
-E 



Besides, it will be executed 

A * I - A' - - 



(3.15) 
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Example 3.1. At n=l for M^^ 



G 



A<I' 



1 

-1 



f i 
' J A 



1 
-1 



(3.16) 



Now the operators (|3.8|) can be applied to (|2.25|). For this purpose, we will 

(3.17) 



consider the decomposition for n=2 (N=l) 



The proof of this formula will be given in the following section (6.15). From (3.17) 
it will follow 



:i+2)^ , (1-^)^. 



-F 



:=A + 



(3.18) 



=A_ 



= A+7^A+ + A_7^A_ 
This means that one can set for n=2 (N=l) 



.B~ c 



c 



m±x^m^^ ^ = 0, 



c 



m±^^m^'^'^ = 0, 



(3.19) 



Here A,B,C,D,... = 1, {2Ny, A,B,C,D,... = 1, 2N. Note that we can introduce 
the operation of conjugation (not complex!) such that the operators rh± {m±) and 
TTizp (rh^) are conjugate to each other for such the operation. Hence, as the operators 
7a, one can take either 7+A or 7_a 



7±Ai^ := mA'^lAc'^^±A^^±^D- 



(3.20) 



12 



Example 3.2. At n=2 for 



A _ 1 



1 i 



\ 1 



[m 



T\ A _ I 



G 



AW 



/ 1 \ 
0-100 

10 

\ -1 / 



V2 



1 fx 



/I \ 

-i 
1 



9A'f 



1 
1 



V 

/ 1 \ 

-10 

1 
\ 0-10/ 



(3.21) 



7^ are defined according to (2.26), 7a are defined according to (2.28) 



m 



B ._ 



m 



+A 



m 



+A 



B _ 1 



[m 



T\ _A _ f^T\ ^A _ f^T\ _A _ \ 



(m 



^-A 



B _ 1 



1 i 

^ V 1 1 

/ 1 \ 

-i 
1 

vol/ 



A 



1-200 

\ 1-1 
/I \ 

i 



(3.22) 



:uT\ A _ 1 



[m 



pA _ — pA pA ^ 

^ B ■— B — B 



V2 I 

\o -1/ 

/ 1 \ 

-10 

1 

\ 10/ 



By the way, it once again says that the operator F is a matrix fourth root from the 
matrix identity. The square F"^ corresponds to the trivial transformation multiplied 
by -1 in the space IR^2 2)- 

In the case of arbitrary n, the algorithm for the reduction of the spinor dimension 
is as follows. 

Algorithm 3.1. The complex structure can be represented as a product of elemen- 
tary transformations of the dimension 4x4. Each I-th elementary transforma- 
tion generates the operator {mi)\^ which is responsible for the transition from the 



real representation of the subspace {Rj 



'(2,2) 



C 



D2n 

^(2n,2n) 



to the complex representation 



(C/)^ C R{2n-22n-2) ® i^i)^ ' '^'^^ hcncc this lowcrs the dimension of the space on 



(B{Cj) 

2. Accordingly, in the spinor space, the operators mj^, 



mj, which can reduce the 



dimension of the spinor space by 2 times are generated. Obviously, the n/2 steps are 
required (/ = 1, |). This would reduce the spinor dimension by 2 2 = 2N times and 
would lead to the complex matrix representation of the dimension 2N x 2N. The 
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operators mj^ , mj^ will satisfy the following relations 



mi^/mi^^ ^ = 0, 



mi^/mi^^c 



A B 



(3.23) 



Here for I step A, B, C, D, ... = 1, ^-^^ , A, B,C, D, ... 
construct the operators (rhj^ := fhj^^^ , rhj^ := mj^^^) 



1, Then we can 



MK:=mTL mn_i ■ ... ■ m2mi Mk ■-= ml ml^^ ■...■mXml 

2zn 2 zn_-^ 2 1 2z„ 2 ^z„ , ^2 ^1 

2 2 2 7-^ 

(3.24) 

where zj (J = 1, |) is equal to for the sign <^ — ^ or 1 for the sign ^ + ^ 

n 
2 

then K = ' 2"^^^ + 1- If '^t does not matter which of the K-th operators will he 

j=i 

selected then the number K will he omitted. Using these operators, one can define 



K 



(3.25) 



The corresponding example will be analyzed below (Algorithm 8.1). 



4 Real inclusion. Involution 



In this section it is told about how locally to enclose a real n-dimensional (pseudo-) 
Riemannian space into the complex representation CVn of the 2n-dimensional pseudo- 
Riemannian space. For this purpose, a real surface in CT^„ with a real parametrization 
is considered. This enclosure is induced in the tangent bundle by means of an inclusion 
operator Hi^ [TS] with which the help one can obtain the fiber of a real tangent bundle 
equipped with the (pseudo-) Euclidian metric. The index of such the metric will be 
significantly depend on the kind of the inclusion operator. The conclusion of all 
results of this section is made on the basis [15] . 

We will consider the real (pseudo-) Riemannian space Vn as a surface of the real 
dimension n in the space CV^, i.e., a surface defined by means of the parametrical 
equation 

^i;^ = ^^(wO, (A,^,...,2,j,<?,/i = M), (4.1) 

where are the complex coordinates of a point x of the base, and are parameters: 
the local coordinates of a point of the space Vn. The partial derivatives {diW^ =: 
Hi^) locally define inclusion of the real tangent spaces (4.1) in the complex tangent 
space as follows 

H-.rf^ T^, (4.2) 



= w^{u^{t)), r 



dt 



A ._ dw± 

dt 

. dw 



H, 



Adu' 
dt 



(4.3) 



dt ^ 'x ) 



14 



where the differentiation is conducted along a real curve 7(t) of the surface (4.1). 
Since || Hi^ || is a nonsingular Jacobian matrix then there is the operator if* a such 
that 

From here, it follows that the operator Hi^ defines involution 

C Zji fj *' 



(4.5) 



in the complex space, where the coordinates ifj*' are in complex conjugate to the 
coordinates if,*. Therefore, 



SA^r 



(4.6) 



It is a necessary and sufficient condition for the vector G to be real. Thus, 



Da d^' = Oa . 



(4.7) 



We will define the metric of Vn (the real (pseudo-) Riemannian space) by the con- 
dition 

■ (4.8) 



A "I- 

gA^r r 



gA^r^r"^, 



Vf*' 



SA^'r^. 



This means that a real tensor of the space Vn is defined as the tensor self-conjugated 
under the specified Hermitian involution 



Sa* Sqj^ g^'Qi- 



Therefore, the tensor 



9ij '■= Hi^Hj'^gA-i, = Hi^Hj^gA-i, 



(4.9) 
(4.10) 



will be the metric tensor of Vn C CVn. The kind of the metric Qij significantly 

'A 



depends on the structure of the operator Hi^ and hence the involution Sjs *' 



Example 4.1. Let there be the complex Euclidian space CM'^. An inclusion of a 
real space in the complex can be obtain by means of one of the three various ways 



Hi 



/ 1 \ 

10 

10 

\ 1 / 



/ 1 \ 



ii/ 



1 






1 



ii/ 



G 



A* 



\ i / 

/ 1 \ 

10 

10 



/ 1 \ 

i 

i 

\ i / 



9ij 













v 








1 


1 














( 1 








\ 




( 1 











\ 






( 1 











\ 





1 













1 

















-1 
















1 





) 9ij — 








-1 









9io = 








-1 







Vo 








1 ) 












-1 


I 














-1 


/ 



(4.11) 
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5 Elementary transformations of the orthogonal 
group 

In this section, it is told about how to lead a pseudo-orthogonal transformation 
to a block-diagonal form, and then to pass to the complex representation of such the 
transformation. The conclusion of all results of this section is made on the basis |10) . 

m- 

Let's consider an orthogonal transformation in the space which is set by 

the formula 

^Ai'^n = ^nr- (5-1) 
Thus, a basis is chosen so that || G^,^ || will have the diagonal form. 

Theorem 5.1. Conformal transformations of the space "^(^Zln-i) fo'rm the group 
0{n, n) consisting of 

1. rotations from 0{n — l,n — 1) , 3. translations, 5. superpositions l-^- 

2. dilations, 4- inversions. 

Then any transformation of 0{n,n) can be represented as a product of elementary 
transformations 

J 

Sa^'^' = ±\{{Hri)AArif'^'-h,'"-'). iri)A,{rif' = ±2. (5.2) 
1=1 



Proof. The elementary transformations (5.2) are really orthogonal 



±r^r ^ - 5/)(±r^r^ - 5^^) = (±2)r^r^ T r^r"" T r~^r'' + 5f = 5/. (5.3) 



Usual rotations from the group 0(2) can be represented as (5.2). At the same time, 
f, sinf). 



= a/2 (cos |, sin |), and there are the two disconnected classes of rotations 



^ / cos a sma \ / cos a sma \ 

a . . > ^ • • • 

\^ sm a — cos a J \^ — sm a cos a J 

However, the transformation from b). is obtained by a superposition of the two 
transformations from a). 

1. A transformation from the group 0(1, 1) is boost of one of the 4 forms 

(5.5) 



ch^ sh^ \ h\ f ch^ -she 

she che r [ she -che 



, -ch^ sh^ \ / -ch^ -sh^ 

' -sh^ ch^ r \ -she -che 



The transformation from b). is represented as in the equation (5.2), where 
= A/2(ch|, sh|). The transformation from a), is a superposition of the 
two transformations from b). The transformations from c). and d). differ 
only in the sign from the transformations from b). and a), respectively. This 
describes the four disconnected components of 0(1, 1). 
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2. Let one- dimensional dilation in M.^ has the form x = Xx. Consider the hght 
cone in Mj^ 2) defined as T^-Z^-X^ = 0. We cut it by the plane T+Z = 1 and 
perform the stereographic projection of the cross section onto the fine T — 1, 
Z — that induces the one-dimensional space with the single coordinate 
x= Then f + Z = X{T + Z),f-Z = X-\T-Z), X = X. If A > then 
this transformation will be the boost from a).; if A < 0, this transformation 
will the boost from d). 

3. Consider translation x = x + a in the space M}. This will lead to the relations: 
f-Z = T-Z, f + Z = T+Z + 2aX + a^{T-Z), X = X + a{T-Z). The fixed 
vector of this transformation will be an isotropic vector of the form (6,0,6). 
It is impossible to translate an isotropic vector to a non-isotropic vector by 
any pseudo-orthogonal transformation since such the transformations keep the 
constant value - - Z^. This means that we can not apply such the 
transformations to the basis to direct an isotropic vector along a non-isotropic 
axis. However, this does not prevent for the dilation to be decomposed into 
elementary transformations: rotation, boost, and one more such rotation. To 
do this, as the rotation we take the elementary transformation 



1 
cos a — sin a 
sin a cos a 



(5.6) 



with tg q; = I 
tion 



, and as the boost from a)., we take the elementary transforma- 
ch^ sh^ 

sh^ ch^ I (5.7) 
1 



with ch^ = ^ + 1- Then, this composition will have the form 



/ 1 







1 



a 



( 1 










1 



4^ 



\ 



1+ 



a 
2 



1+ ^ 



a 
2 



a 
1 



2 

—a 



a l-K 



\ 






1 y 



(5.8) 



4. Inversion x 



m 



induces the rotation T = T,Z = —Z,X = X. 



5. Superpositions of all one-dimensional transformations of the form 1-4 and ro- 
tations from 0{n — l,n — 1) represent the conformal transformation group of 
the space R(^ri„_i) which will be isomorphic to the group 0{n,n). 



□ 
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Example 5.1. Let's consider the group of pseudo- orthogonal transformations 0(1, 2) 
of the space M^^ 2)- ^■^ known, eigenvalues of any such a transformation are roots 
of a polynomial of third degree. One of such the values should be obligatory a real 



number. Since pseudo-orthogonal transformations satisfy the parity (5.1) then the 
square of such the real number is equal to 1. Therefore, any transformation from the 
group 0(1,2) possesses a fixed axis. However, not always this axis can be combined 
with a coordinate axis using pseudo- orthogonal transformations of the basis only. 

1. Let's consider the composition of a rotation and a boost for the space M^j^ 2) 

ch^ -she ^ \ I ^ 0\ I d\e -cosash^ -sinash^ 

sh 6' — ch.6 I cos a sin a = ( sh — cos a ch ^ — sin a ch ^ 
01/\0sina— cos a / \ sin a — cos a 



Let this composition will leave fixed the vector (a, 6, c) 

ach^ — 6cosQ;sh6' — csinash^ = a, | = tg|, | = cth|, 
as\i9 — h cos aohO — c sin ac\i9 = b, 

6 sin a — c cos a = c, r = (6cth |, 6, 6tg 



(5.9) 



(5.10) 



Let's spend the basis transformation 



chf -shf \ / 6cthf \ / Vshf 
shf chf b = I . (5.11) 

1 / V &tgf / V ^tgf 



As now |rp = 6^(1/ sh^ | — tg^ |), we will set b := ± , . Then 



there is the basis transformation 



v/|l/sh2|-tg2f| 



ch0 sh0 \ / 6/8^2 \ a/ orch0= sh0 = -6tgf, 

shl I chl)[ 6tgf j' '"-'^^ = -^1^ '^^= ^^gf- 

(5.12) 

In the case a)., the coordinate axis (1,0,0) is fixed, and in the case b)., the axis 
(0,0,1) is fixed. // 1/sh | = ±tg | then it is impossible to simplify the initial 
superposition with the help of any pseudo -orthogonal rotation of the basis only. 



2. Let's consider the composition of two boosts for the space 



^(1,2) 



ch ^ — sh \ / ch — sh t/' \ / ch 6' ch — sh 6' — sh t/; ch 
sh0 -ch^ 1 = sh^ch^ -c\\Q -sh^^sh^ 

1 / \ shV' -chV^ / \ shV^ -ch^ 

(5.13) 

Let this composition will leave motionless the vector (a, 6, c) 

ach^chV'-fesh^-cshV'che = a - = th|, - = thf , 
ash^ch'?/' — 6ch6' — csh'?/'sh6' = h , (5.14) 
a sh — c ch = c r = (a, ath|, ath|^). 
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Let's spend the basis transformation 





a/ ch I 

I . (5.15) 

ath| 

As now Irl^ = a^(l/ ch^ ^ — th^t); we will set a :— ± , }^ „ , . Then 
t/iere is ^/ie 6aszs transformation 

ch(/. sh0\ /a/ch|\ a| or ch(/)= sh0 = -athf, 

sh° ch°y V «thf j ' ^^^^'^=-Jf' ^^^^ 

(5.16) 

/n t/ie case a)., the coordinate axis (1,0,0) is fixed, and in the case b)., the axis 
(0,0,1) is fixed. Ifl/ ch^ | = ibth^^, then it is impossible to simplify the initial 
superposition with the help of any pseudo- orthogonal rotation of the basis only. 

Example 5.2. Let's consider a superposition of elementary transformations from 
the group 0(1, 2) 

chcj) sh0 \ / 1 \ / chV' shV' 

1 coso; sin a sh'^ ch'^ 
sh0 ch(f) J \ —sin a coso; / \ 1 



ch0 sh0 \ / ch^ sh^ ^ \ / ^ ° ° 

1 sh^ ch^/; cos a sin a 
sh0 ch0 / \ 1 / \ -sin q; cos (5 

ch{(t)—(p) chip— sh{(p—(p) ship sina ch{(p—(j>) ship— sh.{4i—<t>) chip sina sh{(p—<p) cosa 
cos a ship cos a chip sin a 

sh((p—(p) chip— ch{(p—(p) ship shia sh(</)— 0) shi/>— ch((/)— </i) chi/i sina ch(</>— 0) cos a 

(ch ship cos a ship sin a 
ship chip cos a chip sin a 
— sin (5 cos a 

The solution of this system will be 

sina^chiPsina, ship ^ , '""t sh{(P - 4>) ^ shyisina _ 

Y 1— ch^Vsin^a y 1— ch^ Vsin^ a 

, shV- ^shV'COSo;, sh(0 - 0) ^ , ^^^f . 

Y l+sh ^ cos^ a Y 1+sh V cos^ a 



(5.17) 



(5.18) 



sm q; = 



Besides, an unusual case is ch^ipsiyi^a > 1. Therefore, it is not always one can 
rearrange elementary transformations in a superposition unlike the orthogonal group 
0(3). 
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Example 5.3. Let's consider transformations from the group 0(2, 2). Any transfor- 



mation from this group is presented by means of four transformations (5.2) according 
to the Cartan-Dieudonne theorem /TOj v. 2, p. 33 (rus)] 



±2. 



(5.19) 



However, always it is possible to pick up the decomposition so that two of such the 
transformations will have a diagonal matrix. Elemen ts of the main diagonal of the 
matrix I^'^ on the module are equal to 1. Therefore, (5.2) can be copied as 



{I 



i;/(±(ri)^(ri) 
e 



2)^ 



(±(r2)e(r2)^-5a^), 
0/ 



(ri)^(/2)^^(r2)e = 0, (r^) ^/i) ^^(r^e = 0. 



(5.20) 



There are significantly the various 3 mutually exclusive variants. 



1. In this case, a pseudo- orthogonal transformation can have the block- diagonal 
structure 



h 



( ch^ -sh^ \ 

sh^ -ch^ 

10 

\ 1 / 



/ 1 

1 

ch0 

\ sh0 





— sh^ 

— ch(/) j 



( 



h 



\ 



( v^shf \ 
v^chf 





( V2sh| -y2chf ) 



(r-i)« 



/ 1 





o\ 





1 








1 










1 / 








y2shf 

V v;2ch|y 



y2shf -y2chf ) + 



/ 1 \ 

10 

10 

\ 1 / 



(ri)'^(ri), 



-2, (r2)^(r2)^ = -2. 



(5.21) 



2. In this case, a pseudo-orthogonal transformation can have the block- diagonal 
structure 



h 



( cose sine \ / 1 

sin e — cos e 

10 

\ 1 / 



\ 

1 

— COS — sin 

\ — sin cos / 



(5.22) 
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h 



\ 



72 



sm 





( 72 cos f 72 sin f ) - 



/ 1 \ 

10 

10 

\ 1 / 



/ 






-72 COS 



V -72 sin 



( 72 COS f 72 sin f ) + 



/ 1 \ 

10 

10 

\ 1 / 



v 



r5 - 



I 



-2. 



3. In this case, a pseudo-orthogonal transformation will not have a block-diagonal 
structure, but can be presented as 

I -1 





/ 1 













\ 







1 + ^ 


a 




2 









a 


1 




—a 






V 


2 


a 


1 


2 


) 








/ 








( 1 





\ 




/ 










1 









a 







- 


-1 






-72 




Vo 





l) 




v 


a 

V2 








A 


\ 









b 



V b 



-1 + 



2 



62 








\ 



-1 

-1 



01 

2 







2 



^ 72 



g 

V2 



+ 



/ 1 












1 










1 







vo 





1 ) 


✓ 











/ -1 \ 

10 

10 

\ 1 / 



(^2)^ 



/ 72 \ 

b 



b 

V2 



72 



6 

V2 



/ 1 \ 

10 

10 

\ 1 / 



°e 



-2, {r^Y{r^)^ = 2. 



(5.23) 

According to the same Cartan-Dieudonne theorem, any transformation from the 
group 0{2n,2n) in some basis will have the block-diagonal structure consisting of 



blocks 0(2,2). This means, that (5.2) is executed 

J 



1=1 



(5.24) 
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Let now the canonical complex structure be set in the space then in the 

decomposition (5.2), one can allocate J/2 factors so that the relations 

(r/)^(r,)^ = 2, {r2i)A{r2iV = -2, V/ = l,J/2 

(5.25) 

will be executed. For any pseudo-orthogonal transformation S^"^, one can define 
the parities 

S"^* ;= uia'^S-^ '^m'^^, Sa^' ■■= m^^S-^ '^m*' ^ = 0, 
^A'"" := mA>^S/m^j, = 0, _^a'*' := mA'^^/m*'^, (5.26) 

£ Ac f 6 c 6 

J n "^A J i — '^n ■ 
Thus, a complex symmetry will be defined as 

me^ir^r^ - 5 Q^)f {r ^r^ -5^^)f^^m~a = 

= me^i-r^r^f^^f^^ - fe^r^r^f^^ + f^^f^^)m^a = (5.27) 
= (2rer=-5e^), 

Besides, 

r^r^ = rriA'^r^m^^r'^ = ^{^j,'^ + if^'^Y^r'^ = ^r^r'^ = 1, (5.28) 
that definitively confirms the existence of the decomposition 

5a/'^+^ = ± n ((r/)A,(r/)^^+^ - 5a/^+0, (r/)A,(r/)'^^ = 2. (5.29) 
1=1 

However, it is necessary to notice that not always {ri)A{rj)^ = 0, (/ 7^ J) in view of 
the existence of isotropic vectors as this has been shown in the previous example. As 
to the block structure of transformations from the group 0{n, C) that the dimension 
of the blocks will be equal to 4 too. 

Example 5.4. Let the three-dimensional pseudo-Euclidian space M^-^ 2) be given. We 
will consider the transformation 




Si^ = ^ a 1 -a I . (5.30) 

Let's define the inclusion operator 



1 



















—i 










i 










-^) 




^ 








H\ = I -I \ , Hi'' = \ i \ . (5.31) 



It will define the complexification of our transformation 

Sa"^ = H\Si^H^^ = I -ia 1 -a I (5.32) 



-iy a 1 ^ 
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with the complex Euclidian metric. To pass to the real representation, the operators 



[m 



1 

71 



/ 1 \ 

i 

i 



1 

V 1/ 



1 

71 



1 i 
10 

-i 1 



(5.33) 



will he required to us. Accordingly, the real representation of our transformation will 
look like 



v 



a 

2 







a 
1 

a 1 






2 

—a 



2 



























a 

2 



a l-\ j 
(5.34) 

It is visible that such the representation has the block- diagonal structure, however, 
the complex representation has no such a structure. 



Along with the transformations (5.26), it makes sense to consider the pseudo- 
orthogonal transformations 



5'^* := niA'^S-i '^m'^ ^ = 0, S'a*' := tua'^Si '^m*' ^ 



_ A 



<I'1 
0, 



f A Q ^ f 

Jn '^A Ji 



^f? ' '^A '^i 



(5.35) 

The complex representation of such the transformations will be an involution on the 
space C" responsible for a real inclusion, therefore in the decomposition (5.2), one 
can allocate J/2 factors so that the relations 

Wi(r/)^ = 2, (r2/)^(r2,)^ = -2, V/ = l,J/2. 

(5.36) 

will be executed. Thus, eigenvalues of the transformation ^a"^ are equal to ±1. This 
automatically means, that such the transformation is orthogonally diagonalized in 
the complex representation, and the real representation in some basis has the block- 
diagonal structure 



V 



COS 6 


sin^ 








sin 6 


— cos^^ 














— cos^^ 


— sin 6 








— sin^^ 


cos 9 



\ 



J 



(5.37) 



and also is diagonalized. It is necessary to address for more detailed statement to 
1201 pp. 79-126], [H V. 2]. 
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6 Clifford equation. Double covering 



In this section, it is told about how to pass to the reduced Cartan spinors. This 
wiU aUow to construct the one-to-one correspondence between vectors of the space 
C" and bivectors of the spinor space that wiU lead to the construction of the 
double covering Spin{n,C) / {±1} = SO{n,C). The conclusion of all results of this 
section is made on the basis [5D], [52]. 

Suppose that a pseudo-Riemannian space V2„ is the real representation of the 
complex space CV^, where n is even. Let a set of non-degenerate operators 7y[ 
[A, ^, ... = l,2n) be given at each point of V2n- Moreover, we assume that each 
operator 7^ := m^^7A + ?ti^^ 7a' can be represented by a real matrix {2N Y x ( 2A^)^, 



where N = 2"/^ ^. In addition, the operators must satisfy the condition (2.3) 



lAl^ +mA = Ga^^, (6.1) 



3.12|) defined in 
(if it does 



where = is a non-degenerate metric tensor from (3.11) 
the real representation of the tangent bundle V2n- The operators (3.25 
not matter which of the K-th operators will be selected then the number K will be 
omitted) 

7A := M(mA^7^)M^ (6.2) 
are the complex representation of the operators 7^. They will satisfy the equation 

lAl^f + 7*7a = 5'A*, 7a'7*' + 7*'7a' = 9a'^'- (6-3) 

Let be a vector of the complex tangent bundle r*^. As the base can be regarded 
both the complex representation CVn and the real representation V2n- A fiber of this 
bundle is isomorphic to the space C", the real representation of which will be the 
pseudo-Euclidean space -R^^„), where n is the index of the pseudo- Euclidean metric 
(the number of " -|- " on the main diagonal). Thus, a vector of the space (I^(^„)) 
can be uniquely associated to an operator from the space by the rule 

R := r*7$. (6.4) 

Because from the Clifford equation, the relation 

i?^(7A7*) = NgA<s> (6.5) 

follows then each operator R can be uniquely associated to the vector of the space 
^"'{Rfnri)) means of the taking of the trace from the both parts of the conformity 



( |6.4| ) with 7^ := ^^^^7^ 

/*tr(7.i,i?) = r*/*tr(7^7*), (6.6) 

and then 

lir(7*i?) = r* (6.7) 

Thus, it is obtained the one-to-one correspondence between the vectors of the 
space C" (Mfnn)) operators R (special kind, of course) acting on the space 

C^^. Using the Clifford equation (6.3), we can write down the identity 

R'yis,R = r^7A7*7*'^* = r^iOA^ - 7<E'7A)7'f^* = {r^r"^ - ^(rAr^)5**)7ci,. (6.8) 
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Let ri^r^ := d=2. It is known that any (pseudo-) orthogonal transformation Sx^,^ 
can be represented as the finite product of the elementary transformations Si := 
{ri)m{ri)^ — \{{ri)f^{ri)^)5xi,^ (I runs over the finite values from 1 to any finite J, 
for example). The previous section is devoted to the proof of this fact. Define 



1=1 



J 



1 



5 = JJi? 



I — R1R2 ■ ■ ■ Rj, S :— Rj — Rj . . . -R2-Ri- 
1=1 i=J 



(6.9) 



(6.10) 



Here S is the right product of the operators Rj, and S is the left product of the 
operators Rj. Therefore, the matrixes of the operators S and S are significantly 
various and in any way with each other are not connected. It will allow to copy the 
conformity (6.8) for the orthogonal transformation Sa^ as 

5a*7^ = 57aJ, § = S-\ (6.11) 



The equation (6.8) is true for the real representation that will give 



Accordingly, for the involution, the equation (6.12) can be rewritten as 



O0 , 



(6.12) 



(6.13) 



Then for the complex representation, we obtain the identity 

Sa*'7^, = S-fAS, Sa*'^^/* = 5a*, SS = ±E, SS = ±E. (6.14) 

It is now possible to complexify the real representation considering the vector 

in the same basis, but with complex coefficients. In this case, 7^ will remain the 
same and S^'^ from (6.12) will be a complex transformation. In particular, as such 
a transformation, we can consider the transformation if^'^ (see (3.14)). This means 
that the complex structure can be expanded as 



(6.15) 



For further investigations of this correspondence, it is necessary to study the struc- 
ture of the operators 7^. Without loss of generality, we can consider a basis in which 
the metric tensor G^^^ on the main diagonal has ±1, and all remaining components 
are equal to 

lAl^ = (6-16) 

Construct the operator 



2n 



7o 



A=l 



(6.17) 
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according to 
relations 



2, Appendix, p. 442 (eng), (B.8)]. Then from (6.16), the 



will follow. Therefor, 



(70- AE)7^ = -7^(70 + 
det{-fo - XE) = = det(7o + A^) 



(6.18) 



(6.19) 



will be the equation for the eigenvalues of 70. It is seen that these values are the 
paired: ±A. Then positive and negative eigenvalues correspond to the two different 
eigenspaces. Then there is a basis in which a block representation of the operator 
7o (the blocks have the dimension 2iV^ x 2N'^) 



7o 



Co 
^0 



(6.20) 



can exist, where (q responsible for the positive eigenvalues, and ^0 responsible for 
the negative eigenvalues. Define 



7a 



Ca 
Va 



a; 



(6.21) 



Taking into account this definition, the condition (6.16) will lead to the relations 

(6.22) 



This means that Co and ^0 should have pairs of the positive and negative values 
(even if and C,^ are degenerate, but not equal to 0). Therefore, = = 0. 
Thus, 

a; 



Va 







and the equation (|6.1|) is equivalent to the system 

G 



Va^^ + V^^a 



G 



A^i 
A^- 



(6.23) 



(6.24) 



Note that if we pass to an other basis in the space M^^^^^ with a non-degenerate 
operator S from the general linear group 7^ := 5*7^5'"^ then the Clifford equation 
(6.1), generally speaking, will not save its form. 

We now turn to the complex structure. Its square is equal to —E\ this ma- 
trix is orthogonal. According to (6.24), for n=2, N=l, such the transformation is 
represented by means of the formula (6.12) as 

p2 _ p2 _ 



-E 
E 



(6.25) 



If the complex structure has the canonical form in the given basis then in the 

decomposition (6.15), F := F = F, I := I = I has a block structure too (due to 7^ 
having a block structure and the conformity (6.8) written for the real representation) 

F 








-E, F^ = E, I 



iE 
E 



(6.26) 
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With regard to the transformation I, it is determined from the relationship 

m = + (-0(-7a)) = ^((1 + ^)E + (1 - i)F^) Ik + i)E + (1 - i)~f') . 



:=/ 



(6.27) 

Whereas, the quantity of the elementary transformations, making the complex struc- 
ture is always multiple to 2 (since the dimension 2n of the real representation 
for even n is multiple to 4) then the block structure will be on the main diagonal. 
Hence, for the block components of 7y[, the relation 



(6.28) 



will be true that defines the posit ive representation of (3.19) for the top sign and the 
negative representation of (3.19) for the lower sign. If we will set {A, B, C, D, ... = 



1,4, A,B,C,D,... = 1,2, A,B,C,D,... = 1,2, A,B,C,D... = 1,1) 



B 







B2 







then the condition (3.19) will take the form 



B2 



(6.29) 



(m±)A^(m±)^j = 6a^, 



(m±)A^(m±)^- 



0, 



c 



1 



(m±)A'^(m±)^ . 



(m±)A'^(mzp)^ . 



(m±)A^(m±)±^ 



c 



(6.30) 



Algorithm 6.1. To construct the step operators (6.30) for an arbitrary even n, we 
use the algorithm 3.1 (N = 2"/2-i, / = T;|, i,^, C',i),... = 1,^, A,B,C,D,... = 



l,ifii, AB,C,D,... = l,|g, AB,C,D... = l,f^; 



{rhijA^imiJ^^ = Sa^, 




{rhijA^'irhiJ^^ = 5 



c 



[mj. A [mi, 



^> B 



\mi^)A''{mi^Y^ = {Ki^)-^ 



>c 



(rfi,jA^(77i,^)^^ = 0, 



("^/±)a^("^/±)± 



Thus, 



^A/J/ := 1(5/ ± I^fA, (KjJ/ := 1(5/ ± i^^Pfy 



C 2 <^ C K 



'C 



2^ C C K 



(6.31) 
(6.32) 
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It is now possible to define the operators {A, B,C, D, ... = 1,2N'^, A, B,C, D... 



MK:=mii mn_i ■...■m2„mi^ 

2 zn ^ 2 n 1 ^ 



Mk '■= 1TLR rriR-i 



2N 
K=l 



>c 
0, 



A 

B " B 



2N 



K=l 



(6.33) 

where zj (J = 1, |) is equal to for the sign — ^ or 1 for the sign ^ + ^ 

n 
2 

then K = 'Y^ zj ■ 2"^^^ + 1. If it does not matter which of the K-th operators will he 
j=i 

selected then the number K will be omitted. Using these operators, it is possible to 
define (M := Mc^, M* := M*^ ~, M := Mc^, M* := M*^ ~J 



A' 



For further calculations, we must impose the condition 

N 



-9 



(6.34) 



(6.35) 



Going to the complex representation in (6.24) with the help of the operators (6.33), 
we can obtain 



caV^ + (^^Va = 9a^, 
tr{r]^OA) = f 5'vi/A- 



(6.36) 



According to (6.4), this will lead to 



Rr, ■= r^VA, R<T ■= r^(^A, -^jtr{{R^)r]A) = r^, —tr{{R^)aA) = Ta, (6.37) 



R 



Ra 
R^ 



(6.38) 



where the tensors i?,,, R^ have the dimension N x N. Hence, (6.8) is separated into 
the pair of the equations 

RaV^Ra = (rvpr* - ^(rf^r^)5**)(T$, R^a^Rrj = (r^r* - ^(rf^r^)5^*)r7$. (6.39) 



Since 



RaR, = ^{rnr'')E, 



then one can determine the formalization of the operators rj^ , ca as follows 
??a:='7a^^, (Ta ■= ctaab = Vaba, {A, B, ... = I, N). 



Then (6.11) can be rewritten as 

/). Sqj^rjA = S^rj^S, II). S^^rjA = S^cr^S, 



(6.40) 



(6.41) 



(6.42) 
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but here the operators S and S have the dimension N x N. However, the decompo- 
sition of these operators for the special transformation S'a* (det || ||= 1) (case 
I) will have the form 



J 



5^ = ]^(-Rr?)2/-l(-Ra)27 = (-R,,)i(-Ra)2(-R»))3(-Ra)4 • • • (Rr,) 2j-i{Ra] 



2J' 



1=1 
1 



I=J 



(6.43) 



^ = n(-Ra)2/(-Rr,)2/-l = {Ra) 2ji.Rr,) 2J-I ■ ■ ■ {Ra) 4,{Rv) si^^) 2i^v) V (6-4:4:) 

■ —1) (case II) will have 



and for the non-special transformation (det || Sa* 
the form 



- {Rrj)l ]^(-Ra)2/(-Rr,)27+l - (Rv) li^^) 2i^v) 3 ' ' ' i^^)2.ji^v] 



2J+1' 



(6.45) 



1=1 



S = {ll{R,)2i+i{R.)2i){Rn)i = {R,)2j^,{R.)2j . . . {Rrj),{R.URrj)v (6.46) 



I=J 



Thus, the equation (6.42) defines the algebraic realization of the double covering 
Spin{n, C)/{±1} = SO{n,C). Accordingly, for the involution, the condition (6.14) 
determines 



/). S'lf^'rjA' = S'"^?7*S', II). S'^j^'rjA' = S'^cr^S', 

SS = ±E, SS = ±E. S = ±S, S = ±S. 



(6.47) 



The bottom line of the parities are inherited by the real representation of the invo- 
lution in the tangent and spinor spaces. But the real representation of an involution 
in the tangent space is an orthogonal transformation, the square of which has the 
identity matrix. Accordingly, in the real representation of the spinor space, this 
property inherits, and hence the square of the spinor involution in the real repre- 
sentation (case I) up to sign is the identity transformation too. It remains to pass 
to the complex representation on the rule (3.20). 



Example 6.1. 2n=2, N=l. if g^^ ^ ( 1 ^' ^^^^ 



1 / 1 \ 1 ( ^ ^ 



\^ 1 y ' \ 

1 ^ _ i ^ — 1 



tr{rij^a^) ~ ^ ^ ^ ^ ' tensor is degenerated. 
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Thus, the identity tr^rj-^a^) = \gx§ is false. Nevertheless, we can use (6.11) and 
(6l^ . Define 

(^i)yi = ('^i)^ '■= y2(cos0 , sin0) 

( q \ i — ( ^ — 1 2 cos sin \ _ ( cos 20 sin 20 \ _ , , ^ , , , 
K.^i)a = 1^ 2cos0sin0 -1 + 2 sin^ J " 1^ sin 20 - cos 20 J " V^^)a-^a 

Ri = {nyiA = COS0 J J ^ + sin0 1^ ^ 

(6.49) 

Then for any vector = (T,X), the conformity X = x^'j-^, {Si)y['^x^ < — > RiXRi 
will have the form 

cos 20 sin20 \ f T \ / e^<^ \ / T + iX \ f e'^ 
sin20 -cos 20 )\ X j ^ ^ I e"^"^ ) [ T - iX M e"^"^ 



Define 



(6.50) 



^^'^^ -(,-sin20 -cos 20 J-^'''^ (^^)A-h , (6.51) 
R2 = {r2V7A = cos 



cos </), — sm I 
^ _ / cos 20 — sin20 \ _ , , ^ 















— sin0 





Then for any vector x = {T,X), the conformity X = x 7y[, {S2);[ x^ < — > R2XR 
will have the form 



2 



cos Zcp — sm . 
— sin 20 — cos ! 



T \ / e-''^ \ f T + iX \ f e''^ 



X I ^ ^ I e^<^ M T - M e^<^ 



(6.52) 

/i is now possible to construct the special transformation S := 5152 for which 

Sj^'^x^ i — )■ R1R2XR2R1 and S = R1R2, S = R2R1. The explicit record of 
the conformity will have the form 

cos40 -sin 40 \ f T \ ( e^^* ^ \ ( T + iX \ ( e-"^'^ 

X [ e-2^<^ [ T-tX J I e^'t 



sm 40 cos ^ 



/i zs obvious that 5*0(2) zs formed by such the transformations 5^ i/ien 



(6.53) 

g2»</, 

e-^*-^ 



repn=.en<.tt., roup, rf„*c„»™,«., roup „ j ^ A( ft. 

tzme, S = S ( complex conjugate/ This proved that 50(2) = f/(l). 
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Example 6.2. 2n^2, N^l. If g^^ ^ ( -1 )' ^^^^ 

1 / 1 \ 1/^01 
71 = 7S ^ 1 J ' 72 = 73 ^ _i 

771 = ^, ^2 = -^, ^1 = ;^, ^2 = ^. (6.54) 
tr{r]j{a^) — i ^ ^ 1 ) ' " tensor is degenerated. 

Thus, the identity tr{rjy^a^) = ^gij is false. The explicit record of the conformity 
Sj[ ^ i — > SXS will have the form 

ch 40 sh 40 \ / T \ / e^"^ \ / T + X\ ( e-^"^ 



sh 40 ch Act) ) \ X ) \ e-^-^ ) \ T-X ) \ ^ e^'t> 

(6.55) 

that determines the conformity S0^{1,1) = R (^additivej, where S0^{1,1) is the 
connected identity component with Si^ > 0. 



Example 6.3. 2n=4, N=2. If gij 



1/10 

= 73 1 



/ 1 \ 

10 

0-10 

\ -1 J 



^2 = 75 




V4 



02 



V2 



V2 



then we can construct 



0-4 



1 

-1 
-1 
-1 

-1 

1 
^/O 1 
V2 I 1 



T7ie operators 7j constructed in accordance with 7j = 







(7i 




(6.56) 



/t is easy to verify 



that tr{riiaj) = tr(air]j) — g^j. The calculations in this case are more cumbersome, 
but similar to the case n = 2 (and in part, will be carried out below). Just note that 
the fact that here the covering SO^{2,2) = SL{2) x 5'L(2)/±1 acts. However, it 
would he desirable to know how to pass from the case n—4 to the case n—2. 
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Example 6.4. n = 2 C 2n 4, N ^ 2. 



1 
-1 



1 -1 i -i 



1 -1 -i i 

i i 1 1 ) ' "^"^ ^ ■^y-i -i 1 1 

/lOO 0\ /O 010\ 

10 
0-10 
\ -1 / 



— 



I) 1 
-10 
\ -10 0/ 



= (T, y, z, X), x^^ m^x^^ = - ^ + ^(^ - -^(^ + y) + ^ + X) 

(6.57) 

then each special orthogonal transformation S^'^ E 5*0^(2,2) (det || S'a* ||= 1, and 
the determinant of the upper left minor 2x2 is positive ) can he represented as a finite 
product of the elementary transformations. Since fSf — —S due to the presence of 
the complex structure in the tangent bundle then such the transformation will he of 
the two kinds 



( cos2(/7 sm2(/7 \ 

sin 2lp — cos 2(/7 

cos2(/9 sin2(/9 

y sin 2(^ — cos 2(/9 j 

/ ch 2^ -sh 2^ \ 

-ch 2V' -sh 2V' 

sh 2^) ch 2i) 

\ sh 2-0 -ch 2-0 y 



(6.58) 



The complex representation Sj^ can he defined as = niA^Sj^ 



m , 



1 A 



— sin 2(p —i cos 2ip 
i cos 2ip sin 2ip 



2)A 



i sh 2iIj —i ch 2iIj 
ich 2i/j —ish 2ijj 



(6.59) 



Therefore, S — S2S1 descrihes the group SO{2,C) completely. Now let 



(n)^ = V2(cos0, sin 0,0,0) 



V^(0, 0, COS0, sin0). 



(ri);[ = \/2(cos0, sin0, 0, 0) , (r2)4 = \/2(0, 0, - cos0, - sin0). 



(6.60) 



Construct {Si)j{^ — (('"i)yi(n) — ^a^){{''^2) ^{^2)^ + ^^^)- -^t the same time, 
{ri)x{ri)^ — —{r2)/^{r2)^ — 2. Let r)-{ and he the same as in the previous example 



R1R2 = 



cos sm 
— sin cos 
— cos 20 sin 20 
sin 20 cos 20 
{r^y = x/2(ch V,0,0,-sh i^) 
(r3)^ = V2(ch V',0,0,sh i/j) 



R2 = {r2yaA 



R2R1 



- cos sm 
sin cos 
-1 
1 

{r^y = V2(0, - sh V, - ch ip, 0), 
(r4)i = V2(0,-sh V',ch ^^,0). 



Construct {S2)j{^ 



(6.61) 

(('^3)/i('^3)'^ - 5^'^)((r4)^(r4)® + S^^). At the same time. 
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(^3)y[(r3)^ = -in) Air 4 

/ ^/i f ch i/j sh ijj \ A / ch V sh 



sh ^ ch ^0 y ' V — sh — ch 

1' \ _ f ch 2^ sh 2^ 

-1 i ' ^4^3- ( 2^/; -ch 2^ 



cr_DDDo _ / -cos20 -sm20 

— JXirt2 -113-114 — 



5^ — 



sin 20 — cos 20 
— ch 2'0 sh 2'0 
sh 2-0 — ch 2-0 

(6.62) 

Smce = (T, Y,Z,X), x^ = l{T-Y + i{Z - X), -i{T + Y) + Z + X) then 

x^Sa"^ ^ S^xJ = 
-cos20 -sin20 \ / T + Z -X + Y \ f - ch 2^; sh 2^' 
sin20 -cos20 ) \ -X-Y T-Z ) \ sh2V' -ch 2^/^ 



Thus, S0{2, C) ^ U{l)xR{additive), where ( ^^^^^ ) form the group 



(6.63) 

1 fnimm 

sin 20 — cos 20 

f/(l) and ^ sh'^2^^ ^ch^2?/' ) /^'^^ additive group R. If to make the substi- 
tution T] on a in the relevant equations then 

_ / - ch 2^- - sh 2^- \ / T - Z X - y \ / - cos 20 sin 20 ^ (6.64) 
~V-sh2^ -ch2^JvX + y T + Z J [ -sin20 cos20 



Example 6.5. n = 2 C 2n = 4, N = 2. Let the involution tensor in the tangent 
fiber for the real representation V4 be the tensor ( the left inclusion of the metric of 
index equal to 2, the right inclusion of the metric of index equal to 1) 



Q "9 



( 1 








1 

















\ 



-1/ 

/ 1 








1 













/ 1 








\ 









-1 


















-1 




















\ 




































-1 


I 











(6.65) 



and all the identities of the previous examples are executed. Then for the complex 
representation CV2, it will have the form Sa^ = tua'^Sa 



<F - A 

m 



Sa"' 



1 
-1 



Sa"' 



i 

1 



(6.66) 
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On the other hand, there is an image of the involution (as letters T denotes the 
transposition), and in some basis S-^'^t]^ = S^rj^S 



S 



1 
-1 



s 



1 

1 



(6.67) 



In the first case (index equal to 2) 



-1 

1 

-1 

1 

1 



— cos 20 — sin 2(f) 

sin 20 — cos 20 

-ch 2V' sh 2V' 

sh 2V' -ch 2V' 



tr A _ 1 



Therefor, ip — 



V2 




■ sin 20 

■ cos 20 
-sh 2i) 
-ch 2i) 



9a^ 







cos 20 sin 20 
sin 20 — cos 20 



1 
-1 



and we again come to the isomorphism S0{2) = U{1) 



i — > COS 20 



1 
1 

In the second case (index 1), 



COS 20 sin 20 
- sin 20 cos 20 
1 
-1 



i — > 



+ sin 20 



1 

1 

1 

1 



— cos 20 — sin 20 

sin 20 — cos 20 

- ch 2-0 sh 2-0 
sh 2ip — ch 2ip 

tr A _ 1 ' 1 ^ 



9ij 

Therefor, 20 = 0, tt 




T Y 
-Y T 



— cos 20 sin 20 

— sin 20 — cos 20 

— ch 2-0 sh 2-0 
sh 2ip — ch 2ip 



-1 
1 



ch 2-0 sh 2-0 
sh 2-0 ch 2-0 



and we again come to the isomorphism S0^{1, 1) = R{additive) 



< — > 



T -X 
-X T 



ch 211) 



ch 2i) sh 2-0 
sh 20 ch 20 
1 
1 



i — > 



+ sh 2^) 



-1 
-1 



(6.68) 



(6.69) 



(6.70) 



(6.71) 
(6.72) 



(6.73) 



The following example is worthy of a separate section. 
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7 Quaternions 



In this section, it is told about how to contact the quaternion algebra with the 
Clifford algebra and how to construct explicitly the double covering corresponding to 
this case. The conclusion of all results of this section is made on the basis ^18] , 

It is known that the Chfford algebra CL{g^) can be represented as 

CL{g'') : AI + B^e^ + C^^^e^e^ + D^'^'^e^e^e^ + ... = 

^ r CLO(c/'^)(even) : AI + C^^cac* + (7.1) 
~ \ CLH^")(odd) : B^CA + Z}^**eAe^e$ + 

that is called Z2 grading. In this case, CL^{g'^) is a subalgebra of CLi^g"^). If we 
consider n=4 with the 8-dimensional Clifford algebra CL^{g^) then the basis of this 
algebra has the form 

1, 6162, 6163, 6263, 6164, 6264, 6364, 61626364. (7.2) 



From the Clifford equation (2.8), the relation 

6a6* = 1, A = \E'; 6a6^ = — 6*6a, A 7^ \E' (7.3) 
will follow in some basis 



1 = 1, i:= 6162, 

j =: 6163, k := 6263, 

6 := 6364, / 

g := je = 61636364 = 6164, h 



le = 61626364, 
ke = 62636364 = 6264, 



(7.4) 



Consider the inclusion C C^. Then we can find the representation of this basis 
with the operators 7, = Hi^jx constructed above. But the basis, in turn, is the 
direct sum of two quaternionic bases; for this, the isomorphism CL^{g^^Q^) = EI©EI 
is responsible. In order to construct an appropriate representation of the specified 
basis, it is necessary to demand the performance of the condition tr{r]iaj) = ^gij 
for the parts of the operators 7^. And then, indeed, it may be restricted by the 
quaternion basis (just having 2 generators i and j (k = ij) and the quaternion identity 

I) 



A' 


= ri2 = 


V2 1 






■■= rii = 


1 

V2 


/ i 
^ -i 



1 J 1/10 

^. _ _ ^ -1 

■ ^3 V2 \^ 1 

^1 - 73 1^ 1 J ' ^2 - 75 ^ 

^3 - 73 ^ -1 J ' - 73 ^ I 
Now suppose that in the space M'^ C C^, the vectors 



(7.5) 



ri = (cos 01, sin 01, 0,0), r2 = (cos 02, 0, sin 02, 0), = (0, cos 03, sin 03, 0) 
r4 = (cos 04, 0, 0, sin 04), = (0, cos 05, 0, sin 05), rg = (0, 0, cos 06, sin 06) 



(7.6) 
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generating the elementary orthogonal transformations, are defined. Here, as before, 
the transformations {riy{ri)j — 6/ (/ = 1,6) generate all rotations of the group 
n(A\ \ nnr>TA\Yi_g\Y, oii the SDace (N — 2^/^~^ = 2), their images 



tne transformations [ri) [rjjj — oj [1 = i,bj generate all rotatioi 
0(4). Accordingly, on the space {N — 2^/^~^ = 2), their images 



R .-^ir, - ( ISm^i \ i COS02 sm02 

y I sm 01 cos 01 y \ — sm 02 cos 02 

_ , _/ ^cos03 -sin03 \ 

^ ^ icos03 + sin03 7' 

/ cos 04 — i sin 04 \ 



i?4 := ?^4Vi 







cos (f)4 + i sin 04 y 
„ j / -isin< 



i sin 05 i cos 05 

i cos 05 —i sin 05 y ' ^ " ' " " ' V ~ ^6 



cos 06 



i sin 06 



'5 

To simplify calculations, we will be restricted to the case 
. Then 

i \ f 1\ f ie''^^ \ f -i 



will be induced. 
01 = 02 = 04 = |. Then 



(7.7) 
when 



/ 



V 



' 1 \ / le 

^ „ „ ^ ^ -1 y \ ie-''t'^ 
i sin 05 i cos 05 \ f —i sin 06 cos 06 \ _ 
j cos 05 —i sin 05 ; 



/ i 

R\R2RiRARbRQ ~ ( ^ g 



i 



— cos 06 i sin 06 



le 

-#3 



=:a 



=:-6 



. ^ V . ^ V 

sin 05 sin (pQ — i cos 05 cos 06 i sin 05 cos 06 — cos 05 sin 06 
i sin 05 cos 06 + cos 05 sin 06 sin 05 sin 06 + i cos 05 cos 06 

^ V ' V ' 

=:a 



=:b 



\ 



J 



(7.8) 



RQR^R4^R'iR2Ri 



—i sin 06 cos 06 

— cos 06 i sin 06 



-i 
i 



i<t>3 



ie 



1 
-1 



i sin 05 i cos 05 

ZCOS05 —i sin 05 

i 

1 

:b 



sin 05 sin 06 + i cos 05 cos 06 —i sin 05 cos 06 + cos 05 sin 06 
— / sill Or, cos 0(i — cos Or, sill 06 sill cV, sui da — i cos dr, cos 06 







-te 




=:-6 
«03 



-ie *'^'^a ie 



-mi} 



Ai^ = Ai^ 



(7.9) 



By this, the double covering 5*0(3) = SU{2)/{±1} is constructed, and therefore 
Spin{3) ^ SU{2) 

Su''n^^A/r]iAl. (7.10) 
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If we now set 



f and carry out similar calculations, we obtain 



i?i i?2 -R3 -R4 -R5 -^6 



cos (pi I sm (pi 
i sin 01 cos 0i 



cos 02 sm 02 
— sin 02 cos 02 



-1 

1 







i 
-i 



-i 
i 



cos 01 COS (f)2 — i sin 0i sin 02 cos 0i sin 02 + « sin 0i cos 02 

i sin 01 cos 02 — cos 0i sin 02 i sin 0i sin 0i + cos 0i cos 02 
■' ^ 



-V — 

= :a 



-t 

t 

COS (p2 sin (p2 

— sin 02 cos 02 



i 
-I 







e' 
cos (/)i i sin 0i 
i sin 01 cos 01 



-1 

1 

-e-"''^ 



/ \ / \ 

COS 01 COS 02 + ^ sin 0i sin 02 cos 0i sin 02 + ^ sin 0i cos 02 

i sin 01 cos 02 — cos 0i sin 02 —i sin 0i sin 0i + cos 0i cos 02 

^ ■' ^ ^ 



e -'^■'b 



(7.11) 



(7.12) 



Therefor, 

S2^^Vj = A2'"v^4■ (7.13) 

The transformations Ai,A2 are the representatives of SU{2) and fully describe the 
group. Gathering the two equations together, we find that 

S,^r], := {S2Siyr]j = Ai^ A2^r^,A\Al := 5^r/,J. (7.14) 

Generally speaking, knowing the transformation Ai" A2^ , we can say nothing about 

^42^4^. Therefore, the transformations and S are distinct. This means that 
there is the double covering 50(4) ^ SU{2) x SU{2)/{±1}. And so Spin{A) ^ 
SU{2) X SU{2). 



8 Particular solutions of the Clifford equation 

In this section it is told about how to construct particular solutions of the Clif- 
ford equation with the help of which can uniquely construct the double covering 
Spin{n,<C)/{± 1} = 5*0(71, C). Such the solutions will give the chance uniquely to 
prolong the Riemannian torsion- free connection into the spinor bundle. The conclu- 
sion of all results of this section is made on the basis of previous calculations. 



In order to find some particular solutions of the Clifford equation (6.36), we 
rewrite it as 



VA^^V^CB + V'i'^^VACB = Qk^^c^- (8.1) 
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Example 8.1. n=4, N=2. 

In this case, we use the isomorphism = C(2) which is constructed by means of 
the connecting operators rj^AB (6.31) 



AB 



•2) 



Let the metric in have the form 



/ 1 \ 

10 

10 

\ 1 / 



.3) 



It is obvious that any tensor R^^ can be decomposed into the three symmetrical and 
one antisymmetrical parts 



R 



AB 



Ri 



1 
-1 



-t ) 1 



R 



AB 




•4) 



(ei)Afl (e2)AS 

with the metric spin-tensor Eab = 



(e3)Afl 



-i 

1 



Example 8.2. n=6, N=4. 

Let's construct now (A, B, ... = 1, A^, a, b, ... 



AB 



/ 1 \ 

1 

10 

\ 1 y 



iei) 



ab 



l,iV/2, J = l,2,3,i; 




-{ejf 



ab 



/ i 0\ 



i^^JAB 





—i 



i 




\ -i J 



(8.5) 



where [ei)""^ are taken from the previous example (n=4, N=2). It is one of possible 
variants (the 4 symmetrical and 2 antisymmetric parts). If all received {^i)^^ (I = 
1, 2, 3, 4,1,2^ multiply by 



;.6) 



/ 











i 


\ 










—i 












i 










\ 


—i 











/ 
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on the right side then one can construct the new tensors (the 6 antisymmetric parts) 



AB 



AB 



1^8 



\AB 



/ i \ 

i 

-i 

\ -i / 



V 






-1 





1 \ 

1 



-10 0/ 



/ i \ 

-i 

i 

V -i / 



which will enable to define 



AB 



AB 



{sir'' - 



/o 




V 1 
/o 


i 

\Q -i 
/O -1 
1 




-1 \ 



1 

1 




—I 







0/ 

o\ 

i 


0/ 
0^ 

1 



\ 0-10/ 



(8.7) 



.AB\ 



In order to obtain a similar construction for any even n, we need in the following 
definition. 



Definition 8.1. Let in the space C" (n > 4), n orthogonal vectors {rjiY 



be given. Then for the spinor space, the vectors are uniquely associated to the n 
tensors 

{ei)AB := {mtvKAB. (8.10) 
Therefore, among the n vectors {rji)^, some | + ? vectors 

?7*(AB) = ^ X1(?7q)*(£q)ab, {eQ)AB = (£q)ba (8.11) 



and some f + g vectors 

= 2 ^^q)^^ = -(^q)sa, g + g = (8.12) 

Q=l 

must be found. In addition, we require that the real representation of these operators 
satisfy similar relations. 

Corollary 8.1. From the relation 

fA^{ei)BC + Tc''{ei)AB = 0, (8.13) 



performed for all I — l,n, the parities Ta^ — Ta^ — follow. 
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Proof. We use the identity 



(8.14) 



Then 



nrp D j_rp DC _ n 

-Ta +Tc SAB -0, ^f A^f A^Q 

^Ta'' + Tc^sab'''' = 0, 



nrp D AK^ n-A rp D KA^ _ n, 

2\A Va V^DK 2~^^ V^fKD — U, 

nrfi _D„ AK„ n-4rfi D _f("A„ _ n 



nrp AK^QL n-irp D ^ KA^QL _n \ T a^f nr"^^ F^^ r,r^ — 

2^jA ^PL £ DK £PL KD — (i, ^1 -^^A tpL t DK — (), 

ifA^'sLP^^e^^DK - '^fA^SLP^'^e^^KD = 0, \ Ta'' 8 pl^^ 6^^ OK = 0. 

(8.15) 

Consequently, Ta^ = Ta^ = 0. □ 
Thus, on the generating tensors {ei)AB, the condition (/ 7^ J) 

{£j)ab = -{£i)cb{£j)'^'^{£i)ad, Va^^{£i)ad{£i)cb = -Vacd + {Tli)h{^i)cD, 

(8.16) 



(^/)^ = h^'^'^iedAB, {ei)AB = {vi)^VAAB, {ei)AB{ej)^^ = 



is imposed by the Chfford equation (8.1). 



Definition 8.2. In the bivector space, the 4-valent tensor 

A - - -A' 

£ABCD '■— VAABV CD, ^A'B'C'D' '■— VA'A'B'V CD', 

(8.17) 

9A^ = (^)%^^^^*^^^ABCD, 9A'^' = {§^Tv'''^'^'r^^'''''''eA'B'C'D' 
with the help of which we can raise and lower pair indices is defined. 

Note 8.1. It should be noted that for a real inclusion the condition {f]iY{rij)i = 26ij 
is not always feasible. It should be modified to {rjiY{rjj)i = 2gij, where gjj = 0, / 7^ 
J and gii = ±1, while the sign is chosen in depending on the metric index and the 
number of the vector. This literally means that the metric in some basis has the 



diagonal form with ±1 on the main diagonal. Then the equation (8.16) will take the 
form (J 7^ J) 



i£j)AB = -9lli£l)cBi£j) i£l)AD, gilVi i^l)ADi£l)cB = 'ViCD + {V l) l) C D , 



iVlY = iv''^^{£l)AB, gil{£l)AB = iVlYViAB, gil{£l)AB{ei)^^ = Sb^. 



(8.16 



In the case of the complex space, we can always restrict ourselves to +1 with the 
Euclidean metric 6jj. This will be enough to prove the main identities. In addition, 
one can pass to the real spaces using the corresponding inclusion operator. 
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Therefore, it is possible the two significantly different ways depending on multi- 
plicity n 

/). nmod4: = 0, II). n mod A = 2 (8.f8) 

which determine either the pair of the metric tensors Eab = —£ba, £ab = ^^ba in 
Case I), or the pair of the involutions Ea^, Ea in Case II). (the proof is given in 
Appendix) 



(n/2+g-l)/2 

I)- ^AiA(„/2+,+i) := (^(n/2+g))A(„/2+,)A(„/2+,+ i) H (^2Q-i)a2q_iA2q(^2q) "5+' 



SAse^^ = 6a^ 



Sab = -£ba, n/2 + q > 2, 
£ab = £ba, n/2 + q = 1, 



C D 

Vaab = Va £ca£db 



(n/2+q-l)/2 ^ _^ _ 

^AiA(„/2 + ,-) := (^(„7J:Pg))^{n/2 + ,-)^(n/2 + g+l) Jl (^2Q- 1 ) ^2^. ^ A^g (^^2(3 ) ^'^ + ' ' 



^AB^ — Oa , 



£ab = £ba, n/2 + q > 2, 
£ab = -£ba, n/2 + q = 1, 



, Vaab — Va^^^ca^db, 



(n/2+g)/2 



II). := n (^2Q-i)a2p_iA2c3(^2q)''^'5+^^ 

Q=l 

TP B rp C _ X C ^ AB _ ^ CD jp Arn B 

J^A -c/fi — -Oa , Va — -Va J^d i^c , 



(n/2+g)/2 

:= n (^2Q-i)a2^_,a,^(^2q)^'5"^ 

B fp C _ X C ^AB_^CDTpArpB 

-c/A -c/B — -Oa , Va — Va J^d J^c , 



(8.19) 



( |8l9| ) 



{n/2+q) 



Note 8.2. For real inclusion, the tensors from (8.19) multiply by g := ( Yl y/9pp)j 

I I p=i 

where either of the two versions ±i for gpp = — 1 can be chosen as the root y/gpp. 

We will show that such the operators exist. For n = 4, one can construct the 



representation as described in Example |8.1[ Suppose that we have constructed some 
representation 7]^°'^ («,/?,... = l,n — 2; a, b, ... = 1, 2("~2)/2-i~)^ ^jj^g operators 

Va^^ (A ,\E' = l,n;A, B, ... = l,2"/2~i) are constructed as follows. Let the 
tensor (7^/3 contain only +1 on the main diagonal then 



V> 



AB 



ab 



-if] 







jacd 



V AB 



V'^vk 
-^rf)^i^ ' ' 



Vn-l 



AB 



V2 I -iSj' 



„n— 1 
^ AB 



—i5„ 
k 



V2 \ iSK 



AB 



^/ 

I dr' 



V^'AB 



6p" 
^\ S'k 



(8.20) 
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Under the general scheme of the constructing ( |8.20[ ) for n = 4, the equation 

fA''isj)BC + fc''iei)AB = (8.21) 

leads to Ta^ = Ta^ = that can be verified directly. Suppose that this equation 
holds for some even n-2. Then for n, the equation splits into the parts 

1. 

which immediately give fj' = fJ' = Q, f^b = f = 0. 

2. 

n+l)a 

3. 



0, ^T,,-T,, = 0, 



0. 



Tab{^n+2) c + Tcb{Sn+2)a — 0, ^ Tac + Tea — 0, 

f''\en+2V + T^\en+2Yb = 0, ^ T'^^ + = 



(8.22) 



(8.23) 



(8.24) 



which immediately give Tab = Tab = 0, T = T = 0. Thus, again Ta = 

fA^" = 0. 

Now suppose that there are the real connecting operators tJa"^^ ■ In this case, there is 

a set of orthogonal vectors such that a part (eg)"^^ is symmetric and the remaining 

part (eq)^^ is antisymmetric. We will show that one can move towards the complex 
representation of such the operators which preserve this property and therefore 



satisfy Definition 8.1 



Algorithm 8.1. 

For the first step, the operators 



1 / 5"^ id""- 



V2 



5. 







'la 

55^ 



-t^T 







\ 



1 

71 



6^ 



\ 

d 



S'^d 
\-^6f / 



/ 



ab 



((a-z/3)-(7 + z5))4 



jacd 



■=ipl 



— rii -^B 



^.25) 
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are used as the operators (6.24) o,i^d (6.30). As the operators (mi 



A' 



we can 



take 



















// we now use the operators m\ translating the 



in the subspace and leaving unchanged the subspace I^(^_2n-2) 



subspace ]R(2 2) 

then we can construct the connecting operators rj^"'^ of the corresponding space C 
^^n-2n-2)' '"^^^^^ dimension of the spinor space will be reduced by 2 times. 
2. For the second step, we will use the operators 



1 

72 



( ^""l 





V 





^} 























Cl 









9l 



\ 



/ 



„ ah 
'la 































































a 




'la 














































'la 
















































1 

71 
























\ 



























































































/ 






' B 







(8.26) 



// we now use the operators mp/^ translating the subspace 2) subspace 
and leaving unchanged the subspace ^'^(^Z^ri-i) then we can construct the con- 
necting operators 1]^'^'^ of the corresponding space C^©]R^"~^^__^^, while the dimension 
of the spinor space will be reduced by 2 times. 

3. Proceeding similarly, we can obtain the space C"'~^©]R^2 2) ^'^^ ^^e corresponding 
connecting operators. It is obvious that at each step, only those components of the 
connecting operators which responsible for the transition from the real representation 
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of the subspace M.'^^ 2) complex analog are modified. 

4. The final step is carried out using the operators discussed above in Example\3.2 



Corollary 8.2. The connecting operators from Definition \8.1\ satisfy the identity 
(the proof is given in Appendix) 

^ AB^ nCD^e —^(n n^^ -L X ©A A ©A ^\ (»07\ 

Va V'^adV V CB — ^{QA-ag + <JA <J* — 0-^ Oa ). [o-^i) 



Corollary 8.3. For the orthogonal transformation (6.42), there are the two variants 
of a decomposition for each case: 

I). Special rotation. 

^A%*^^ = r^A^^^c^^D^. (8.28) 

1. n mod 4 =2 

C B _ J7 C Q D TP B Q B _ T? C c D fp B /q qqn 

2. n mod 4 =0 

Sa^ Sc^Ebd = ^AC, Sa^ Sc^Ebd = ^ACi j^g gg-j 

Sa^ Sc^ebd = £ac, Sa^ Sc^sbd = £ac- 
II). Non-special rotation. 

^A%*^^ = r^ACD^^^^^^. (8.31) 

1. n mod 4 =2 

~S^^ = -Ek^~S''''El'', h""^ = Ek^S''''El^. (8.32) 

2. n mod 4 =0 



qABqCD^ _ ^AC qABqCD^ _ ^AC 

•J "J ^BD — £ 5 <-> <-> ^BD — £ , 

dABdCD= _ xAC qABqCD- _ =AC 

O O SbD — ^ ) *J *J ^BD — ^ 



(8.33) 



Corollary 8.4. For the involution (6.4^), there are the two variants of a decompo- 
sition: 

I). Analog of the special rotation. 

Sa'"v^'^'''' = Va^'''Sc^'^d^'- (8.34) 

~Sa'''~Sb''' = ±5a^, Sa'^'^b'"' = ±6a''. (8.35) 
II). Analog of the non-special rotation. 

Sa'"v^'^'^' = VacdS^^' (8.36) 

§AB'^^~gB'A^ gAB'^^^B'A_ (337) 
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Table 1: The matrix form of the tensor S for the real inclusions of some 2-dimensional 
spaces in the complex space for = (T, Z). 



N 


Space 


Form of S 


s 


Isomorphism 


Form of \/2r^r]i 


Form of \f2r'^ai 


la 


< ++ > 


Saa' 


(1) 


U{1) ^ S0+{2) 


T + iZ 


T -iZ 


lb 


< > 


Saa' 


(0 


U{1) ^ S0+{2) 


-iT- Z 


-iT+Z 


2a 


d2 

^(1,1) 
< +- > 


Sa^' 


(1) 


R+ ^ SO+{l, 1) 


T + Z 


T-Z 


2b 


^(1,1) 
< -+ > 




(1) 


R+^S0+{1,1) 


-T-Z 


T-Z 



Table 2: The matrix form of the tensor S for the real inclusions of some 4-dimensional 
spaces in the complex space for r* = (T, X, Y, Z). 



AT 

N 


Space 


s 


Form of y/2r^r]i/y/2r'^ai 


la 


R^ 

< > 

5!7(2)xS!7(2)/±l^SO+(4) 


s 

( 


A' Q A' 
A —OA 

:-.;) 




' -iT-Z iX+Y \ 
\ iX-Y iT-Z ) 
' -iT+Z iX+Y \ 
V iX-Y iT+Z J 


lb 


R^ 

< + + ++> 

5!7(2)x5C/(2)/±1^50+(4) 


c A' c A' 
•JA — OA 

(-.;) 


( 
( 


T+iZ iY+X 
^ -iY+X -T+iZ , 

T-iZ iY+X 
^ -iY+X -T-iZ , 


) 
) 


2a 


(3,1) 

< + -++> 
SL(2,C)/±lSSO+(3,l) 


( 


AA' — SaA' 

' z\ 
^-t q) 




T+Z iY+X \ 
\ -iY+X -T+Z I 
T-Z lY+X \ 

V -iY+X -T-Z ) 


2b 


-"(1,3) 

< H > 

5L(2,C)/±1^50+(l,3) 


Saa' — Saa' 

{■:) 




( T+Z iY+X \ 
\ lY-X -T+Z ) 
( T-Z iY+X \ 
V iY-X -T-Z ) 




3a 


-"(2,2) 

< + H > 

5L(2,M)x5L(2,]R)/±1^50+(2,2) 


s 


A' d A' 
A —OA 

i'i) 




' T+iZ iY+X \ 
V iY-X -T+iZ ) 
' T-iZ iY+X \ 
\ iY-X -T-iZ ) 


3b 


^(2,2) 

< h+ > 

5L(2,M)x5L(2,]R)/±1^50+(2,2) 


s 


A' Q A' 

A = OA 

(::) 




( -iT-Z iX+Y 1 
V -iX+Y iT-Z ) 

( -iT+Z iX+Y \ 
\ -iX+Y iT+Z ) 
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Table 3: The matrix form of the tensor S for the real inclusions of some 6-dimensional 
spaces in the complex space for = (T, X, V, W, Y, Z) . 



N 


Space 


Form 
of S 


Isomorphism 


Form of V^r^Vi 


Form of -\/2rVj 


1 




Saa' 


SU{A)/ ±1^ SO+{6) 




^ 1 \ 
0-10 
10 

\ -1 / 






^ T+iZ X+iY V+iW 

X-iY -T+iZ V+iW 
V-iW -T+iZ -X-iY 
\ V-iW -X+iY T+iZ / 






^ T-iZ X+iY V+iW ^ 
X-iY -T-iZ V+iW 

V-iW -T-iZ -X-iY 
\ V-iW -X+iY T-iZ J 




2 


^(1,5) 


Sa""' 


SL{2,m)/±l = S0+{1,5) 




^ 1 \ 
10 
0-100 

\ -1 / 






^ T+Z X+iY V+iW \ 
-X+iY -T+Z V+iW 
-V+iW -T+Z -X-iY 

\ -V+iW X-iY T+Z J 






^ T-Z X+iY V+iW \ 
-X+iY -T-Z V+iW 
-V+iW -T-Z -X-iY 

\ -V+iW X-iY T-Z / 




3 


-"(2,4) 


Saa' 


SU{2,2)/ ±1^ SO+{2,4) 




^ 1 \ 
10 
0-100 

\ -1 / 






( T+iZ X+iY V+iW ^ 
-X+iY -T+iZ V+iW 
-V+iW -T+iZ -X-iY 

V -V+iW X-iY T+iZ J 






( T-iZ X+iY V+iW ^ 

-X+iY -T-iZ V+iW 
-V+iW -T-iZ -X-iY 
\ -V+iW X-iY T-iZ ) 




4 


^(3,3) 


Sa""' 


SL{4,R)/±1 ^ 50+(3,3) 




^ 1 ^ 
0-10 
0-100 

\ 1 / 






' T+Z X+iY V+iW ^ 
X-iY -T+Z V+iW 

-V+iW -T+Z -X-iY 
V -V+iW -X+iY T+Z / 






' T-Z X+iY V+iW ^ 
X-iY -T-Z V+iW 
-V+iW -T-Z -X-iY 
\ -V+iW -X+iY T-Z / 
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We assume that the operators r]i\/^^[ai^AB) are constructed either by the scheme 



(8.20)(a = l,n -2) 



a). 



VA 



AB 



V, 



ah 



\{irin-i + rjnWd 



<^AAB 

or by the scheme 



-irjn-l + r]n)6c -{V )acd 

\{ir]n-l + ?7n)5a 



{n^)aab 



cd 



(8.38) 



AB 



b). 



VA 



<^AAB 



ah 



\{irjn-i - rjn)5c -ijf) 



c ij] )acd 

ab Uir]n-1 + Vn)Sa'^ 



cd 



a 



(8.38 



This means that from the previous dimension, the conjugating spin-tensors(6.47) 



/). a). Sa^':- 



II). a). Saa' ■= 
defined to within a sign, are inherited. 






iSaa 


















b). Sa^' 



b). S, 



AA' 






iSaa 


















(8.39) 



Example 8.3. In the table\l\ the various options for the real inclusion for n=2 are 
given (see Example 6.1 and Example 6.2). 

Example 8.4. In the table\^ the various options for the real inclusion for n=4 are 
given (see Example 6.3). 

Example 8.5. In the table\^ the various options for the real inclusion for n=6 are 
given. See Example 8^ in the case, when fjiy^^ := rj^^^EB'" is an antisymmetric 
tensor. Recall that rji := Hi^rj/^ according to (4-4)- 



9 On the structural constants of the non-division 
algebra. Sedenions 

In this section it is told about how on the connecting operators which satisfy the 
ChfFord equation to construct the structural constants of the sedenion algebra. Such 
the algebras are constructed by the inductive transition for n mod 8 = based on 
the Bott periodicity. We consider the axioms of such the algebras. The conclusion of 
all results of this section is made on the basis 0, [371 PP- 192-244 (rus)]. 

We use the fact that for n mod 8 = 0, there are the connecting operators rj^^^ , 
the inductive construction of which is not the doubling procedure, but is based on 



the Bott periodicity. This is means by Definition 8.1 that 

VA^"" + Va""^ = VAS^"" , VA:={Vn)A (9.1) 
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and e^^ is a symmetric metric tensor in the spinor space. This will give the oppor- 
tunity to set 

I)- Pa^-=VA^^^B, Pk^P^!A = QK^i II)- '■= Vh^^^Bi PK^P<i'A = Qk^ 

(9.2) 

for some Xb {X^Xa = 2). Then we can define some structural constants as follows 

I). r/A^® := y2r/A^^P.i,AP®B, //)• r^A*® := v^r^A^^P^^P^s. (9.3) 

Both variants are identical. Therefore, we will further consider Case I). Will they 
define group algehral The answer is not quite unequivocally defined, and that's why. 

1. First axiom of multiplication is executed. For any two elements (ri)"^, (^2)*, 
it can always only be one way to construct their product 

(ri,r2)® :=(ri)^(r2)V^®. (9.4) 



2. Second axiom of multiplication is executed. There is uniquely defined identity 
element for multiplication e := -^V^- 

1 e _ ^AB p pe _ A e 

■^rj rj/y-^ — rjx £xA^ -r b — -r a -t b — Oa • 

3. For any non-isotropic element, there is uniquely defined inverse element for 
multiplication. For the inclusion C C" (n mod 8 = 0), Third axiom of multiplica- 
tion is executed for any nonzero element. Accordingly, with the help of the inclusion 
operators -ffj^, the structure constants r^jj'^, which are real not for all spinors X^, 
are defined. 

r-^ ■■= ^- (2<r,e>e-r), < n, >:= c/A*(ri)^(r2)*. (9.6) 

< r, r > 



r'^J^r^iVuv" - <5n*)r7A*® = j|-P^^r^(r/nr/* - 6n'')v^xAX'' P'' b 



= ^R^^RaxX^P^b = ^X^P% = ^r^e, ^^-^^ 
^r^iVnV^ - Sn^y^VA^"" = ^R^'^RxaX'' P"" b = ^r^®- 
These identities, executed for any non-isotropic r, are equivalent to the relation 

VA^"" + r?A^* = y^rjAd^"". (9.8) 

4. Commutative axiom of multiplication is not executed. However, there is the 
identity 

^(('^i, ^^2) + ir2, ri)) = - < ri, r2 > e+ < ri, e > r2+ < r2, e > ri. (9.9) 

r/(A*)® = y2r/(A^^P*)AP®B = V2{-V{A^''v^)Ax + 2r/(A^^r7^)(AX))X^peB = 

= -^?A*0«)+2(^r^(^)5A)«. 

(9.10) 

The special case of this identity 



r'^ = — < r,r > e + 2 < r,e > r (|9.9 
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leads to (9.6) and means that there is power-associativity. Therefore, Fourth axiom 
of multiplication is not executed. But a replacement can be found. 

5. Associative axiom of multiplication is not executed. However, there is alternative- 
elastic identity 

((ri, ri), r2) - (n, (ri, r2)) - (ri, (r2, ri)) = ((r2, (n, ri)) - ((r2, ri), ri) - ((ri, r2), n). 

(9.11) 

((n,'^i),^2) - ('^i, (^,^^2)) - (n, (^^2,^)) = - < ri,ri > r2 + 2 < ri,e > (ri,r2)- 
-2(ri, - < ri, r2 > e+ < ri, e > r2+ < r2, e > ri) = 
= — < ri, ri > r2 + 2 < ri, r2 > ri — 2 < r2, e > (— < ri, ri > e + 2 < ri, e > ri) = 
= 2 < r2, e >< ri, ri > e + (2 < ri, r2 > —4 < r2, e >< ri, e >)ri— < ri, ri > r2, 

(rs, (ri,ri)) - ((r2, ri), ri)) - ((ri,r2),ri) = - < ri, ri > r2 + 2 < ri, e > (r2,ri)- 

-2(- < ri, r2 > e+ < ri, e > r2+ < r2, e > ri, ri) = 
= — < ri, ri > r2 + 2 < ri, r2 > ri — 2 < r2, e > (— < ri, ri > e + 2 < ri, e > ri) = 
= 2 < r2, e >< ri, ri > e + (2 < ri, r2 > —4 < r2, e >< ri, e >)ri— < ri, ri > r2. 



(9.12) 

Therefore, Fifth axiom of multiplication is not executed. But a replacement can be 
found. 

4*. The Cl ifford eq uation gives another identity: flexible identity [3T] (according 



to Definitions 8.1 8.2 



(rir2)ri = ri(r2ri). 



S) 



i^(A|0^r/*in)^ = mk^^ Pn)cm^'^ PbaP^ dP^ B = 

ViAPn)cV^''''P^D - P(A|D|Pf7)C^*^V + r^e^ V''^(A|A|PQ)ci^®DP^B 

= ViAPn)cV^^^P^D - P{A\D\Pn)cV^^^V^ + m^'^P(K\A\m)P^ b- 



.BACD ] 



) jD p py pi _ 

ViA^nff]^ - \gnAWT - £'^^'^^Pin\c\PA)BP^AP^D- 



(9.12 



From (9.9 ), it follows that Jordan identity {ri)^{r2ri) = {{ri)^r2)ri, V/c G Z is 
executed too. 

Such the algebra is normalized in the sense of 



gerV(A\^\'^Vn)-s>^ = fl'er^?®^(A^?^|*|n) 



(9.12' 



that coincides with the condition of normalizability (14.97) for n = 8 . 

According to the general theory, the sedenion algebra has 0-divisors for n 8. 



(ri,r2) = 0, (ri)^(r2) V*^' = 0, (i?i)^^(i?2)DAX^P%Ps 



AB, 



C 



(9.13) 
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0-divisors appear because the operator Pq*^ is degenerate for n > 8. However, there 
exists a sedenion basis for which 

(ri,e) = (e,ri), 6^ = 6, 
(ri^rj) = -(rj,ri), ^ e, rj ^ e, i ^ j, (9.14) 
(rj)2 = -e, Ti 7^ e. 



The algebras for which we can construct the basis (9.14) whose elements are not 
0-divisors and satisfy alternative identities 

{ri{ri,rj)) = {{ri,ri),rj), ((r^, r^), r^) = (r^, (r^, r^)). (9.15) 

are the most interesting for the study. Such the algebras are called sedenion alge- 
bras. Of course, not for all hypercomplex algebras, such the basis exists. Therefore, 
the hypercomplex algebras will be classified by the maximum number of basic ele- 
ments, which are not 0-divisors. The inductive construction of the higher dimension 
hypercomplex metric group alternative-elastic algebra looks as follows. 

Algorithm 9.1. 1. Let us know antisymmetric operators rja"'^ for n mod 8 = 6. 

Then the connecting operators ri\^^ for n mod 8 = are constructed according 
to the scheme 

that would provide the existence of the symmetric metric spin-tensor eab = 
£ab for n mod 8 = 0. 

2. Let us know the connecting operators rja"'^ for n mod 8 = 0. Then the connect- 
ing operators rj^^^ for n mod 8 = 2 are constructed according to the scheme 



AB ^ f Va"^ l{ir]n-l+rin)5''d 



(9.17) 



3. Let us know the connecting operators 7]^°"^ for n mod 8 = 2. Then the connect- 
ing operators rj^"^^ for n mod 8 = 4 o,re constructed according to the scheme 

^ AB ^ f Va""^ liVn-l + ^Vn)5''d 

_( {jf)aab + iVn)5a'^ \ 

providing for n mod 8 = 4 the existence of the antisymmetric metric spin- 
tensor 

/ i{e,)ab \ 

-iisiy^ 

i(ei)^' 
V -i(£i)mn 

(9.19) 

where {ei)ab is the symmetric metric spin-tensor for n mod 8 = 0. 



BAB := (^1)^0(^2)^^(53) 



BK 
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4- Let us know the connecting operators rja""^ for n mod 8 = 4- Then the connect- 
ing operators rjt>/^^ for n mod 8 = 6 are constructed according to the scheme 



O'AAB 



AB 



ab 



-T]n-1 + ir]n)5c 

{'rf)aab 
-Vn-l + irjnWb 



(9.20) 



Let's, in addition, spend the transformation of the connecting operators ac- 
cording to the scheme 



~ AC ^ AB^ C ^ C 

Va ■— Va £b , £b 



dk g 



( pop 



where Sab {n/2 + q = 3) for n mod 8 = 4 will be the metric antisymmetric 
spin-tensor. Then for the next implementation n mod 8 = 6 the operators 
fjtv^^ = —tia'"^ will be completely antisymmetric {n/2 + q) = 0. It is easy 



to verify that the Clifford equation (8.1) is executed for such the operators. 
If the further construction for n mod 8 = to lead on the basis of such the 
operators then there will exist the symmetric metric spin-tensor Eab = {^ijAB, 
n/2 + q = 1. For n mod 8 = 2, there will exist the involution at n/2 + q = 2. 
And again, for n mod 8 = 4, we obtain n/2 + q = 3. The circle has become 



isolated. The beginning has been made in Examples 8.1 8.2 



5. Suppose there is an algebra over M" with the structural constants generated 
from the connecting operators rj\^^ with the metric spin-tensor e-^^ and the 
inclusion operator Hi^. We assume that the metric tensor g^^, on the main 
diagonal contains ^ + ^ only. Then we can construct the antisymmetric 
operators for the space <C^+^ 



( 









n ab — 
'/a — 


^ ba . — 
'la ■ — 




























VA^B 


\ 




















PSCB 















—ae^M 







6eNB 















Va^m 














1£PY 


aspR 


-^AP^ 











-(SPB 









-Va\ 



















-VA^Y 




















(v^at' 


-Pety 


















/ 




a 


= ^{'iVn+ 




(3 := ^{-ir]n+i + Vn+2 


), 








7 


= 




S := li-Vn+s + ir]n+i] 












= 


+ irin+Q), 


C := U-Vn 


+5 + ir]n+Q] 









(9.21) 

6. The transition to the connecting operators of the space C"^^ is carried out as 
follows 



Va 



AB ._ 



ab 



Va 



-ivn 



ted 



(9.22) 



:= Uir]n+7 + Vn+s), ^ ■= U-iVn+7 + Vn+s) 
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(0 5" \ / 
^ b ] ' '~ \ 



Then we pass to the connecting operators of the space W^~^^ C C""'''^ using 
the corresponding inclusion operator. And such the operators generate the 
structural constants of the algebra with dimension equal to n + 8. 



10 Infinitesimal transformations 

In this section, it is told about how on the connecting operators which satisfies 
the ChfTord equation, to construct the infinitesimal transformations. The conclusion 
of all results of this section is made on the basis v. 1, pp. 175-177 (eng)]. 



Using Corollary 8^ for the special orthogonal transformations, the decomposi- 
tion 



i). bA — -Va oc -C/d Ok rjM , 

Z). bA r]is, — r]A oc bn Bkl^x s {eijMD- 



(10.1) 



is obtained. Suppose that there is one-parameter family of orthogonal transforma- 
tions 

SA''i\)Sn''iX)g^^ = gAn, Sa''{0):=6a'' (10.2) 
that induces the one-parameter transformations in the spinor space 

Sc^iX), Sc^{0) = 6c^. (10.3) 

Infinitesimal transformation is defined as 

= [^'S'a*(A)] I^^jj , Ta* = -T^A, 

rp A _ [do A(\\-]\ !)• Tc"^ = -Ec^Tb^Ed^, (10.4) 

- [dx^c I^JJ|a=o' 2). Tc^ = -T^c- 



Differentiating in zero (10.1), we will obtain the identity (the calculations are given 
in Appendix) 

Ta%^^^ = r^A^^Tc^ - VA^''ieifV{ei)MD + %^^(e/)MD(^/)^r^%/'^. 

(10.5) 

Particular solution of this equation will have the form 

Tc^ = Ir^^v^^^'vecB, (10.6) 
that is verified by the direct substitution. Homogeneous solution of the equation 

r/A^^Tc^ - VA^''{eifV{ej)MD = (10.7) 



is rewritten as (8.21) that means triviality of such the solution. 
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11 Complex and real connections 



In this section, it is told about how using some particular solutions of the Clifford 
equation, to construct a prolongation of the Riemannian torsion-free connection into 
the spinor bundle. We consider the two different variants. This will give the oppor- 
tunity to construct the spinor analogues of the Lie operators. The conclusion of all 
results of this section is made on the basis 0, [HI v. 1, pp. 228-231 (eng)]. 

For the real representation of the tangent bundle r'*(V2„), the equation of the 
geodesies take the form 

d X .„ o dx doc „ , , 

For the parameterization of the atlas = -^{u'^{x^) + iv^{x^)), we obtain 

d'^x'^ _ d /■ dx" dw^ _|_ dx" dw®' \ _ 



ds^ ~ dsV^u)© ds ~ 9to©' ds ' ~ 

d'^x" duP_ I dx" d^w^ I a'^x" dw^' I dx" d^w^' 

dw^ds ds ds'^ aw's>'ds ds aw®' ds^ ' m 9"! 

cfw^ axP_ , d^w<s>' ax" , a^x" duP , a^x" dw®' , ^ 

ds2 Q^e "T Q^e' "T aw^ds ds a«,©'(^s ds 

_i_-p Q dxf_ ax* dw® I -p fl dx^' ax* dw® ri 

ds aw® ds ~^ 'p'l' ds aw®' ds ~ ^■ 



We multiply the both sides by = ''^^n- Considering the identities (3.8) for the 



dx" 

operators m^^ and ^, we will obtain 



d'^w^ I (dw^L a^x" dw® 
s2 "T {g^ij aw®ds di 

,Q^A q2^o ^^e' n ax* dx"^ dw®' aw^ 



I / aw a x dw -L 'P oa: dx dw^ aw \ i 

rfs2 '^^ax", aw®ds ds ~^ ^ i-^ aw® ds ds ax"' 



I /• pt»" d x dw^ -I- P ax* aw^ aw'^ \ ri 

^^dx" aw®'ds ds ^ i§ Sw®' ds ds ax"' 



;ii.3) 



For the complex representation of the tangent bundle r*'-'(V2„), the geodesic equations 
take the form 

iring these t 

obtain 



Comparing these two equations with Definition 3.8 of the operators , we 



m 



,A /'A ^ ^^ I r _ r A 



taking into account the identity 

g2^n d'^x^ dx'^ dx'^ ^ dx^ dx'^ 



11.5) 



= ^d^rne"". (11.6) 



dw^ds dw^dx^ ds ds dw^ ds 
Other record of the system has the form 

TTT's'^ {-d^m^^ + T^^^m^^) = F^^® , multiply by m^^, 
m^''^ {-d^m^ ^ + T^^^m^ ^) = F^^,® , multiply by ^, 

a/ i-d^m^^ + F^^ W^) = F^/m-^, 
a/ (-a^m^^ + F^^^m^^) = F^s/m-^. 



;il.7) 
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Let's add these two equations 

d^m^^ - T^/'m^^ + r^/m-^ + T ^^M^' ^ = 0. (11.8) 
We will contract it with m*/^ 



(11.9) 



Therefore, the connection in the tangent bundle should be predetermined by the 
system 



V^m^'^ = 0. 



(11.10) 



Indeed, since rri^ q — i fQ^m^jy then 



V^/^^ = 0, 



(11.11) 



We will multiply this equation by |m$/''^m^^ 

' m^^^m^^a^/^^ = m^.^m^^r^^^. (11.12) 



2 

Hence, 

r^^/ = 0. (11.13) 

Therefore, we can write down 

V^m^X - d^m^-^ - T^fm''^ + T^^ = 0. (11.14) 

Thus, if we know the coefficients of the connection in one of the representation (real 
or complex) then the connection coefficients in the other representation (complex 
or real, respectively) are uniquely restored from this equation. If now in the real 
representation of the tangent bundle, the torsion-free connection, compatible with 
the metric 

V^G^^ = 0, (11.15) 
is given then it can be prolonged into the spinor bundle with the help of the condition 

V^77^^^ = 0. (11.16) 



54 



Now let I), n mod 4 = 0, n> 2, II). n mod 4 = 2, n> 4, then 



0, 



//). 



CD 



0, 



:ii.i7) 



VA^Ef^^^E^+VA^E^^V^E^^ 



D 



0. 



Turn to the equation (8.21). This will give 



BD 



II). EfV^E^^^ 



c 



0. 



Thus, we see that 



BD 



0, 
0, 



//). V^E-J" 



0, 
0. 



:ii.i8) 



:ii.i9) 



Therefore, the condition (|11.16|) imposes the restrictions 



0, 



//). V^r/Z^r^^ 

.AB 



AC B _ 
C 



0, 



0. 



;il.20) 



'AB 

This kind of the connection is possible with the normalization of the spinor basis 
according to v. 1, p. 230 (eng)]. However, we can relax the conditions (11.15) 
and (11.16) remembering that we consider the connection in the tangent bundle. 

11.21) 



Therefore, it is necessary to go back 







which can be rewritten as 



V^'rf.dAVo 



AB 



AB"^-'i' '^'AQ V Xb^e +^ Ah ^ A"b^^ Ah ^ Ah'^^ 
Therefore, in order to prolong uniquely the constructed connection into the spinor 
bundle, it is necessary to demand 



AB 



DB 



AD 



0. (11.22) 



AL 



ivr:? J- : 



MB If , _ 

' Ac ' 



nkC _ (2n-2) r M A\ 

4 "k >■' 



^11.23) 



AK 



r 



Di 



CA 



2n-i AC 



' DK 



2n-2 

2Af2 "k "D 



Indeed, 



A R 

Va 



CK _ 2n-2 r K<; C^ 
KB ^ 2n-A'y'~bA 2Ar2 / 

1 ,2n 2n-2 ^^2^^ C ^ ^ ^BC ^ _ 



i)^hA 



2n-4V 2 



2Af2 



^[A^^^i]hb' 



BD' 



[IIM) 
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Note 11.1. It should be noted that for n = 4, conclusions remain valid and the 
last identity will have the form 



C A A , A 

VA V^~c^ - V§VA!c + VAV§~j^ ■ 



Thus, the contraction of 



(11.25) 

11.22) with rj^ri^ determines the expression ^ -.i^ , after 



substituting of which in (11. 



the coefficients are uniquely determined. For 

It is caused by the 



this purpose, it is enough to contract (11.22) with Tj^^-rj 
identity r^^,^^?]* 



HML 



^^?i,?.fs = ^x?.^5fs; where e-,-:^, as before, is the antisymmetric 



metric spin-tensor (see Example 8.1 which is easily adaptable for the inclusion C 
C^). But in this case, the condition (11.21) is equivalent to (11.16). 



If we perform the symmetrization of the expression (11.22) on Vt and omitted \l/ 



then from the analogue of (8.17), we obtain 
Ar2 



0. 



;ii.26) 



2 VaG^,!^ ^2]V2 ■'«'yiB''"CD 

If the metric tensor is covariantly constant then 

Accordingly, the complex connection is determined by the relations 

Va := mA^V^, Va' := ^a'^V^ ( 
that in the absence of torsion, will lead to the connection 

Va5'M'4. = 0, V^ig^iq,' = ( 
which prolongs into the complex spinor bundle by the conditions (see (6.33)) 

Va{Mk)a^ = 0, Va{^k)a^ = 0, Va'(M/^)a^ = 0, VA'(i^x)A^ = 0, 

2N _ 2N 



[11.27] 
;il.28) 
^11.29) 



K=l 



K=l 



It should be noted that the upper relations 



aA(M^)A^ + rA~,^(M^)^^ - {TK)AA^iMK)c'' = 

5a(^. 



K)A + f a5^(Mx)a^ - {Tk)aa''{Mk)c^ = 



B 



;ii.3o) 



:il.31) 



are define the different coefficients of the connection: {Tk)aa'~^ and {Tk)aa'~^] the 
bottom relations are rewritten as 



2N 

E iiVK)''ABdAiVK)n^'' - f ■ ^An''+ 

K=l 

+ (f ^)AD^(^ir)*AB(r/i^)n^^ + {h)AD''{VK)''AB{VK)n 
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^11.32) 



AD\ 



0. 



Therefore, in order to prolong uniquely the connection into the spinor bundle, it is 

necessary to demand 



;ii.33) 



Therefore, from the covariant constancy of the metric tensor 

= ^((^i^)*''''VA(r/x)QAB + {VK)^^''^K{VKhAB)+ (11.34) 

Hj^fimhABimWDVt.isKr'''''' = o, 

the relation 

2N 

J2 iVKhABiVKhcD^AiSKf^^'' = (11.35) 
K=l 

will follow. We now turn to a real inclusion. The equation 

Va//^* = (11.36) 

can be rewritten as 

9Ai/i* - Ta//// + rA$*//i* = 0. (11.37) 

Accordingly, in the spinor bundle, the real connection can be prolonged by the 
condition 

2N 

J](w)*AsVfc(r;K)/'' = 0. (11.38) 
1=1 

This means that on the real space, the connection compatible with the metric takes 
the form 

ViQik = 0, (11.39) 

where 

Vi := Hi^VA. (11.40) 

Example 11.1. n—4- Metric index is equal to 1. 
Let 

g\B':=MABSB''', := (r/i)/^^B^', ^ = = (11.41) 

Then the special case of the coordination for the connections can look like 

g'AB'VkQj^''' + r^'AVfe^/'^ = 0. (11.42) 

The condition can he rewritten as 

g'AB'id^g,^^' - r,/^,^5 + hc^'^^'j^ f .c^'^/^' + 9,^/^' - r,/^,^^'+ 
+r.c'^'^/^' + hc^'gf^') = 0. 

(11.43) 
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Then due to Note\ll.l[ this relation can be rewritten as 



a,^?/^' - T,/gi^^' + ^ihc^ + f,c^)gf^' + \if,c^ + f .c^)^?/^' = 0. (11.44) 

Define Tkc^ ■= ^(Xkc^ + ^kc^) which will lead to the connection from v. 1, p. 
230 (eng)J 

Vfc^?/^' = 0. (11.45) 

This proves the theorem. 

Theorem 11.1. Let the pseudo-Riemannian manifold V^n (n > 4) be given. Let 
in the tangent bundle with fibers isomorphic to -R^^„), a torsion-free connection be 
introduced. Then the compatibility condition of the connections between the spinor 
and tangent bundles can have the form 

^''ab^av/^ = 0. (11.46) 

In order to prolong uniquely the constructed connection into the spinor bundle, it is 
necessary to demand 

(11.47) 

f ^ ■= 2 -p I)/ CA _ 2n-2 r 1 r C\ 
^ Ak ■ 2n-A^ Ac ^ bk 2Ar2 "ft- "l) 

In order to prolong uniquely the connection onto the complex representation CV^ 
with fibers isomorphic C", it is necessary to demand 

V^m^* = 0, V^m^*'=0, Va := m\V^, Va' := m^V^. (11.48) 
Then the compatibility condition of the connections will have the form 

VA(Mi^)A^ = 0, VA(i^x)A^=0, VA'(Mi^)A^=0, VA'(i^i^)A^ = 0, 

2N _ 2N 

E {vk)" abV K'ivK)^^'' = 0, E ivK? abV Kim)^^'' = 0. 

K=l K=l 

(11.49) 

In order to prolong uniquely the connection, we will demand 

irK)AL'' := U^K)ADHiVKhLBiVKh''''iVK fAciVKr'''' ' ^^h''5n^), 

{^k)aa'~' '■= —:^(Xk)ak^{{£k)la^'^ — ^^l^^a*^)- 

(11.50) 

In the case of an inclusion of a real space into the complex space, it is necessary to 
satisfy the relations 

\/AHi'' = 0, VA.iy,*' = 0, Vi:=H,^VA. (11.51) 

Then the compatibility condition will have the form 

2N 



J2MABVk{VK)j^'' = 0. (11.52) 



7=1 
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Corollary 11.1. If in the tangent bundle to the manifold V2n, a torsion-free con- 
nection compatible with the metric 

V;iG^^ = (11.53) 

is given then in the tangent bundle of the complex representation CVn, the connection 

Vaqq^ = 0, Va'Qq'^' = (11.54) 
is induced. For an inclusion Vn C CVn, the connection 

ViQik = (11.55) 

is induced. 

We construct the operators P'^ ^ '■= v'^ ^X'^^ f<ir^ •= such that 

X^Y~^ = 2 and Pji'^Pii,^ = C^^. This is always possible for n > 8. Then the 
compatibility condition of the connections for the real representation has the form 

VaP/ = (11.56) 

which can be rewritten as 

d^P/ - r;^/p/ + T^^/P^^ = 0. (11.57) 
Therefore, we can uniquely prolong the connection into the spinor bundle as 

T^^^ := -P^^S^P^^ + r^/p^^p/. (11.58) 
For the complex representation, the operators 

{Pk^a := m^*P^^(M^)^^, {Pk)"" a := m^*'P^^(M^)^^ 

(11.59) 

(P^)*^ m%P^HM*KrA^ {Pkh'^ fh%,P^\M*^)^ 
are defined. 

Theorem 11.2. Let the pseudo-Riemannian manifold V2„ (n > 4) be given. Let 

in the tangent bundle with fibers isomorphic to Rfnn)> ^ torsion-free connection be 
introduced. Then the compatibility condition of the connections between the spinor 
and tangent bundles can have the form 

VaP/ = 0. (11.60) 

In order to prolong uniquely the constructed connection into the spinor bundle, it is 
necessary to demand 

r^5^ -P^-c^aP/ + ^A^P^'tP^^- (11-61) 
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In order to prolong uniquely the connection onto the complex representation CVn 
with fibers isomorphic C", it is necessary to demand 

V^m^* = 0, V^m^*'=0, Va := m\V^, Va^ := mVV^. (11.62) 
Then the compatibility condition of the connections has the form 

Va(Pa')% = 0, Va'(^x)% = 0, Va(P/^)% = 0, Va'(^x)*'a = 0. 

(11.63) 

In the case of an inclusion of a real space in the complex space, it is necessary to 
satisfy the relations 

VAi^i* = 0, VA.^i*' = 0, Vi:=H.^VA. (11.64) 

Then the compatibility condition of the connections has the form 

V,(P;,)^A = 0, V,(Px)V=0. (11.65) 

Now one can construct the operators 

2N 

j=i 

2N _ _ 

(Yk)^ := y^'iP^^h'^, y"' = E (Ij)^(Pj)* B, 

j=i 

2N 

j=i 

2N _ _ 

L,{Yk)^ := x'^'Vn'iYK)'' - E (X7)^(Pj)* B(P^)n'^V*.x^'. 

j=i 

These operators are invariants of the connection only if 

dA{PKfB = 0, dAiPKfB=0, 9a(P^)*^=0, aA'(P^)*^ = 0, 
dAiPK)'"B = 0, dA'iPKf'B=0, dA{P*Kh''' = 0, dA'^h'"" = ^ 

under the condition 



^11.66) 



11.67) 



(9^P'^~=0, 5^P^^=0, (9^m'^vi, = 0, a^m^* = 0, ^^m"^*/ = 0, 5^m^*' = 0. 

(11.68) 

Then from ( |11.58 ) and ( |6.33 ), the parities 

{^k)ac'^ = Ta-^* (Pft:)*c(-Pft:)*^' i^K)A'c^ = Ta'** (Pft')*c(-Pft')*^ = 

V ' " v ' 

(11.69) 

will follow that will ensure the invariance of the operators. Then the following 
identities will be executed (the proof is given in Appendix) 

Lix,y]{YK)'^ = L^LyiYx)^ - LyLx{YK)^, ^^-^ 
Lix,y](YK) = LxLyiYx) — LyLxiYK) ■ 

For n = 4, such the connections were considered in 0. However, in [0], the expression 
of the form {tik)"^ £)c{riK)<i>^^ unlike the expression {Pk)<s>^c^ of this article was 
considered, and this would cause the torsion of such the operators. 
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Theorem 11.3. The operators 

2N 



■^=1 (11.71) 



2N _ _ 

j=i 



will be invariants of the complex connection from Theorem 11.2 under the condition 
of the constancy of the operators 

dK{PK)^B = Q, 9a,(P;,)% = 0, 9a(P^)^^ = 0, 9a,(P^)^^ = 0, 

f)~p^ n 3~P~^ — 

^A^ ~B~ ' ^/i-'^f ~ [\\ 72) 

9^m'^^ = 0, 9^m^* = 0, 9^m'^,j/=0, 9^m^* =0, 

These operators satisfy the identities 

L[x,y]{YK) = LxLy{YK) ~ LyLxiYx) 

and are the natural prolongation of the operators Lx{y)^ = x^dny"^ — y^dQ,x^ , 
Lx{y)^ = x^ dn'V^ — y^ <9n'X* into the spinor bundle 



2N _ 2N _ _ _ 

LAy)" = Y:Lx{YK)\PKr A, L.iyf' = E^L.iYKnpKr A, 
Lx{YkV= i^.(l/)*(P^)*^, L,{Yk)^ = ll{yf\P*j,)^,^. 



^11.74) 



12 On the classification of tensors with the sym- 
metries of the Riemann curvature tensor. Cur- 
vature spinor s 

In this section, it is told about how to associate tensors possessing the symmetries 
of the curvature tensor to their spinor analogues. This simplifies the classification of 
such the tensors for small dimensions. The conclusion of all results of this section is 
made on the basis v. 1, p. 231-246 (eng)]. 

After the introduction of the connection, we can pass to the study of the curva- 
ture tensor properties with the restriction {TK)kA^ = (Xk)aa^ = (rK)AA^ in the 
corresponding bundles. The curvature tensors can be calculated by the formulas 

2N 

V[AV*]r^ = Pa^A", V[AV^]X^ = ^(7^;,)A^c^X^ (12.1) 

K=l 

Consider the coordination of the complex connections induced by the formulas 



(11.30), (11.33) with the covariant constancy of the metric tensor. We require that 

VA{eK)AB''''' = dA{eK)AB'''' = 0. (12.2) 
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Then 

2N 



J2{Ve{mfAB){VA{vKh^'') = 0. (12.3) 



K=l 



Therefore, the integrabihty condition of (11.49) from Theorem 11.1 takes the form 

2N 

E W®ABV[AV*](r/^)n^^ = 0, 

K=l 

2N 

N'RA^n"" = E iinK)A^cHVK)''ABiVKh'''' + (TIk) A^c"" (VK^ ABiVxh^'') ■ 
K=l 



Define 



(12.4) 

(^x)e*L'' := ^{vk)ib^''{vk)^]ml- (12.5) 



;i2.7) 



Then from (8.27), the identity 

{AK)^eL^{AK)nrx^ = vfi'-i>[r5'n]e (12.6) 

o 

will follow. Then we can set 

{Rk)a^c'^ '■= — -RA^'0$(^ft:)®*C^5 -RA-I-e* = ;|^(^ii')e$C^(-RK)A<I'Ar'", 

I'D ^ M_ 2 ( p N ML 
{J^KJA^C — —:^^\J^K)A^L ^CD 

(the proof of the last equation is given in Appendix). It is obvious that {Rk)a^c^ = 
{'R.k)a^c^ 1 for example, if the coordination condition of the connections has the 
form 

^A^VKh^"" = 0. (12.8) 

For further calculations, we should use the identities (the number K will be omitted 
since all the other calculations do not depend on this number) 

^[a/'^'^A2]AiA3^[A3^'^'%4]A4A2 = y^Al[A4^A3]A2- (12-9) 
??[a/'^''?7A2]AM3?7[A3^''^^?7A4]A4A5'7[A5'^'''^^'7A6]A6A2 = ^fl'[A3KA25'Ai]|[A65'A5]|A4] • 

(12.10) 

r/[A/'^'?/A2]AiA3^[A3^"^'??A4]AiA5^[A5^'^'??A6]A6A7^[A7^*^'^A8]A8A2 = 

= T(5'Al[A85'A7]A25'A3[A6fl'A5]A4 - 5'Ai[A6fl'A5]A25'A4[A85'A7]A3+ 11) 
+5'Ai[A45'A3]A25'A5[A8fi'A7]A6) + ^(5'[A3|[A25'Al][A85'A7][A6fi'A5]|A4] + 
+5'[A5|[A4fi'A3][A7fl'A8][A2fl'Ai]|A6] + 5'[A3|[A75'A8][A55'A6][Ai5'A2]|A4l) 

(the proof is given in Appendix). 

Theorem 12.1. The classification of a bitensor, possessing the properties (A, ... = 

RA^<5>e = R[Aisi]['5>e] , -RA-i-^e = -R<i>eA* (12.12) 

and belonging to the tangent bundle r(Cl^) over the analytic Riemannian space 
CVn, can be reduced to the classification of a tensor R^^c^ of the N- dimensional 
complex spinor space such that 

ID D R p /lA* D R A D 1 AD^ /i r, i q\ 

-Kc S ■— -KA*$e^ C A S , ^A-^C •— 2^[A V'f]AC- {LZ.i6j 
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Besides, the relations 

Rk^'s'' = RsV = 0, Rc^s"" = RsV (12.14) 

will be executed. The decomposition 



r> K A _ r' K A 4 p D P^ABKL^GN ^ 

J^C M — '^C M — N{n-2) ^G N £ £ ML^DPCB— 

-l2(n-l)(n-2) " 4(^^=2)j^^ ^CBML - {j^) " 8(n-l)(n-2) j ^'^C 



corresponds to the decomposition of the tensor Rmi^^ 

Ra^^^ = + - (,_i',_2) -^^[a"^^1^' (12-16) 

into the irreducible components not resulted by orthogonal transformations. At the 
same time, the Bianchi identity 

-RA**e + -Rag** + -^A^e* = (12.17) 

will have the form 



Rl''s'' = -\-R5s''. (12.18) 



Proof. 



1. The first step. The Bianchi identity -R[A*$]e = 0. 

-n.[A^$]0r7 abV V DcV — 
— -Ka*3>0 3(,?7 yi_B?7 V Dc + V abV V dc + V abV V dc)V — 

— -KA^^Oai^ AB^ V DC + 9 V DB — 

-V^'abV^^'^V^'dc + r/^ABr/*^^^%c - ^?**r7%B)^®^^ = 
= i?A*$e(^^AB77*^^ry%c + 5*\*i.B)r?®^^ = 4/2^^0^ + I^^^b^ = 0. 

(12.19) 

Inversely, 

(4i?^,^C^^ + lRSAr^')V[As\AsAe\VAe]^'^'V[Ar\ArAs\VAs]'''^' = 

= Ra,am,v'''a,a,v'''^''''v'''a,a,v''''''''''Via,aa^^^^^ 

+ lRr][A5\AiAe\VA6]^^'^"V[Ar\AyA8\VAs]^'-^'' = ^(-RasAtAsAs " -RA6A5A7A8- 
--R5'A6[A85'A7]A6) + -^(--R[A8|[A55'A6]A7] + -R[A6|[A8A7]|Ab] + 
+-R[A6|[A75'A8]|A5]) + I • -2 R9 AslAsQArjAe = 2" ("^AsArAeAs + 2-Ra6[A8A7]A5) = 0. 

(12.20) 

2. Second step. The Ricci tensor -Ra*. 
We use the two auxihary identities. 



p M _ 2 p ML 
J^A^C — — ^^-n-A^L ^CD , 

„ CL„ _ 2 „ CN„ ^ ML 

V[T Vn]CD — -^^[r m]MN£CD 



;i2.2i) 



This can determine the identity 

ri[T\CD\Vo.]^^RA-^L^ — —r}[T'^^Vn]MNRAwc^- (12.22) 
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Therefor, 



1 „ A_B„ „ „ CL„ „ ND nV^ne 1 p „ 



= jf{9^<fVA'^^VrALV[e^^Vn]NB - VA'^^VrALV^^'^V^CDVe^^VnNB)R^'^^^- 
— \Rg A<f = ^g<i>^gAngreR^^^^ — jf{gr<fVA^^V^ADV[e'^^Vn]NB— 
-V{A''''v^)ALVr''''V^CDVie''''vmB)R^^''^_-lR9A^ = 
— — I-Ra* — ^g^e9Angr^R^^^^ + \gA^grnge^R^^^^ — \RgA^ — —Ra^- 

(12.23) 

Whence, 

p MAT p „A ^-ifMN _ 4 AB.MN tf C D ^ p_ MAf noOA^ 

Moreover, 

= ^?^*7?*^(r/A^^ryACB - |^AA<^c^)r7[*^^r/$]ML = 
= ^^^i^^V^'^^Acslr^^^^^^ML - i^?**5M^) = 

^ABKL D$A„ „ 1 75AA„ y4_B„ r K 

— £ it r]q,MLVACB — VA VACBOm — 

^ABKL p*A„ „ 1 T3X As, K 

— £ K rjii,MLVACB — 4-n-Oc — 

_ ^ABKLf 4 „^GN„A td D P 1 p„$A\„ „ 1 r>X A: K _ 

— ~^ (nV V DPn-G N — l^g JVACBV^ML - 4-K()c Om — 

_ 4 r> D P^ABKL^GN ^ ,1 r>f-ABKL^ r As: K\ 

— —Jf^G AT £ £ ML^DPCB + l-r(.{S ^CBML — Oc Om )■ 

(12.25) 

3. Third step. The scalar curvature R. 



„[ All* „$1|A1^ AB„ „ -KL^ _ 

g g VACByn^ ^<i>ml — oS'**"^ j— £ ecBJWL — toc ()m 



(12.26) 

Now it is necessary to gather all results and to receive the analogue of the decom- 
position on irreducible components not resulted by orthogonal transformations. □ 

Corollary 12.1. 

1. The simplicity condition of an bivector of the n- dimensional space C" can be 
written down as 

p^p^n] ^ Q (^2.27) 
The coordinates of the bivector can be associated to the traceless complex matrix 

PlV - ^(PL^PK^)55^ = 0. (12.28) 

2. A simple bivector of the space C" with the condition p^*pAi' = can be asso- 
ciated to a nilpotent operator with index equal to 2: Ph^ps^ = 0. 

Proof. 

1). A bivector is simple if and only if when there is the decomposition 

pA*^^A^*_^A^*. (12.29) 
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Therefore, the conditions (12.27) are satisfied automatically. Conversely, if the con- 



ditions (12.27) are executed then they can be written down as 

/V"" - + V = 0. (12.30) 

Contract this equation with the nonzero covectors and zq>, that p^^z^t^ 7^ 

= ^^(/^^^p-^^ (12.31) 

Set 

^^:=^^/%, Z/*:=^^P*% (12.32) 
from which the simplicity condition will imply. Since the tensor -Ra-j-^h = pA<s<p<s>n 



satisfies the conditions of the classification theorem, the formula (12.28) is a direct 
consequence of the Bianchi identity. 

2). In the condition of the first paragraph, we add the condition p^^PA^ = 
which takes the form pi^px^ = 0. From here, the existence of the nilpotent operator 
with index equal to 2 will follow. □ 

We construct the analogue of the differential Bianchi identity 

V[A-R*$]ef7 = (12.33) 

under the covariant constancy of the connecting operators. For this purpose, we will 
contract it with the expression rj^ ab^^^ ^'^^ 

^%bA**c^(%^^^**p« - r]**'^%^Qr/^xp)VM7vi?Q^i.^ = 
= -^VabRc^'k'^ - f (eyCXP^AB^^V^^ - e^^XPeAB^«Vyc)i?Q^X^ = 0. 

(12.34) 

This will lead to the differential spinor Bianchi identity 

VabRc^'k'' = ^(^''^'xpeAB^'^Vyc " ISc"" bab^'^V xp)Rq'' k"" ■ (12.35) 



13 Twistor equation 



In this section, it is told about how to construct and to solve the n-dimensional 
twistor equation, and then to investigate its properties. The conclusion of all results 
of this section is made on the basis v. 1, pp. 352-357, v. 2, pp. 43-46, p. 463 
(eng)]. 

We define the twistor equation as 

VaabV^X^ + t]^abVaX^ = -qa^V^abV^X^. (13.1) 

n 



We contract it with 77 



^aabV^'^X^ + f VaX^ = ^t^a^^VapX^, 
VaX^ - t/a^^VabX^ + f VaX^ = f t/a^^VabX^ 



(13.2) 
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VaX^ = -Va^'^'VabX^. (13.3) 
n 

The integrability condition of the equation for an arbitrary have the form (the 
proof is given in Appendix) 

C$*AA = (13.4) 

which corresponds to a conformally flat space. Let Q be an arbitrary scalar field. 
Consider the conformal rescaling of the metric 

9a^ 9a^ = ^9a^- (13.5) 

Therefore, we can set 

flA^"" := VA^"" , fjAAB := ^VAAB. (13.6) 

Let's demand the performance of 

VAr;,>^^ = 0, WaV^ab^O, Va77*^^ = 0, Va%ab = 0. (13.7) 
This will lead to the system 



Va^^ = '-Va'^'^VabX'', 



(13.8) 



;i3.9) 



(Va - Va)77*^^ = 0, 
(Va - '^A)r]^AB = -{^~^'^A^)r]^AB, 

n e„ AB _ r> a„ kb ^ r> b„ ak 
Qa-^'^'H^ab = —Qaa^V^kb — Qab^'H^ak + iS^~^^ A^)'n-^ ab, 

where Qa*® is strain tensor. Then 

f <5a(*q) = jfO^nQAK^ , 

\ Qa(*Q) = —^QiSjClQAK^ + i^~^^A^)g'i/n, 

Ta := ^Q,~^'Va^, <5A(*n) = g^^n^A, Qak^ = y^A, 
<5A*n QaI'^ci], Qak"^ '■— Qak^ — -^Qal^^k^- 

Therefore, 

~ 8 ~ 

Qa^iq. = -^^^HA Qak ■ (13.10) 
If we require the preservation of the twistor equation form 

X^' := X^', (13.11) 

V AB^ , 

then it would impose the condition 



Qak"" = -^A^VcBQ^i.^, (13.12) 
n 
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on the strain tensor. Then 



=QA*e 



Q 



A<i>e 



Afl'$e + T$5(Ae — Te^fA*) = i^^VA^'^V'fCBV'i'^^VeLNQ^ , 
QA($e) — ^T^AS'-i-e = (^*^* "~ '5"^'i'A)fi'<i>e, 
Q%vi.-Q**A = 2(n-l)TA, 

QA[$e] + ^(-T^s-Ae + Tefi-A*) = ^?7A^^^?vi'CB^?[$^^^?0]L7v^?[r|5i^l^?n]'^'^Q*''^^' 
= ^ (fi'A<i'fl'ne5'$r - fi'Ai'5'o*5'er)Q"^'^^^ + ^5'[0|[A5'*][n5'r]|$]<5*'"^, 

(1 - ^)<5A[<i>e] + ^(-T^^fAe + '^e5'A$) = 
= ^{{gmgn^g^T — g^/egnhg'^'T + g'^-^gnkgev — gA<s>gn^ger)Q'^^™^ = 
= ~ l)T$5(eA - <5e[$A] + <5<i.[eA] - {n - l)Tefi'#A)- 



^13.13) 



Whence, we definitively obtain 
Q[A$e] = 0, QA[<i>e] = T"$5'Ae— T'eS'A*, QA*e = T"Afl'$e+1'"$fl'Ae— T'efl'A*- 



;i3.14) 



Try to solve the twistor equation in the fiat space {R\\j,k^X^ = V[aV*]X'^ 
under the covariant constancy condition of the connecting operators (Va^^'I''"^ 



0) 
0) 



VaX' 
VvpVaX^ 



^ - Iva^^'V^bX^ 

2 CB^.^fV7.^A 



VvpVaX^ 



c 



V(^Va)-^ 

;i-i)V(^VA)X 



n 

;|(r7(A^^V^) - ^(A^^r/^)ABV^^)VLxX^ 



V^b(V,,X^), 



;i3.i5) 



V*VaX^ = 0. 
Thus, Va-^*^ is a constant and can be represented as 

VaX^ := 



IVA 



[13.16) 



where as Ya, X'" denote the constant spinor fields. Integrating this equation, we 
obtain 

:= + iR^'^YA. (13.17) 

We are interested in the case, where X^' = 0. Omitting the terms above the spinors, 
we obtain the following relation 



X 



c 



(13.18) 



From the geometric point of view, the equation (13.16), rewritten in terms of the 



operators 7a, is anything other as the derivational equation [161 eq. (1-2)] of the 



normalized Grassmannian, and (13.17) is the equation [151 eq. (2.6)]. Such the 
normalization is called spinor normalization. For n = 6, it was constructed in [7]. 



We return to the twistor equation (13.1), but use the covariant constancy oper- 



ators (11.59) constructed in the previous section. Then for the real representation. 



the twistor equation (13.16) takes the form 



c 



=: P: 



c 



^13.19) 
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and for the complex representation, 



2N 

Carrying out the summation on K and defining x\ := Yl {Pk)aa{Xk)^, we obtain 

K=l 

the conformal Kilhng equation 

2 

Va^;^ + V*xa = — (^A^V^x*. 

n 

14 Spinor formalism for n=6 and n=8 

In this section, it is told about how to construct the spinor formahsm for the 
small dimensions. For clarity, we construct various geometric interpretations of some 
algebraic relations. Presented, how to pass to the structure constants of the octonion 
algebra with the help of the Cartan triality principle. The conclusion of all results of 
this section is made on the basis [T] and the literature to it, [IT], [T^], [13], Pl], [H], 



14.1 General isomorphisms 

In this subsection, it is told about how to construct the basic isomorphisms of the 
spinor formalism for n = 6. The conclusion of all results of this subsection is made 
on the basis [I] , [3] . 

1. = A^C^ 



Let a, /3, ... = 1, 6, a, b,ai,bi, ... = 1, 4. Then from (8.17), the identities 

1 „^ 



,''1] 



, '/ aai'lfi — ; '/ aai'la — "aai • — ^"[a "ai] ; 



= 1/2 ■ r/V^''"\ P"^"^ = r/a'^^V^ 

^a/a — 1 /A . n'^ nP,, p-aaibbi ^aaibbi — „ aai„ bbi „a/3 
y — ^/^ '/ aai'l bbi^ ; t — //q. i/fS y , 

gal3 = 1/4 ■ ria°'°-^f]i3^^^eaaibbi, ^aaibbi = V°' aaiV'^ bbiOa/B 



14.1) 
14.2) 

14.3) 



will follow. This defines the isomorphism between the space and the bivec- 
tor space A^C^, where gap is the metric tensor of the space C^. 

2. S0{6,C) = SL{4,C)/±l- 



According to (6.42), the special orthogonal transformation can be represented 

as 

SJvr' =Va'"Sh''Sb,''\ (14.4) 



In this case, Ea from (8.19 ) is the identity transformation multiplied by the 



imaginary unit. For non-special transformations, we have the identity 

^Vabb,S''^S^'''K (14.5) 
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3. so(6,C) ^ s/(4,C). 
Define 



A-a/sf = V[a''°'Vl3]da- 



Then by analogy with (|10.6|) and (|12.5|), we obtain 
T 



A Crji d rji k 

^a0d J-c ^ J-k 



T 



al3 



-T 

-J- rv 



(14.6) 
(14.7) 



aB s _ 1 X c 



A c A 13 s _ 
-^apd ^7 r 



Tin 1 40/3 nrp rp rp 

m 2 I3ai 13a a 



In addition, the main identity for the 4-vector 



(14.8) 



2a/37<5 6 [a/975] 5 ^ajB^S 

« = fe ''^ " + e "5 



A a. A Cp b d 
^al3b -^^Sd c ; 



1„ k.b 
3' 



„ k b TJ k A d A k i A k A c „ jd k^ r ^ 



and the main identity for the 6- vector 

„ A a A c A fc „ b d I 

daP'^&Xli — ^al3b ^'ySd ^Xfil t-a c k i 

eaW = lim^'^c - k'5c')5a'' + (45/5J - 4'5a")4')- 

- 4'5a')4' - {^5X - 4'5c'^)5a''), 

e„7A... = 2r7[„''^ir7^]rfrf,r7[A™'"ir7,],.,,r/[/'^ir7^]-^ -2 5/5^^56-5,/i5„/i5,/i 

bb\^ ddi^ mmi^ xxi^ tti^ ssi ^ ^ ^ ^ 

4 /[a '/7] '/[A '/i^] '/[ti" '/o"] ' * trbiddit-mrissittimia:!:! • 

are executed. The proof of these identities is given in Appendix. 



(14.9) 



;i4.10) 



14.2 On the classification of tensors with the symmetries 
of the Riemann curvature tensor for n=6. Curvature 
spinors 

In this subsection, it is told about how to associate tensors possessing the symme- 
tries of the curvature tensor to their spinor analogues. This simplifies the classification 
of such the tensors for n=6. The conclusion of all results of this subsection is made 
on the basis [2]. 

Theorem 14.1. The classification of a bitensor, possessing the properties 

+ Ra^S^=0 (14.11) 

and belonging to the tangent bundle t{CVq) over the six- dimensional analytic Rie- 
mannian space CVq, can be reduced to the classification of a tensor Rj'c'^ of the 
^-dimensional complex vector space 

Rap-yS = A.a(3d'^ A^s/ R/ ■ (14.12) 

In addition, the following relations 

J^k s — J^s k — ^1 J^c s — J^s c {1^.16} 
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are executed. The decomposition 

R// = Ce^^- - Pes"' - ^ • R{^S/6/ - 25/4') (14.14) 
corresponds to the decomposition 

Raf}''' = C„/'' + (?^] '1 - 1/10%[, (7^] ^1 (14.15) 

into irreducible components not resulted by an orthogonal transformations. These 
components will satisfy the following relations 

PJ" = -4(i?[,[%]<^l +i?,[^[J^I(5,]'^), (14.16) 

= Ric^^s)'^ + ^ • RSis'Ki. Ce\^ = C^.^\)'\ (14.17) 

i? = V = -2-^//, Pit/'' = 1/2 • (14.18) 

Ri\' ^-\-R^s'' (14.19) 
^/le Zas^ of which is equivalent of the Bianchi identity. 

Proof. We have the following equahty 

i?«/375 = 1/16 ■ Va'''Vp'''<'''V5'"''Raa,bh,cc,M,. (14.20) 

Set ^ ^ 

-R/s^ -^Rck'^''si\ Rpj — -^V^'^^V-yrd ' Pcs^'^ ■ (14.21) 

Prom this, the parties 

RaMS — ^a^d^A-ySr^R/s', (14.22) 

R/3S — Ra/3'^5 — Aa/3(fA°'s/Rc'^s' = iVll'^'^VSrd + r}p'^^VSkr5d^)Rc'^ s' — . r,q\ 

= Ivp'^mrd ■ - RiM^'S,^"^) ^ ' 

will follow. Set 

P,/'' := -4(P[,[%]'^1 + P[eVl''''^.]'0 (14-24) 

then 

Rps = \v0''VSrdPcs''''- (14.25) 
Therefore, the scalar curvature has the form 

R=RpP= Ivfi'^'V^aa.Pccr' = ISaa.'^'Pccr' = \Paar' = ''^Rk r\ (14.26) 

and the condition 

PkJ"^ = -^{R[k^'^s]^ + R[r^\k\^''^sf^) = (^A 

A( 'i-Ud,kj_l(z>rk<;dj_AZ>dk O d k\\ z> r kx d 1 d ) 

— — 41^— s + jl-n-fc r (Js + 4/£fc g ~ ^-^fc s )) — ~^k r <Js — 2^(>s 

is satisfied. The Bianchi identity can be rewritten as 

■ Re\' = 0. (14.28) 
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Contracting this equation with A"''^ t ^'^^ m"' , we find that 

^Rkrn^^t^ + '^Rr^t^^m ~ '^Rkt^^rn^ ~ '^Rk^m'^t ~ "^Rk^ ^t"' + Rr^k^^rn^^t = 0. 

(14.29) 

The contraction of this equation with 5„* leads us to the spinor analog of the Bianchi 
identity. In this case, all 15 significant equations reserved. Let 

C,/' := (14.30) 

then 

C„/' := - R[J''gp]''^ + llimg^^^^gp^'\ (14.31) 

Ry^ "^^gp^ ^1 = A^p^'A^'/ ■ -^{Pj^ - 1/2RS/S/ + ^R5s'5/), (14.32) 

g[J''gp]'^ = A^p/A^'/ ■ ^{1/26/6/ - 25/5/) (14.33) 

from which we obtain the decomposition into irreducible components not resulted 
by orthogonal transformations. All calculations are given in Appendix. □ 

Note 14.1. At n=6, there are the two classification schemes of the Weyl spinor: 

1. Cfc'^"^;'^ = A0t", 2. Cfe'™"^'^'" = A0^". (14.34) 

Corollary 14.1. 1. The simplicity conditions of a bivector of the 6-dimensional 
space can he written down as 

P[apP-iP] = 0. (14.35) 

The coordinates of the bivector can be associated to the traceless complex matrix 
4x4 

pi^' - l/4(pzVfc')5/ = 0. (14.36) 

2. A simple bivector of the space C^, constructed on isotropic vectors (p'^^Pap = 
0), can be associated to a degenerate Rosenfeld null-pair: a covector and a 
vector of the space C^, the contraction of which is zero. In this case, the 
vector and the covector are determined to within a complex factor. 

Proof. 

The proof is similar to the one for Corollary 12.1 The only difference lies in the 
fact that isotropic vectors of the space are represented as r^rja""^ = R"^^ = 
X^-Y^—X^Y"- . Such the representation is possible due to the perform of the identities 
for the isotropic vector r" (r^r^ = 0) 



where Sabcd is a spin-tensor of the form (8.17). Moreover, the spin-tensor is antisym- 
metric on all 4 indices and satisfies to the parities 

£abcd£ — ^4()[a Ob Oc ()„] , Eabcd^ — 0C'[6 Oc On] , Eabcd^ — 4()[c On] , 

_ _a6cn n _ ^-abcd o/l 

^abcd^ — DOrf , Sabcd^ — ^4. 

(14.38) 
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Set x'^rja"'' := X''Y''-Y''X\ y^r^^"^ := Z^'T^-T'^ZK From the condition p^^^p^/j = 0, 
the relation x'^Ua = will follow. This means that eabcdX°'y^ Z^T'^ = 0. Therefore, 
the vectors X", F^ Z", T'^ are hnearly dependent. Set T'^ := aX" + + ^Z" 
and obtain 

= |((X^T'' - X''F'=)Z^T'^ - X^V^i^Z^T^ - T^Z^))ecdka = 
= Z%PY'')X'^e,dkaY' - Z%aX^)Y'^e,dkaX' - X'Y^Z'e^kaiaX' + PY' + 7^') + 
+X'Y\^Z'')e,dkaZ' = X'Y^Zh,^,, {-2aX'^ - 2(3Y') = M^NK 

^ v V ' 

■■=Ma —Art 

(14.39) 

In this case, and Ma are defined up to transformations 

I — > e'^N\ Ma I — > e-'^Ma. (14.40) 



□ 

Note that the pair (X^ Ma) is Rosenfeld null-pair \19\. In the space CP^ = 'C^/'C 
(where 'C* = C*/0), defines the point and Ma defines the plane with incidence 
condition M^Na = 0. Therefore, we can construct the space CII^ =' C*^/'C which 
is dual space to CP^. Then the space CP^ x CII^ is Rosenfeld null-pair space. It 
should be noted that such the spaces studied for the first time in [23j and \14 



Now we substitute Eab^'^ = '^^la'^^bf into (12.35). Then the differential Bianchi 
identity will become simpler to 

[cm Rt]^ / = S[m^Vc\n\Rt]"'/ ■ (14.41) 

Contract this equation with 6k'^ 

^cimRtf/ = (14.42) 

then contract with 

VcmRt'r = l/8VrtR (14.43) 
which is the spinor analogue of the equation 

V"(i?,/3 - l/2Rgap) = 0. (14.44) 



14.3 Geometric representation of a twistor in M|*2 4) 

In this subsection, it is told about how to construct a geometric interpretation of 
isotropic spinors (twistors) on the isotropic cone 4) ■ This interpretation is similar 
to the spinor representation in W^-^^ with that only a difference that the dimension 
of the flagpole and the flag-plane is incremented. The conclusion of all results of this 
subsection is made on the basis [5], |32| . 

Let the metric of the space 4) have the form 

dS^ = dT^ + dV^ - dW^ - dX^ - dY^ - dZ^ (14.45) 
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and let the cross section of the hght-cone 

+ -W^ - -Y"^ - = (14.46) 

be set by the plane V+W=l. Let's consider the stereographic projection of this 
section on the plane (V=0,W=1) with the pole iV(0, |, ^,0,0,0) so that the point 
P(T,V,W,X,Y,Z) corresponds to p(t,0, l,x,y,z) in the plane (V=0,W=1). Then 

(V - i) 

T/t = X/x = Y/y = Z/z = -- — (14.47) 

2 

We make the substitution 

q = ix — y, uj = i{t + z), r] = i(t — z) (14.48) 

and obtain 

-tX + Y -i{T + Z) i{Z-T) 

q= , 11 = — ^ CO = -. (14.49) 

Therefore, the metric, induced in the cross-section, has the form 

ds^ := dT^ - dX- - dY- - dZ- = _d^^±d^, (14.5O) 



The proof of this fact is given in Appendix. Set 

uj q \ ,^ f du dq \ d 



r/ y ' ■ \ -dq dr] J ' dX ' 



X ■■= .-: I dX:= - i i^:= . (14.51) 



a a 



a<; at] 



Then 



Consider the linear-fractional group L 

X = {AX + B){CX + D)-\ S:=(^^ detS = l. 



(14.53) 



The reality condition, imposed on X {X*+X = 0), gives the linear-fractional unitary 
subgroup LU (2, 2) so that the matrix S satisfies (see Appendix) the relation 

S*ES = E, E:=( I f V (14.54) 



Further, we define the special basis [221 v. 2, p. 65, p. 305 (eng)] 



= 


1/V2{V + W) = 




- co'e, 


= 


i/V2{T + Z) = 




- en'' 


i?34 = 


1/V2{V -W) = 




- TT^'r/O' 




t/V2{Z - T) = 




1 -1' 

— LO 1] 


i?24 = 


l/V2{Y + tX) = 


1 -0' 

UJ 1] 


- en''' 


R'' = 


l/V2iY-iX) = 


en'' 


0-1' 
— LO 1] 
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(14.55) 



This relations are remarkable because this shows as the bivector R"^^ is expressed in 
terms of its spinor components. Set 



X := YZ-\ Y = AY + BZ, Z = CY + DZ, Y 
then 



(14.56) 



o oa6 ||_ ( {detY)J YZ-\detZ)J \_(Y\,^ 

^ ^ "~ ^ -{YZ~\detZ)Jf {detZ)J ) ' \ Z ) ^ ^ ^ > 



Determine 



then 



J '.= { ^ Q ] , R = SRS^ . 



. 1 . 1 f E E 



[U.57) 



S := ISr', / := — _^ ^ 1 , (14.58) 



S*ES = E. (14.59) 

The matrixes S form the group isomorphic SU{2, 2) so the matrixes S form the 
group SU{2,2). A transformation from the group LU{2,2) is called twistor trans- 
formation. Due to the double covering of the connected identity component of the 
group 50(2,4) (which is denoted as 5'0"'"(2,4)) by the group SU{2,2) and due to 
the double covering of the conformal group Ci^(l,3) 1221 V. 2, p. 304 (eng)] by the 
group 5*0"^ (2, 4), the existence of the isomorphisms 

SU{2, 2)/{±l; ±t} ^ LU{2, 2) ^ Cl\l, 3) = 50+(2, 4)/ ± 1 (14.60) 

will imply. This means that the group LU{2,2) exhausts all conformal transforma- 
tions of the group ^^."^(1,3). The matrix S is restored up to a factor A such that 
= 1 (det(S)=l) from which we obtain the ambiguity. Since we have the equalities 

Y = AX + B =^ dX = AdY, Y = X'^ ^ dX = -X-^dXX-\ (14.61) 

where A and B are some constant matrixes, then 

Z* dX Z = Z* dX Z. (14.62) 

This equation is an invariant under the group LU(2,2). The proof of this fact is 
considered in Appendix. Other invariant can be obtained with the help of the 
identity 

where A and B are also some constant matrixes. This invariant will have the form 

Z'^^^Z* = Z-^——Z* ~\ (14.64) 
dX^ dX^ ^ ' 

The proof can be found in Appendix. This means that there is a real vector L 
tangent to the hyperboloid obtained in the cross-section of the cone by the 
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plane V + W = 1. This vector is an invariant under transformations of a basis 
from the group LU(2,2) (i.e. coordinate-independent in the tangent space to this 
hyperboloid). The vector is uniquely determined by the matrix 

f 1 ( 7-1 d_7* -1 7-1 d 7T -1\ _ 



[U.65) 



1 

a?^ '' " a^vi " 'I " J J (det(z))2V2 V -1 

The norm of this vector in our metric will be such that 



2{det{Y)y {V + Wy ^^^'^^^ 

An isotropic vector k is called a vector of first type unit extension [22, v. 1, p. 36, 
eq. (1.4.16) (eng)] in the case when k sets the point belonging to the cross-section 
of the isotropic cone by the plane V + W = 1. Then || L ||= —1 and any isotropic 
vector K collinear with k is defined as 

K={-\\L\\)h. (14.67) 

However, when V =- W we will obtain a vector with the infinite first type extension. 
To learn to distinguish between them, it is necessary to set the cross-section of the 

cone Kq by the plane T+Z=l and to enter a vector L with the norm 

II i 11= (14.68) 

in the same way. An isotropic vector k we call a vector of second type unit extension 
in the case when k is sets the point belonging to the cross-section of the isotropic 
cone by the plane T + Z = 1 and the first type extension will not be finite. We 
define extension of the vector K as 

1. first type extension if such the extension is finite; 

2. second type extension if the first type extension is infinite. 

Note that the vector L is not coordinate-independent in the space IR(2 4) although 
it is an invariant of the tangent space to the hyperboloid obtained in the cross- 
section of the cone Kq by the plane V+W=l. Now there is a possibility to represent 
isotropic twistor in the space M^(2,4) visually. Consider a pair of vectors of equal 
extension in ]R^(2,4) 

K'' = 7]'^abiT^''X^\ N'^ =r]''abT^''Z^^ =^ = 0, iV"ir„ = 0, iV"iV„ = 0. 

(14.69) 

We choose a vector Y"' in such a way as to satisfy the conditions 



14.70) 
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Thus, we obtain the vector basis Z", T" (recall that Ya = Saa'^') 

Whence, 

SabcdT^'Y"^ = -2X[„Z,]. (14.72) 

Therefore, the vectors 

= 77"„6(-7''"^''' + X["Z^1), = 77°^„b(-0(^'"^''' + X["Z^1) (14.73) 
satisfy the parities 



= L", = M°, L"/s:« = 0, L"iV4 = 0, M^ir^ = 0, 
L'^Na = 0, M°A^„ = 0, L"L„ = -2, M"M„ = -2. 



(14.74) 



Now we can construct the thrccvcctor 

pa/37 ^ g^[a^/3^7]_ (14 75) 

Knowing X", we know and X" up to 

X" ^ XiX" + niT\ T" ^ uiX" + iiT\ det ( = 1- (14-76) 



And if we know N"' then an arbitrariness in a choice of T" and will be such that 



1^2 6 . 

Therefor, i/^ = = and ^2 = ^1- For y", we obtain 

y"i — > aX" + + + 5T^ (14.78) 

If we now demand that two such bases are related by a transformation from the 
group LU(2,2) then we obtain 

X" I — > r^^X" + fiT"", T'' I — > tT'', 



(14.79) 

XA* + /iX + T(5 + f (5 = 0, Tf = l. (14.80) 



Whence, 

rpiayb] I — ^ -TxTl^X^l + r^Tt'^F''] - /xtT["Z''1 

Set r =: e*® then 

: — ^ cos(2e) + sin(20) - i{xT - fx)K'^ + (/xr + r/i)X" 
I — y cos(2e) - sin(2e) + (xr + f x)i^" - i(/ir - r/i)Ar° 



(14.81) 
(14.82) 

(14.83) 



Thus, the 3-half-plane, spanned by i^",X",L" is a coordinate-independent in the 
space IR(2 4)- Thus, our design can be presented as follows. The first type extension 
of the vectors K"' and N"' should be the same. and N"' determine flagpole: the 
set of vectors with 
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1. the first type extension is equal to the first type extension of the vector K°'; 

2. the start coinciding with the beginning of the vector K'^. 

K"', A^", determine the 3-half-plane which we call flag-plane. Thus, knowing 
K" and N", we know the twistor T" up to the phase G. In turn, in the 2-plane 
(L",M°'), 26 is an angle of the rotation of the flag (3-half-plane P"^'>') around 
the flagpole (A^",JC"). Therefore, a rotation of the flag on 27r will lead to the 
twistor —T"', and only a rotation on Att will return our design to the original 
state. In addition, collinear twistors can be distinguished from each other using 
the concept extension of the vector for the K"" so that under the transformation 
rpa I — ^ ^rpa^ ya , — ^ ^-lya ^ i?\{0}), the flagpole is multiplied by r and the 
flag-plane remains unchanged. Finally, it should be noted that the mentioned ge- 
ometrical structure is uniquely determined by the twistor T"". In the case of the 
infinite first type extension of the vector 7^°, we consider the cone C on 
which the vector A^" lays. But non-zero vectors K"" and N'^ have the finite second 
type extension giving the geometric interpretation of a spinor on the isotropic cone 



14.4 Structure constants of the octonion algebra. Spinor 
formalism for n = 8 

In this subsection, it is told about how on the connecting operators, satisfying the 
Chfford equation, to construct the structural constants of the octonion algebra. Such 
the algebra is the special case of the normalized division hypercomplex algebra for 
n = 8. We consider the axioms of such the algebra. The conclusion of all results of 
this subsection is made on the basis [J . 

Let the operators r]a°''^ (a , /3 , ... = 1, 6; a , 6 , ... = 1,4) be the antisymmetric 
operators constructed above for the spinor formalism for n = 6. And let the operators 
r]!^^^ (A , = l,8;y4 ,5 = 1,8) for the spinor formalism for n = 8 be 

constructed according to the scheme (8.20). Then the tensor (8.16), (8.17) will have 
the symmetries 



1 1 

£ab{CD) — -^^AB^CD, £A{B\C\D) — T^^AC^BD, 



[lAM) 



where according to (8.19), Eac = ^ac is the metric spin-tensor in the spinor space 



VkAB 



4 



% ^ABCD 



VK^^^AD^BC) 



1 



(14.85) 



The second identity (14.84) is very important. It leads to the non-degeneracy oper- 
ator SxA^^ X-^ Xy and, as a result, to the normability of the octonion algebra. In 



this case, the identity (9.11) splits into three parts: the alternative identity (left and 
right) and the flexible identity. As it happens. 



Theorem 14.2. For every G C®, there is the decomposition 

= v'-abX^Y^ 



[UM) 



for some X"^, G 
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Proof. From the Clifford equation (8.1), the parities 

1 
2 



CB = 7^r''rASc^, RklSa"" 



J^AR^KL + -K ^KLAR 



BR^ 



[U.87) 



will follow. Contract this equation with p^p^ choosing P^ so that p := ^EarP^ 7^ 
and assuming that Ql '■= RklP^ 

QlP"" = QrP^'skl'''' + pR'^L- (14.88) 



Then from (14.84), the identities 

1 



R 



will follow. Set 



BL 



P 



Q P [Or Ok - Sk 



R tdK^BL 



P 



-Q^'P^e 



KR- 



^/P 



that proves this theorem. 
Define 



P\ 



(14.89) 

(14.90) 

□ 

(14.91) 



then 



pA p* ^AB _ ^Al- pA p* „ _ c 



[U.92) 



Thus, the operator P^a defines the isomorphism between the spaces C" = C 
N = 8) 

Set 



N 



n 



P^'bY''. 



[U.93) 



VA 



AB r,^ 



P^aP 







B, 



(14.94) 



then for these structural constants the alternative octonion identities are executed 

UieiV)*® (14.95) 
and the central Moufang identity 



<l> f! B r T 

r^me Va^ Vnr 



r^r/^A^r/ef^Vx^'r^ (14.96) 



is executed too. The proof is given in Appendix. Now, in order to enter the octonion 
structure constants, we must use the inclusion operator Hi^ : C C®. Normaliz- 
ability of the octonion algebra will follow from the Clifford equation (8.1) written 
out for the structural constants 



The operators of the same type (12.5) 



Ae^L^ := \ri[e^'^m]ML, Aq^l^ := l(r/[e^^r/$]ML + me^^m]LM) (14.98) 
will satisfy the identities 

A AB aA-^ — s As: B a AB aA-^ _1a As: Bil^- A B 

^A* A CD — 0[c C'D] , 4 CD — 2^[C o\ + l£[C D] , 

A AB aTU _ a T^A A AB ATn _ X Tr ^ i „[Tj: Q1„ 

^A* A AB — d[\ d)^,] , A AB — d^] +1]^ 0[\ 'rjxs,]. 

(14.99) 

The proof is given in Appendix. 
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14.5 Geometry of the inductive step from n=6 to n=8 



In this subsection, it is told about how to construct two quadrics associated to 
the Cartan triahty principle [29l p. 175 (rus)]. The construction is carried out in the 
explicit form justifying the standard scheme of the induction transition from n = 6 
to n = 8. The conclusion of all results of this subsection is made on the basis [B], 

ng, ESI V. 2]. 

14.5.1 Rosenfeld null-pair 

In this subsubsection, it is told about how to construct an explicit solution of the 
twistor equation for n=6. The conclusion of all results of this subsubsection is made 
on the basis [5], [IS]- 

Denote by A*^* the spinor 4- dimensional complex vector space. Such the space 
is dual to the space A*^. Then the 8-dimensional complex space is formed as the 
direct sum A'^©A'^*. That is, if X°- (a, b, ... = 1, 4) are the coordinates of a vector in 
A^, and Yh are the coordinates of a covector in A^* then := (X", 1^), {A, B, ... = 
1, 8) are the coordinates of a vector of T^. We will consider the bivector coordinates 
r''^ ( |13.18[ ) 

X" = ir''''Yb (14.100) 

as the ones in the complex affine space CAg. This is a system of 4 linear equations 
with 6 unknowns. To determine its rank, we consider homogeneous equation r"-^Yh = 
which has nontrivial solutions if and only if the bivector is simple: Vkcf"'^ = 
i^ab^^^^^d _ therefore can be represented as 

rl^Logeneous = P^Q' " (14.101) 

where and are defined up to linear combinations of them. From this, it follows 
that P"Fa = 0, Q^Ya = 0. For X'^Ya = 0, by X", S"", Z", we denote all solutions, 
that form a basis. Then our solution takes the form 

iogeneous = ^iS^'^X'^ + AsXl'^Z^l + X^S^'^Z'^ (14.102) 

and hence determines a 3-dimensional subspace in the bivector space. From here, 
common solution 

r"' = reticular + Ai^l'^X^l + AsXl'^Z^l + Ag^'^^'l (14.103) 
is obtained, where '"particular arbitrary bivector being particular solution of 



(14.100). 



14.5.2 Construction of the quadrics CQq and CQq 

In this subsubsection, it is told about how to construct a quadric satisfying the 
Cartan triality principle. The conclusion of all results of this subsubsection is made 
on the basis 0, [25], [3D1 v. 2]. 

The space will be a complex space in which the scalar square of a vector is 
determined by the quadratic form 

EabX'^X^ = 2X''Ya (14.104) 
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so that the matrix of the spin-tensor eab has the form 



6a' 

S', 



;i4.105) 



For the fixed r"''', the equation (|14.100|) will define the 4-dimensional subspace in 



which will be the 4-dimensional planar generators of the cone EabX^X^ = 0. 
Thus, in the projective space CP7, we can consider the quadric CQq defined by the 



equation (14.104). 4 basis points of the generator satisfy the condition SAsXyXj 
0, (/, J,... =T;4). Set 



[z\n). xi 



{L\N^), Xt:={K\M^). (14.106) 



On the basis of the common solution of the equation (14.100), each point of the 



quadric CQe can be associated to the 3-dimensional isotropic plane of the space CAg. 
The point (t,v,w,x,y,z) of the space CAg can be represented by the line (AT, AV^, At/, 
\S, \W, AX, Ay, AZ) of the space CM^ having the metric 



dL^ = dT^ + dV^ + dU^ + dS^ + dW^ + dX^ + dY^ + dZ^ 



;i4.107) 



This line will be a generator of the isotropic cone C/^g. The intersection of the 
7-plane U — iS = 1 with the cone Ci^'g has the induced metric 



dL^ 



dr + dV^ + dW^ + dX^ + dY^ + dZ^ 



:i4.108) 



This space has the form of a paraboloid in CK^ and is identical to the space CM^: 
U = 1+iS = 1{1-T^-V^-W^-X^-Y^-Z'^). Every generator of the cone (a set of 
points belonging to CKg with the constant ratio T:V:U:S:W:X:Y:Z), not lying on the 
hyperplane U = iS, intersects the paraboloid in the single point. Every generator of 
the cone, lying on the hyperplane U = iS, corresponds to the point belonging to the 
infinity of the space CM^. Thus, straight lines of CM^, passing through the origin of 
CM®, correspond to points of the projective space CP7. The stereographic projection 
of this section on the plane (S=0, U=l) with the pole A^(0,0, |, |, 0,0, 0,0) maps 
the point P(T,V,U,S,W,X,Y,Z) of the hyperboloid to the point p(t,v,l,0,w,x,y,z) of 
the plane (S=0, U=l) 

AT = t, XV = V, XW = w, XX = X, XY = y, XZ = z, A = 

U-iS \TT—^n +2 „,2 „„2 ^2 „,2 _ __)^^^ _^*]^_ 



XU =\{l-t^ -v'^ -w"^ -X- -y- - 



(14.109) 

All generators of the same cone 'CK^ form the quadric CQe in the projective space 
CP7 

(14.110) 



^?A*rV* = 0. 



14.6 Correspondence CQe ' — ^ CQe 

In this subsubsection, it is told about how to construct a correspondence between 
generators of the quadric of different ranks according to the Cartan triahty principle. 
The conclusion of all results of this subsubsection is made on the basis [33], [SDJ 
V. 2]. 
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= X" 




= 




= L\ 


ir^'^Mb 


= K" 



1. The common solution of the equation (14.100) 

ab _ ab , ab _ ab , \ c[a vb] , \ v[a ^b] , \ c[a ^b] 

' particular homogeneous particular ' ^1'-' ^ ' ^ ~r y^J,^ ^ 

(14.111) 

determines the 4-dimensional planar generator of the cone Ci^^g- Then for such 
the generator, the system 



(14.112) 



will be determined with the conditions 

X'^F, = 0, Z'^T, = 0, L'^AT, = 0, i^"M, = 0, 

X'^T, = -Z«F„ X'^iV, = -L-^F^, X'^M^ = -K'^Ya, (14.113) 

Thus, from the 16 equations with the 6 unknowns r"^ only 6 from them will 
be significant equations (the 10 communication conditions) that defines the 
point of CAe and hence the point of the quadric CQg- 

2. If we know only one equation 

ir''^Yb = X'' (14.114) 

with the condition 

X"r„ = (14.115) 

then from the 4 equations, only 3 from them will be significant equations (the 
1 communication condition). This means that the point of the quadric CQe 
will uniquely define the 3-dimensional planar generator CP3 belonging to the 
quadric CQe- 



3. If we know the two equations 



ir'^^Yb = X" 
ir^'^Tb = Z" 



^ ' (14.116) 



with the conditions 

X-Ya = 0, Z''Ta = 0, X-Ta = -Z-Y, (14.117) 

then from 8 equations, only 5 from them will be significant (the 6 unknowns 
and the 3 communication conditions). This means that the rectilinear gen- 
erator CPi of the quadric CQq will uniquely define the rectilinear generator 
"1 belonging to the quadric CQq. In this case, the manifold of generators 
i{CQq), belonging to the same generator CF^^CQq), defines the beam of 
generators CFi{CQq) belonging to the quadric CQe (this beam is a cone). The 
center of the beam is determined by the system (14.112). 
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4. If we know the three equations 





= X", 






= Z", 


(14.11 




= L"^ 





with the conditions 

then from the 12 equations only 6 from them will be significant (the 6 un- 
knowns and the 6 communication conditions). This means, that the 2-dimensional 
generator CP2 of the quadric CQq will uniquely define the point of the quadric 
CQq. At the same time, the manifold of generators CP2(CQ6); belonging 
to the same generator CP3(CQ6); uniquely determines the sam e point of the 



quadric CQq. This point is determined by the system (14.112). 



14.6.1 Geometry of the transition to the connecting operators rj^^^ for 
n = 8 

In this subsubsection, it is told about how to construct the connecting operators 
of the spinor formahsm for n = 8. The conchision of ah results of this subsubsection 
is made on the basis [S], [53], [501 v. 2]. 

Further we consider the bivector R^^ such that its vector components Xi^, X2^ 
are defined as 

X^=(X^y,), X,^:={Z^,Tb), ^ p (14.120) 

This defines the identity chain 

ir-^Yb = X^ trabZ" = pf{r)Ta, 

(14.121) 

i^klY-m + '^i^m[kYl] = X"-^aklm.- 

Contract the last identity with that will give 

iruiYmZ-^ = X^Z'^Suimn+pfir) ■ 2r[fcl^], 

X™Z" - X^Z"^ = -ir'^'^TkX^ + e^^'^yf{r)Y^kTi]. ^ ' ' 

Based on the foregoing, for the quadric CQe? we consider the rectilinear generator 
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defined by the bivector {TkX'' ^ 0) 



'd-Lc 



-ir^'TkX^ + e''"''pf{r)YkTi 2ir'''YyrTb 
ie^^^rckYimTn] - Sj'X^n 2Y^,Tai 



TiX' 



TiXi 



t 11 „il 

-iSr^X^T, 



n 





2iY,Td^ 



-BC T3A 
ti c 



T,X' 



Rab '■— £acR'~^b — TiX^ 



-pKB 



Tck 



(14.123) 
(14.124) 



where e^c is the same metric symmetric spin-tensor. At the same time, the equation 

Ra^R^^ = (14.125) 

will be true that means that any spin-tensor R^^, representing the generator C¥i{CQq), 
will contain the same tensor R^k in its expansion, wherein, the second spin-tensor 
pKB ^Yie decomposition will be responsible for the position of CPi in CP3. There- 
fore, there is a reason to assign the bispinor R"^^ to the point of the quadric CQq. 
This point is uniquely determined. In the transition to the space CM^ on the basis 
of 



,12 



r.23 



= ^{v + iw), 



^13 ^ 



„24 



V2' 



x + iy), 



^14 ^ 
^34 ^ 



;i4.126) 



we define homogeneous coordinates of CM^ as follows 



R 



12 



R 



13 



R 



14 



R 



23 



R 



24 



R 



34 



15 



A = 
R'' 



,12 



,13 



,14 



„23 



„24 



^34 



R 



R 



■51 



R'^ 



j^,i^Y + X), 



V2 



-X + tY), 



R^ 
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(14.127) 
(14.128) 



(14.129) 
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-dAB p _ q( d12 p34 pl3 p24 i pl4 p23 i pl5 d51N _ 
xi J^AB — oyJrC It — It JrC -\- it it -j- it it ) — 



(14.130) 



R^^RcB = \nf{R)5c' 



R^^RAB^4.nf{R). 



-T) BC^ ■ 



(14.132) 



For {vi)^, to define a generator of the quadric CQq, it is necessary and sufficient to 
have the condition 

9A^ir,)\rjf = 0. (14.131) 
We define some connecting operators t^a^*" so that to satisfy the conditions 

ta^^Va^^RbC: r^ = | 
Then these operators satisfy the Chfford equation 

9a^Sk^ = 7]AK%^^R + VakVr- (14.133) 

Define 

£PQRT '■= f]^ PQff RTdA-^^ ^PQRT = ^RTPQ (14.134) 

that will give another metric spin-tensor spqrt with which the help we can raise 

and lower a pair of indices 

1 PO i ^ 

9a^ — iVA ^'H^PQ, 'Hart — 4?7a ^^pqrt, ^pq 



-- Iva^^V^PQ, VART = IVA^^SPQRT 
^STPQ<^K — ^STK £PQ R + ^PQK ^ST Ri ^STPQ = 



_ 1^ ^RT 
- 4^PQRT£ , 

= i^ST^^^PQi^fi, (14.135) 
Va SklS 



£PQ{KL) = ^SpqSkL, S[PQ](KL) ^ 0, VA 

The result of the applying of the two metric spin-tensors should be the same. If the 
matrixes of the tensors (7a i' and Ekl have the form 
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(14.136) 



then the significant coordinates of the operators r]^KL in some basis would be such 
that 
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(14.137) 
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and the significant coordinates of tlie operators t^a^^ would be sucli tliat 

^ 12 _ 1 „ 34 _ 1 „ 12 _ i -n 34 _ i 

^ 78 _ 1 „ 56 _ 1 „ 78 _ i ^ 56 _ i 

^2 - 71' ^2 - 7^, - ^, V5 - -71, 

^14_i r)23__i ^14__1 ri23__l 

^1 - 73' ^1 - 72' ^8 - 71> ^8 - 73, 

„ 67 _ i „ 58 _ i n 67 _ 1 „ 58 _ 1 

^1 -73' ^1 ~~73' ^8 -~V3' ^8 -~73' 

^^13 _ i „ 24 _ i „ 13 _ 1 24 _ _ 1 

^7 - 71' ^7 - 71, 7/6 - 71, 7/6 - ^, 

^ 68 _ i ^ 57 _ i ^ 68 _ 1 57 _ 1 

- -73' ^7 - -75, 7/6 - -73, 7/6 - ^, 

„15 1 /K.51 1 ,^15 i ,fi51 j 

?74 -71, 774 - 7|, 773 - 7^, 7/3 - 

26 _ 1 ^ 62 _ 1 ^ 26 _ j ^ 62 _ i 



(14.138) 



774 =7|, 774 773 773 - ^ 



^ 37 _ 1 „ 73 _ 1 „ 37 _ i „ 73 

774 - ^, 774 - ^, 773 - ^, 773 

„ 48 _ 1 „ 84 _ 1 „ 48 _ i „ S 

774 - ZT^, 774 - -y= 773 - ;7=, 773 



72' ''4 ~ 72' ~ 72' ~ 72- 

Tlie basis is slightly different from one in which the homogeneous coordinates of CM^ 
were defined above. Thus, the bispinor R'^^ determines the rectilinear generator 
CFi{CQq) belonging to the planar generator CFs{CQe) which determines the point 

with the coordinates R"^^ for the quadric CQq. We define the spin-tensor R"^^ 

^-:=«-p.^ P.-=(«f .,,fl),S^^)- (14.139) 

The tensor R^^ will continue to represent the rectilinear generator CPi(CQ6) be- 
longing to the planar generator CFs{CQq). We apply the operators tj^kl to the 

spin-tensor R^^ and obtain 

J / „an _1,'A",t-7t- \ 

77^i.Li?^^ = V^'klT^X^ I ^.^^^ = (14.140) 

Thus, the operators rj^KL take each rectilinear generator CFi(CQq), belonging to 
the planar generator C¥s{CQg), to the same generator CF3{CQg), and this deter- 
mines the point of the quadric CQe- In the homogeneous coordinates, the same 
tensor R^^ determines the coordinates of the point R of the space 



Let us find out what is the number of a family which comprises this generator 
CF3{CQq). For this purpose, we consider the conditions 



SABiXrnXj)^ = 
J^ABCV ^Wi(x,)^(X^)^(X^)^^'(^^)^, 



ABCD ^IJKL/v \A{v \B ( v \C ( v \D (14.141) 



where e^-^^^ is a 4-vector antisymmetrical in all indices. Also we consider the 8- 
vector cabcdklmn antisymmetrical in all indices too. If in the condition 

-^^-abcdklmnX^^^^ — pekrSlt^mu^nvX^'^^^ , — 1, (14.142) 

p = 1 then we say that the planar generator CF^{CQq) belongs to family I, and if 
p = —1 then the planar generator belongs to family II. In our case 

{Xi)^^{{Xjr,{Yj),), (14.143) 
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and then 



JJKLi 



e—{Xj)\Xjf{XKf{XLY = pe''''HXi)\Xj)\XK)HXLf. (14.144) 



Whence, p = 1. This means that our generators should belong to family I. In 
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, det II Pa^ 11= 1, 
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P B 


= gA'f, 




r = 


= Pa^ 








gA^rinrjf 


= 0, 





Then from 

XABCD ^ p^Ap^Bp^Cp^D^A^^e 

it follows that p = 1 and 

^^abcdklmnX^^^^ = SkrSlt^mu^nvX^'^^^ , 

1„ p An B p C p D„A^$0 _ 

24^ABCDKLMN-rA -< * ^<S> -^e ^ — 

— c c c c p A p B p C p D^AiVti*!©! 

— ^KA^LB^MC^ND-^Ai *i -< <I>i -< 61 ^ ; 



14.145) 



;i4.146) 



1„ pApBpCpDpKpLpMp Af ^A-J-^-e 
l^^ABCDKLMN^A -T * -T $ -T Ai -T *i -T $1 -T 61 ^ 
„ „ „ „ „Ai^i<i>iOi 

— 5'AAi5'^*i5'*<i'i5'e0i'^ , 



24 



(14.147) 



24 



p A 



eA*$0Ai1'i4>i0i'^ 

AiVti^l©! 



AiVti*!©! 



S'AAi fi'**i fi'**! fi'eei 



Ai1'i4>i©i 



2^eAvi/$eAi\E'i<i>i0i''' 



n n n n ^.Al^&l*!©! 

5'AAifi'**i5'*<i>i5'©ei'^ , 



This shows that the generators CF^ICQq) must belong to family I. To obtain family 
II, we must act by the elementary orthogonal reflection (with determinant equal to 
-1) on the operator Pa^- 

14.7 Correspondence CQq i — > CQq 

In this subsubsection it is told about how to construct a reverse mapping for 
the quadrics between generators of different ranks according to the Cartan triality 
principle. The conclusion of all results of this subsubsection is made on the basis [3] , 

ED, EOl V. 2]. 

Applying the operators ri\^^ to 5'a<I'('"/)^('"j)"^ = 0, we obtain 
{Rjy^{Rj)AB = ^ ((P/)^^ - (Pj)^^)((Pa')ab - {Rl)ab) = ^ 

(14.148) 

{{Rir' - {Rjr'){{RK)ab - {RL)ab) = 0. 
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Here as usual, by I, J, we denote the number of basis points. This defines the system 







= X^, 




' ^{iRlr''- 


{R2: 




= 0, 




aby^ 


= X^ 




tHRiY'- 






= 0, 




aby^ 


= 


tHR.r" - 






= 0, 




aby^ 















;i4.149) 



Next we consider only the right system. It is constructed as follows. A cospinor Ya 
which resets 3 different simple bivectors always exists. This statement is reduced 
to the existence of a covector orthogonal to three linearly independent vectors since 
any simple bivector is decomposed by the formula R""^ = 2P^"'Q^\ From the fourth 
equation, the spinor X" is defined. On the other hand, on the basis that all {RiY^ 
have the form R%,;^^y^, + Ai^l^X''! + X^X^^Z^^ + X^S^'^Z^^ for fixed Ai, A2, A3 the 
equation 

{{RiY' - {Rjr'){{RK)ab - {RL)ab) = (14.150) 

is satisfied. 



1. So, let us know the last equation (14.149) 

iRY^Yb = X" (14.151) 

then we have the 4 equations, all of which will be significant. Since we have 
the eight unknowns (X", Yh) for fixed {RiY^ then the point of the quadric CQq 
uniquely defines the 3-dimensional planar generator CP3(CQ6)- 

2. If we know all the equations of ( |14.149 ) with the conditions 

{{RlY' - {R2r'){{Rl)ab - {R2)ab) = 0, ((i?l)'^'' - {RsY') {{Rl) ab " {R3)ab) = 0, 
{{RsY' - {R4r'){{R3)ab - {R,)ab) = 0, 
iRir\R2)ab = 0, iRir\R3)ab = 0, iRlT\Ri)ab = 0, 
iR2r\R3)ab = 0, iR2r\R4)ab = 0, (i?3)"''(/?4)a6 = 0, 

(14.152) 

that from the 16 equations, only 7 from them will be significant (the 8 un- 
knowns and the 9 communication conditions). Therefore, the generator CF^lCQe) 
will uniquely define the point of the quadric CQq. 



3. If we know the three equations of the system (14.149) 



ziiR.r" - {R2r'')Y, = 0, 

liiR.Y" - iR3r')Yb = 0, (14.153) 
iiRiY'^Yb = X'^ 



with the conditions 

{{RlY' - {R2r'){{Rl)ab - {R2)ab) = 0, {{Rlf' ' {R^Y^iRl) ab - {R3)ab 



{RlY\R2)ab = 0, {RlY''{R3)ab = 0, {R2Y'{Rs)ab = 0, 

(14.154) 



88 



that from the 12 equations, only 7 from them will be significant (the 8 un- 
knowns and the 5 communication conditions). This means that the generator 
CF2{CQq) will uniquely define the point of the quadric CQq. In this case, 
the manifold of the generators CP2(CQ6)) belonging to a single generator 
CF^^CQq), uniquely defines the point of the quadric CQq. 



4. If we know the two equations of the system (14.149) 



^iiR^r'> - {R2r')Y, = 0, 
i{Ri)''^Yb = 



(14.155) 



with the conditions 

{{RiT' - {Rt){{Ri)ab - mab) = 0, {Rir\R2)ab = 0, (14.156) 

then from the 8 equations, only 6 from them will be significant (the 8 un- 
knowns and the 2 communication conditions). This means that the rectilinear 
generator CPi of the quadric CQq will uniquely define the rectilinear generator 
"i belonging to the quadric CQq. In this case, the manifold of generators 
^i{CQq), belonging to the same generator CF^^CQq), defines the beam of 
generators CFi{CQq) belonging to the quadric CQq (this beam is a cone). The 



center of the beam is determined by the system (14.149). 



14.7.1 On the Majorana spinors. 

In this subsubsection, it is told about the Majorana condition in terms of an 
involution in the spinor space. The conclusion of all results of this subsubsection is 
made on the basis [5T], |22) . 

As an illustration, we consider the Infeld-van der Waerden symbols [221 v. 1, 
p. 123 (eng)]. Let the Clifford equation, given on the vector space in a special 
basis, have the form 



r/A(Xvi. + r/^aA = 2(5Avi,, (A, ^f, ... = 0, 3). (14.157) 

4 

(1,3) 



If we specify the real inclusion Hi^ : Ml C then the involution Sa"^' 



B OAS' 

S^'^'n^,'^'''' = Vk''^Sa^'Sb''\ {A,A\...=T72). (14.158) 



is defined according to Corollary 8.4, Case II). The Infeld-van der Waerden symbols 
are determined as follows 

„ AA' ._ TT AB Q A' 



^B 

d' R' ^ 



= ^/'^ := H^^'r^A'^'^'Ss'"' = H^'Sa>W^^Sc^' = H^r^^'"'' Sc^' = g.^^\ 
-g^^''' = g^''^', (^,J,... = 0,3). 

(14.159) 

By this equation, the involution Sb^ is introduced in the definition of the symbols 
gi^"^ . The presence of the metric antisymmetric spin-tensor sab allows to carry out 
such the operation with which we can raise and lower the single index only. We now 
construct the Dirac operators 



{g 



7. = ( ^BB' '^^"^ ) • (14.160) 
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In a special basis, they will have the form 
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(14.161) 



7i7i + 7j7i = 25'ij, 
7i72 + 727i = , 7272 = -1, 
7i72 + 727j = 0, 

l2lil2 + 72727i = 0, 

727i72 = li, 

Accordingly, the involution Sa^' will generate the involution 5* for the complex Dirac 
operators 7^ = 5*7^5', and in this special basis, it will be executed \ \S\ \ = ||7^||. Thus, 
we can define the Majorana spinor as 

V-' = 'f^^jj' (14.162) 

which corresponds to the presentation pTl p. 98, Appendix E (eng)]. 



In the transition to the space IR^2 4)' Majorana condition will have the form 
{A, A', ... = M, a, a', ... = M) (r^A^^ = -r^A^^) 



-SAA' .—gBB' 

(14.163) 

However, in such the spinor space according to (8.39), there is no metric tensors, 
except Saa', capable to raise and to lower single indexes. The Majorana condition 
for the space will be the same. In this case, we use the systems (a, a', ... = 1,4) 



•ah AT. -Ta \ _,T, .l^h_^, (14.164) 



If our space would be a complex CM^ then this system would establish a one-to- 
one correspondence between the respective rectilinear generators of the quadrics. 
The representation freedom would be dictated by the homogeneous solution of the 
system which would be isotropic. But, because of the real inclusion C CM^, the 
isotropic vectors are represented only by the zero-vector. 

Z':=Y' = S"^'Yh>, Ta:=Xa = Saa'X-\ ■=N' = S''>'Ny, Ma:=La = Saa'L^' 

X'^Ya = 0, L'^Na = 0. 

(14.165) 
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Therefore, one can establish the one-to-one correspondence between a point of the 
quadric CQe and a rectilinear generator CPi(CQ6)- Since on a rectilinear gener- 



ator of the quadrics CQq (the left system (14.164)), we construct the conjugate 
rectilinear generator CPi(CQ6) (the right system (14.164)) then this will define the 
3-dimensional planar generator CF^ICQq) which will uniquely identify the point 
to the coordinates i?"^ on the quadric CQq. This is the geometric meaning of the 
Majorana condition for the inclusion Mg C CMg- 

X^X^ + Y-Y^i-^R'^'Rab) = 0, L-L^ + N'^N^{-^R-'Rab) = 0. (14.166) 

(Obviously, R-'Rab > 0, X^X^ = S^a'X'^X-' > 0, Y'^Y, = S^^'Y'^Y'^' > for 
nonzero vectors.) The condition can be rewritten as follows 

(XM1,)(X„^^r'') = 0, (L«,iV,)(L„,^^iV^) = 0. (14.167) 

Incidentally, i?"'' is a null vector of the isotropic cone of the space Rfi^y The 
corresponding quadric cut out by a section of the cone. 

Example 14.1. Thus, let Y^Y^ = 2, X^-Ya = then in the special basis 



iR^^ = -iW = xtiy^] + j5c[3y4]^ ^^13 = ^j^ = x[iy3i - Xl^Y^], 
iR^^ = -iW = xiiy^i + xiW^l 

(14.168) 

14.7.2 Theorem on two quadrics. 

In this subsubsection, it is told about how to interpret the Cartan triahty principle 
on the basis of previous results and to bring them together. The conclusion of all 
results of this subsubsection is made on the basis [B], [22], [301 v. 2, p. 258 (rus)]. 

Thus, the theorem is proved. 

Theorem 14.3. (the triality principle for the two B-cylinders). 

In the projective space CFj, there are two quadrics (two B - cylinders) with the 

following main properties 

1. The planar generator CP3 of a one quadric will define one-to-one the point R 
on the other quadric. 

2. The planar generator CP2 of a one quadric will uniquely define the point R on 
the other quadric. But the point R of the second quadric can he associated to 
the manifold of planar generators CP2 belonging to the same planar generator 
CP3 of the first quadric. 

3. The rectilinear generator CPi of a one quadric will define one-to-one the rec- 
tilinear generator CPi of the other quadric. And all the rectilinear generators 
belonging to the same planar generator CF^ of the first quadric define the beam 
centered at R belonging to the second quadric. 



91 



This theorem is actually the generalization of the Klein correspondence. Prove 
this. 



Proof. 

On the quadric CQq, we consider only those generators which have the form = 
(0, Yft). The manifold of such generators is diffeomorphic to CP3. In this case, 
each generator can be associated to the point of the quadric CQ4 C CQq. Then 
i?"''Yfe = 0. Until the end of the proof, we set A, B, A', B', ...= T72. In addition, 
we consider the spinor representation of a twistor according to [221 eq. (6.1.24) and 
(6.2.18) (eng)]. 



j^ab ^ const 




[14.169) 



Therefore, the equation R Yf, = can be rewritten as a system of two equations 



_ _ _ , (14.170) 

-iRj^'^TTB + ^A'B'W^ = 0, 

and only one of them will be significant 

^r^A'-^, ^ (14.171) 

Here we use the operation of conjugation and the metric spin-tensor Ea'B', £ab with 
the help of which spinor indices rise and lover. This spinors pass each other by the 
conjugation. This defines the system 

• A A' - - A' 

r5 = (vrB,u;^), n = {vB,^). (14.172) 
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This system coincides with the system [22l eq. (6.2.14)] which, in turn, leads to the 
Klein correspondence. □ 

It should be noted in conclusion that from this theorem, the Cartan triality 
principle implies: There are the 3 diffeomorphic manifolds: 

1. the manifold of all points of the quadric; 

2. the manifold of I-family maximal planar generators; 

3. the manifold of Il-family maximal planar generators. 

This is true, because the two constructed quadrics can be identified, for example, by 
means of the spin-tensor Pa^. The manifold of points of the quadric is diffeomorphic 
to the maximal planar generator manifold. In addition, since the Cartan triality 
principle is performed then the operators tj^kl for the inclusion C define the 
octave algebra. This assertion is based on the results given in the monography 
V. 2, pp. 460-462] which deals with the structure constants of this algebra. 
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14.8 Explicit construction of the Lie spin-operators for n=4. 

In this subsection, it is told about how possible in a certain basis to get a repre- 
sentation of the operators P with which the help we can construct the spinor analog 
of the Lie operators. The conclusion of all results of this subsection is made on the 
basis 0, HI V. 2, pp. 101-103 (eng)]. 



Let on the space , the metric 

dS^ = -dU^ + dS^ + dV^ - dW^ + dX^ - dY^ - dT^ + dZ^ (14.173) 
be given then in some basis, the connecting operators rj^^^ have the form 
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and the significant coordinates of the operators rj^xL will be such that 
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(14.174) 



(14.175) 



Therefore, in the same basis. 
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Hence, Algorithm 8.1 will take the form 



(14.176) 
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Algorithm 14.1. 

1. On the first step, as the operators (6.24) o.i^'d (6.30), it is used the operators 



e'sS"- ±ie'^e''P 
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((-ai-z/3i)±(7i-z5i))5'^d 
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-((-«! - =F (71 - ^f^i)) <5c 



:=(V'i±) 



"1 = ^(^3 + ^?4), /3i = ^(^3 -^4), 7i = i(^2-^i), 5l = ^(^?2 + ^?l)• 
(14.177)^ 

ifere, e"''' is the antisymmetric metric spin-tensor for the connecting operators rja-'' 



(a,b,...,d,b,.. 

2. On the second step, as the operators (6.24) ^'^^ (6.30), it is used the operators 



1,2, A,...,A,B, 



1,8, A,B,... = 1A). 



f e'l ±ie'l 



/ ^2 72 0i± \ 
52 h 
V'i± -/32 72 



2±> 1 



1 

71 



\ 





e 
\ =F2e"*t y 



6 4 



((a2 + i/32)± (72 + ^^2)) 



~v 

=02± 



6^f \ 

— ((-«! - ± (71 - i5i)) 

" V ' 

:=01± 



xe 4 26 4 

——((-«! - iPi) T ill - i^i)) -^^{{oi2 + iPi) T (72 + i^i)) 



\ 



:=V'l± 



V — 



: = (r)i,2,3,4)^-'^^ 

"2 = U^?? + ^?8), P2 = \{,rn-ri^), ^12 = U-V6-V5), S2 



(14.17J 
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r^,... = 1,8, i,^,... = l,4, A5,... = 1,2J. 

3. For the tangent space, the operators m^^ have the form 

/ -i 1 0000^ 
-i -1 
i 1 
\0 OOOil^ 
/ilOO 0000^ 
i -1 
-i 1 
\000 -i 1 J 



rriK'' := 4, 



1 

V2 



(14.179) 



1 

V2 



Then the operators 
( 1' 1 



\ 



\ 



" ^^^^ ^ 71*^^^ ~ ^^^^^ 

V ' ^ V ' 

--mi 



^ : = (r?C)2 ^ : = (,7C)j 

^*^71*^^^ ^ ^ 71*^^^ ^^^^^ 

V / V / 



■ = ^3 



J 



(14.180) 

will be the connecting operators for the complex representation (n=4)- Thus, it is 
constructed the transition from the real representation of the connecting operators 
for n = 8 to their complex counterparts for n = 4- 



Thus, the operators 2((M^)^)|"^, according to (|6.33|) and Algorithm 



the form 
/ 



have 



v 












i- 
6 8 


\ 














— 6 8 
















— e 8 










/ 


6 8 


\ 


-i- 

e 8 















i- 
P26 8 











i- 
PlC s 












-i- 
6 8 











i- 
PlC s 




V 





—p2%e 8 J 


Piie~'^» 






















— Piie~*8 








/ 









( 






1 




-pxi 

\ -pmi 

(14.181) 

In this case, pi,P2 are taking one of the two values ±1 providing the 4 different 
variants of M^. It remains to apply these operators and the operators m\^, rh\'^ 

to the operators Py[^ 
( 



-P2i \ 

-1 




Pi 

PiP2i 




1+1 

4 



P1-P2 \ 

1 - P1P2 
P1-P2 

V 1 - P1P2 / 



1-i 
4 



/ P1+P2 \ 
1 + P1P2 

-Pl -P2 

V 1+P1P2 y 

(14.182) 
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(Pa')% 



4 



/ P1-P2 \ 

1 - P1P2 
P1-P2 
V 1 - P1P2 



1+j 
4 



/ Pi + P2 \ 

1 + P1P2 

-Pl -P2 

V 1+P1P2 y 

(14.183) 



Note 14.2. (P^)a^ ^ (P^), 



gA^{PK)^B£'^^ where e^^ is the antisymmetric 



metric spinor. 

It is obvious that for the 4 variants K 



1,4, the two will be significantly 



only: {P^)a'^, (^3)a^ and (Pi*)a'^, (^'4)a'^ (A,... = 1,4). Under the condition 
of the ordinary and covariant differentiation constancy of such the operators, the 
connection coefficients F^^* decay into the 8 significant components 



B 



(rx)AA^ := ^a<!/^{Pk)^ a{Pk)^ 
(rx)AA'^ := rA^*(-Pft:)*A'(-Pft')*^ 

B- 



(r \ B' ._ -p "J-Vp \*' ( TD* \ B' 



(14.184) 

(rx)AM := Ta'^' (Pr) a{Pk)^' ■ 

In turn, the coefficients T^^* are defined by the equation V^m<i,^ = 0. Thus, 
Theorems 11.2 , 11.3 remain valid in this case. In the case of a real inclusion, with 
the help of the operators Hi^, under the condition of the covariant and ordinary 
differentiation constancy of the operators (Pj*)^'^! (-Ps)*"^ and (Pj')j^, (P^ 
connection coefficients F^/ decay into the 4 significant components 



4*)^^, the 



F- — 5. 



B 



(^K)kA '■—^ki'i.PKyAi.PKjj 
iXK)kA'^ '■= ^ki-'{PKyA'{PK)j^ 



;i4.185) 



However, the real condition restricts the choice of the spinor in the determination 
of the operators P^^ 



SfX"", X' 



~s^^x, 



(14.186) 



BA' 



where S~^^ {S^^) is a real representation of the complex involution Sb^' {S 
which is the image of the involution S'a*' in the tangent space by Corollary 8.4 We 
need to add that there is the non-special orthogonal transformation 



(-^Ar^* + 5^")^^^^ = VA 



BA 



(14.187) 



performing the transposition of the connecting operators (14.85). 



/ 1 \ 

10 

10 

\ -i / 



lusion 


^?1,3) 


c 




( 1 





\ 







1 










1 















C A' 
Da 



/ 1 \ 
10 
10 
\ -1 / 

(14.188) 
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For the values of the complex representation operators from Algorithm 14-1 , the 
metric takes the form 



(14.189) 





( 1 








o\ 




( 1 











\ 







-1 













-1 










dA^ — 








-1 





1 9ij 








-1 

















1 1 












-1 


/ 



Then the definition (14-182) will have the form 
( 



A l±i 







Pi ~P2 

\ i{l-pip2) 



P1-P2 \ 
1 - P1P2 



/ 



1-i 
4 



/ 



Pi -P2 

\ -i{l-piP2) 



P1-P2 \ 
1 - P1P2 




;i4.190) 



Since x' := (P2)'a(X2)^ + (P3)*a(X3)^ then from the equations {6.3^ , {UJ^ 
and Corollary (8S) i mply th at {Xk)^ := x^{P ^)i^, {X'^)a ■= x\PK)iA; then from 
the equations (6.35), (14-84), Corollar y [8.3] and the condition {MKy^{MK)iA = 
0, {M*^y^{M*^U = (see (llT8]\} ) imply that {X*)c = _(P2)V(P3)^b(X3)^. 
Therefore, we can construct the one-to-one mapping (a,b,... = l,4j 



— p. a 



(14.191) 

Then on the spin-pair X" = ((X2)'^, (X3)^), the metric and the involution of the 
form 



SJ 



{P2yA{P3hB 
{Pzyc{P2)iD 



{P2)\{PV^' 

{P^Yb{P^ 



2 )i 
*\ C 



{P2rA{p;V 

mA{p*,v 



/ \ 

Z 
-i 
\ i / 
/ i \ 



1 

\ -i y 



;i4.192) 



are defined. Therefor, it is possible to construct Lie pair-spin operators 



(14.193) 



Note, that the expansion := (-P2)''yi(-^2)'^ + (PsYAiX^)^ is an one of the vector 
into the two isotropic vectors. And for the isotropic vectors. Lie spinor operators 
were constructed in f2R v. 2, pp. 101-103 (eng)]. 

The restricted Lorentz transformation converts the vector to the vector . This 



induces the spinor transformation: (X^) 



[Xx) . The spinor transformations 



act on the operators (P^)j^, {PrYa, more precisely, on the controlling spinor X^ 
appearing in the definition (11.59) of such the operators. In turn, this induces the 
spin-pair transformation of the spin-pair X" = ((X2)'^, {X^)^) 1 — > X". 
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16 Appendix 



16.1 Proof of the metric tensor and involution relations 



We need to prove the identity (8.19). 



Case I)., the metric tensor eab = —^ba- 

= VA^'^' (^W2+g))A(„/2+,)A(„/2+,+i).-(£l)AiA2(^2)^'^' 



i—VAB2A2 + iVl)A£lA2B2){^{n/2+q))A(„/2+q)A(^n/2+q+i)--- 



i^{n/2+q))B,„,2+q)Br„,2+q+i)---{^2)^^^^ 



(n/2 + g)A(n/2 + <j + l) ' 



(£^(n/2+g))B(„/2+,)B(„/2+,+i)--- + iVl) A^^l) A(„^2+q+i)B(n/2+q+i) " (16.1) 
VA ^ ^(^(n/2+g))A(„/2+5)A(n/2+q+i)---(^("/2+g))-B{„/2+q)-B(„/2+q+i)--- + 



2 

n/2 + q + l)B, 



n/2 + q + l)-0(n/2 + q + l) 

n/2+q 

— ~''?A_B(„/2+5 + l)A(n/2 + 9 + l) iVQ)A(y£Q) Ai^„/2 + q+l)B{n/2 + q+l) ~ 

— VAA(„/2+q + l)B(„/2+q + l)- 

Case I)., the metric tensor eab = ^ba- 

^ AiBi p p 

'/A ^Al-4(„/2 + 9+l)^-Bl-B{„/2 + g + l) ~ 

= Va^"^^^ (^(„7J:^:g)) V/2+«An/2+^+i) ••■ (^1)^1^2 (^2)'^^'^^ 

(n/S + g) ) 'B(n/2 + 9) B(n/2 + ,-+l) • • • (^i ) Bl B2 (^2 ) = 

= (^?AB2A2 + (^i)A^iA2B2)(^(,3;:g))A(„/2+,-)A(„/2+^+i)---(^2)^'^' 
^^(nj2+q)^^('^/2+q)^(n/2+q+i)---(^2) ^ ^ — 
= (?7A^^'^^ + (^2)A£^2'^^'^^)(^(„7^^))A(„/2+,-)A(„/2+,-+i)---(£^(„7^g))B(„/^ 

+ {Vi) a{£i) A^„/2 + q + l)B(„/2 + q + l) = 

— Va ^(^(„'^;;j:p-pA(„/2+q)A(„/2+q+i)---(^(„'yj:p^ 

2 

+ Yl ('7Q)A(£^Q)A(„/2 + 9+l)B(n/2 + q-+l) = 

Q=l 

n/2+g 

— ''7A_B(„/2 + q + l)A(„/2 + q + l) + X] (^Q)A(^Q)A(„/2 + 9+l)-B(„/2 + q+l) ~ 

Q=l 

— '7AA(„/2+9+l)-B(„/2+g+l)- 

(16.2) 
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Case II)., the involution Ea Eb = -5a ■ 

— (?^]^)^(e]^)^("/2+9+l)-S(n/2+q+l) = 

= 77A^3B3 (£ („/2+9) ) . . . (£ („/2+5) ) . . . - 
2 

- E (??q)a(£q)^("/^+'+i)-^("/^+<'+^> = 

Q=l 

n/2+g 
Q=l 

— _^^-B(n/2+q+l)^(n/2+g+l)_ 



Case II)., the involution Ea^Eb^ = -(^a*^ 



(16.3) 



= 77A^^^H£(„7^-/("/^+^-+i)^("/^+«...(£i)AM2(£2^ 
(^(n7^,-)) '"''^'^"^^"''^''-(^i)^i^2(£2)^^^^ = 
= (77AB2A2 + (^i)A£lA2S2)(^(„7^^/<"/^+'"+^^^("/^+^')-(£2)^^^^ 

)-B(„/2+q+l)-B(n/2+q) (£.)^3B2 — 

^ {n/2-\-q)' '"^ ^> 

= W^'""^ + (?72)A£2^^''^)(^(„7J;-^))''("/^+^"+^'^<"/^+«-4£(„7i^^))''(^^^^^^ 

+ (^i)A(^i)A(„/2 + 9 + l)'B(n/2 + 9-+l) = 
^Tl.^S-Bs/p ^^(n/2+g+l)^(n/2+q) [p ^ S(„/2+9+l) B(„/2+q) _|_ 

2 

+ E (?7q)a(£q)^("/^+«"+i)-^("/^+'"+i' = 
Q=l 

n/2+q 

— 7y^^(n/2+g+l)-B(n/2+g+l) _^ ^ ^j^^^^^g.^^B(„/2+q+l) A(„/2+g;+i) _ 

Q=l 



^^S(n/2+g+l)^(n/2+g+l) _ 



(16.4) 
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16.2 Proof of the connecting operator relations 



We need to prove the identity (8.27) 



'7a V'^'ADV V CB — ^[gAifg + <JA Oa 



1. First step. 



;i6.5) 



VA^''v^^''iep)ADieQ)Bc = iiiVQhiVp)A + (^q)a(^p)*), P ^ Q- 
yiAAD{ep)^''{eQ)Bcri^'''' = ^{{VqUvp)a - ^Aivph), P^Q- 



16.6) 



Proof. 

VA^Viep)AD{eQ)Bc = (r^A^^ + E{epy^{vp)A)v^''''{ep)AD{eQ)BC = 

r/A^^(r/^^^ + Ei^p/''iVph)i^p)ADisQ)BC+ 
p 

+ Ei^p)^^iVp)AV<f^^{ep)AD{eQ)BC = VA^^V^^^i£p)AD{eQ)BC + 

+ E((4)^^(^p)a^*''^(^p)ad(5q)bc + iepf^ivphvA''''iepUDieQ)Bc)- 

(16.7) 

(a) First step. 

VA^'^V^^^i^p)AD{eQ)Bc = ^{vp)a{vq)^ - {ep)^'^V<f"^VAAD{eQ)Bc 



= f (^p)A(r/Q)* + {eQ)^^m^^r]AAD{ep)BC = 
f ((^p)a(^q)* + {Vq)a{vp)^) - ^a^V^^(^q)ad(£p) 



BC- 



N 



r7A^V^^(^p)AD(eQ) 



BC 



((^p)a(??q)^ + {vq)a{vp)^) - Va {eQ)AD{ep)Bc- 



(16.8) 
(16.9) 



(b) Second step. 



.^p)^^{^p)ab{^q)^^{£q)cD ^ -{^Q)^'^i^p)AB{£p)'^^{£Q)cD - 

-{^q)^^ {^p)ba{£p)^^{£q)dc 



[Sf, 



p/^(gp)Ap(gc 



\CB 



(16.10) 
(16.11) 



(c) Third step 

AD 

\ 

= VAKLiSQ 



VA''''{sp)AB{epf^{eQ)cD = -VAKLisQ)^''ieQ)^Hsp)ABispf^ieQ)cD 
' '^^(^p)^^(^p)ab(^q)^^(^q)cd = ^AKL{epY\ep)AB{eQ)^'' 

ADi^ \ /_ \ /_ \KB „ AD/_ \ /_ \ /_ \CB 



KLK^QJ \^P) \^p)AB\'^Q) K^QJCD — '/AKLK^PJ P J A. 

= -VA^^{ep)KD{ep)AB{eQ)^^ = -VA'^^{£Q)cD{ep)AB{ep 



r/A^^(gp)AB(gp)^'^(gQ)cD = 0. 



(16.12) 
(16.13) 

□ 
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Second step. 



Proof. 



ncD/ 



{eQ)BC ^TigMVQY' + (^q)^'^^" - iVQhSj,''). I (16.14) 



+ (^p)^f ((^p)*(^q)a - (^7p)a(^7q)*) = 



N 



iVp) iiVphMA + (^p)a(^?q)vi/) 



ivpUMAivpf-ivQrMA) + ^ivpnivphMA-MAivQh) = 



AT, 



1 



2 



= (-r?A^^(5Q)AM + (r7Q)A5M^)^*^"''^^i.L = 



Va^^V^^cbV^^'^{£q)ad 



(16.15) 



(16.16) 

□ 



Third step. 



Va'^^V^adV^^^^V^cb 



;i6.17) 



Proof. 



Va V-^adV V cb — 
= %^^r/^.4Dr]^^^(-^®^^(^Q)i.p(^Q)LC7 + {VQneQ)Bc) = 
= -r/A''^r^*AD(-^%/L(^Q)"^^ + (r7Q)^^^L^)(£Q)Kpr7®^^+ 
+ (^Q)®f (^?A^(^q)^ + (%)a5*^ - (%)*5a^) = 

= r/A^^(-^**'^(eQ)iVA + (r/Q)*5A^)^7''MLr/®^^(eQ)i.p+ 
+f (r?Q)®(^A*(r/Q)^ + (r/Q)A5*^ - iVQhSA'')- 



+(^q)a5*^^ - {vq)^5a 



N I 



{VQn9A<,{VQr + (^q)a5^® - (r]Q)*5A®) + 



+f (^q)®(^a.i>(^q)^^ + (r/Q)A5*^^ - ivQhSA^') -^ivgrigA^ivQr + (^q)a'^* 



+^iVQhiSA'KvQr + (^q)a<7^^« - (r/Q)^^5A«) = VasnV^^''v''mlv'''''+ 



e 



V V V V V 



5 



+ (r;Q)*^^^-(r?g)%®)l 

^ V ' ^ V ' 

6 

,AAB 



— —TjiSADV V CBV + 2"15'A*5' + d\ 0^ —d-q,d\). 



(16.18) 

□ 
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16.3 Proof of the infinitesimal transformation relations 

We need to prove the identity (10.5). 



1. Case 1). 



OA r]is, — —r]A oc -C/D ok -c/. 



M 



B 



5 



rp ^„ AB _ ^ CBrri A ^ ADjp Krn M rn B 

J A '7* — '7a -lc —Va J- k J^m 



rp A TP Brp D TP A 

Ic = —rjc -LB -C/D • 



MB 



;i6.i9) 



2. Case 2). 



Sa^V^^"" = VA''''Sc^{vjrSnVeKLSx'^e^''{ei)MD, 



AB 



Ta m 

_„ CBrp A I ^ AD(^ \nrp <I>^ KBf^ \ I „ AD(^ \KB^ rp L^MXl^ \ 

— Va j-c +Va [Vi> -Ln {£i)kd + Va [si) ^klJ-x ^ [£i>md, 

rp vp^ AB _ „ CBrp A „ AD(^ \KBrp A//_ \ i „ AD ( ^ \ /„ ^r, MB 

Ja ^7* — Va J-c — Va J-k [£i)md + Va {£i)md[Vi> -^n V^ ; 

J- A — —J-C £AD£ 

(16.20) 



Substitute in this equation 



and obtain 



Tc^ = ^T^^^^Vci? (16.21) 



Ta^V^^"" = UvA''''T''''v^^''vecD-VA''''isj)^''T^V''veKN{ei)MD)+ 
+VA^''{ei)MD{vifTnV = K^A^r^*^^ - VACDT'^'v^^^'ve''''- 
-VA''''{vi)eT''V{ei)MD + VA^''T^Viei)LNV^''''iej)MD)+ 
+VA^''{ei)MD{vi)''TnV = ^(^a^*^^ - T^AVe^"" + T'^^V^cDVA^^'ve''''- 
-VA^''{Vi)eT^Viej)MD - VA^''T^''Vi>LDVe'^''+ 
+VA^''T^''ve''''iVihisi)LD)+VA^''isi)MDivi)''TnV = Ta^V^^""- 

(16.22) 
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16.4 Proof of the Lie bracket identity 



We need to prove the identity (11.70) (see (11.72)). 



2N 



2N 



(x^aei/^ - y''dex'')dn{YKf - y^{Yjf{P.j)\{P:,)e\dKX^d^y'' - dAy^d^x"") - 



2Af 



2N 

iiL±UL±)y - (L±),(L±) J(F)^ = x^d^iy^dniYj,)^ - E(X/)''(^j)%(^/<)e^5M/«)- 

J 

2N 

i,j 

2N 

-y^'d^ix^'dniYK)'' - E(>^j)''ra%(^x)e^5AX®)+ 

J 

2N 

+{x''dn{YKf - E(>0)^(Pj)%(P;)e^5AX®)(P7)*c(P^)H''5$y^ = 
i,j 

2N 

= x*ac,/an(yx)^ + X V5*5^^(>^i^)^ - a;* V 9$(r7)^(Pj)%(p^)e^5Ai/® - 



2 



3 



2N 



2N 



X 



e 



J](r;)^(P,)%(P^)e^9$9Ay®-y^J]9n(r7)^(Pj)*c(P^)H^9$X^ + 



2Ar 



5 



+ ^(y;)^(P,)%(P;)e^9Ay®(P/)*c(P^)H^5^a;^ 



2N 



2N 



2N 



+ 5^(F7)^(Pj)%(P,^)e^5^5AX® + ^ 9n(lj)^(Pj)*c(P^)H^9$r 



2iV 



^(F;)^(Pj)%(P;)e^9AX®(P,)*c(Px)H^5*l/=- 



(16.23) 
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16.5 Proof of the curvature tensor relations 



We need to prove the identity (12.7) 



The curvature tensor in the spinor bundle is given by 

Then df^{eK)AB^^ = under the condition (11.33) means 

2 



d[K(XK)m]A 



c 



n - 4 



AB 



CD 



n 



N 



OA Ob 



B 



(16.24) 



(16.25) 



In turn, V A{eK)AB = dAiex) ab = under the condition (11.33) means 



(rK)AA^{sK)LB'^'^ + (T k) AB^ k) AL 

(Xk)aa^(Xk)^c^{^k)lb 



CD 
CD 



'is, 

= (rft:)AL'"(rif )^c^(£_ft:)A_B^^ + (rii')AL^(rx)^'C'^(^ft:)A_B*"'^5 
(rii')AA^(rx)^C'^(e_ft:)LB*^^ + {TK)AB^(rK)^C^i^K)AL'^^ = 
= (r_fs:)Ac'^(rA-).j/A^(£ft:)LB'"^ + (XK)AL^(XK)'i'C^{£K)AB'~^^, 
(XK)[A\A\^(rK)-^]c'^{£K)LB'~''^ = (X k)[A\L\^ (X K)'f]B^ ■ 



= {TK)AL''isK)AB'''' + {TK)AL 

+ (Xk)ab^(Xk)^c^{£k)al'^^ 



\eK) 



AB 



Whence, 



D~ ML 



iJ^K)A^C — ('7^A')a*L ^CD 



(16.26) 
(16.27) 



16.6 Proof of the auxiUary identities for the theorem on the 
spin analogs of the curvature tensor 



We need to prove the identity (12.9) 



^[Al^'^'%2]^lA3^[A3^'*^^%4]A4A2 = f 5'Al[A4^A3]A2- 



(16.28) 



Proof. 



VA^^'^'VA.AUs = {-VA,BMeir''Heir^' + {Vi)AAeir^')VA,AUs = 

= -VA,BM£l)'''^'i-VA,''''''iej)A,A, + iVl)AM''') + {m)AAeiy'^'VA,A,A, = 
= VA,B,B,VA,^''''{ei)'''^'{ei)A,A, - iVl)AA^lf'''''VA,B,A, + {Vl) aA^iV'^'VAM,. 

(16.29) 

Sum over I alternating on Ai, A2 



^?[a/'^'?7A2]AiA3 = ;^'7[Ai|Bii?2|^A2]^'^'£'^'^'AiA3, 
^?[a/'^'^?A2]AiA3^[A3^*^'??A4]A4A2 



^[Ai|BiB2|^A2]^^'''(^£''^^'AiA3^[A3^'^'^A4]A4A2) 

BiB'i 



-VIA, 



A1B2 



^[Ai|BiB2|'7a2]^'^''7[A3|AiB3|'7a4] 

-Bi-B3„ . I N 



VA2]AiB3V[As ' ^'7A4]BiB2 + T(fi'Ai[A4fi'A3]A2 - 5'Ai[A35'A4]A2), 



whence the demanded follows. 



(16.30) 



□ 



We need to prove the identity (12.10). 



^[a/'^^^A2]AiA3^[A3^''^^%4]A4A5^[A5^^'^^%6]A6A2 = A3 1 [ Aa 5'Ai ] | [ Ag^'As ] | A4] ■ 



A4A3 



3^ 



(16.31) 
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Proof. 



-^r?[Ai|BiB2|%2]^^^'e^^^'^^^^^?[A3|AiA3|^?A4]A4A5?/[A5^'^''/A6]A6A2 + 

+ ^V[A,\B,B2\VA2]^'^'V[A,^'^^VA,]AiA,V[A/'^'VAe]AeA2 = 



,Ai_B2pSlA2 ^ ^ ,^ ^ ,^4A3„r» ^6^f 

c: A4A5'/[A3|AiA3|'/A4] '/[As 



4^?[Ai|BiB2|'7A2 

+ ;^34^[Ai|BiB2|%2]^''^'^[A3^'^'??A4]AiA5^[A5^'^'%6]A6A2 = 
= ^[Ai|Bii?2|^A2]^'^'^?[A3|AiA3|r?A4]^'^'^?[A5|A4B3l^A6]'^''^'- 
-^^^[Ai|BiB2|%2]^'^'^[A3|AiA5|^?A4]^'^'^?[A5|A6A2|??A6]^'^' 
-^r/[Ai|BiB2|^A2]^'^'^[A3|AiA5|^A4][A6^A5]^'^' = 

^[Ai|BiB2|'7A2]'^''^''7[A3|AiA3|'7A4]^^'^^^[A5|A4i33l'7A6]'^''^'' = 

= 277[A3|AiA3|%4]'^'''^^'7[A5|A4B3|5'A6][Ai'7A2]^'^^ + 
+^?[Ai|A4B3l^A2]^'^'^[A3|AiA3|^?A4]^"^'^[A5-^'-^'^A6]SiS2 = 

4j^'^'^[A5|A4B3|^A6][Ai%2]^'^' + 



^A6]A6A2 + 



2r?[A3|AiA3|'7A4 
+2r]i A2^^^'^Ai][A4^A3]AiA3^?[A5^'^'^?A6]iJiB2 + 

^^^^r][A/'^^VA,]AMlA,''''''VA,]B,B2 



+V[Ai\AiA3\VA2] 

-1 + ^ 

n—±- -L * 

8 -4) 



)^[ Ai VA2 ] Ai A3 ^[ A3 ??A4 ] A4 As V[ A, VA^ ] Ag A2 + 



+ ( 



TV 



n—A 



fl'[A3|[A2fl'Ai]|[A5 5'A6]|A4 



(16.32) 



whence the demanded follows. 



□ 



We need to prove the identity (12.11 ). 



r/[A/^r/A2]AiA3^?[A3''''''%4]AiA5^[A5''''''^?A6]A6A7^?[Ar^'''^''^A8]A8A2 
= T(5'Ai[Ag5'A7]A25'A3[A65'A5]A4 " fl'Ai[A65'A5]A25'A4[A85'A7]A3 + 

+fl'Ai[A45'A3]A25'A5[A85'A7]A6) + ^(5'[A3|[A25'Al][A85'A7][A65'A5]|A4] + 
+5'[A5|[A45'A3][A75'A8][A25'Al]|A6] + 5'[A3|[A75'A8][A5gA6][Al5'A2]|A4])- 



A4A3, 



AeAs 



A8A7, 



(16.33) 



Proof. 

1. First step. 



;^'7[Ai|iJii32|^A2 

2 



^[Ai^^^'%2]AiA3^[A3^'^'%4]AiA5^[A5^'^'%6]AA7^[A7^'^'%8]A8A2 = 

^^^^£^^-^^AiA3^[A3^^^^^?A4]A4A,r?[A5^«^^^?A6]A6A7^[A7^«^^r/A,]A8A2 = 
4^?[Ai|SiS2|^A2]^'^'^^'^'^"^'^[A3|AiA3|^A4]A4A5^[A5^''^'^A6]A6A7^[A7^*^'^A8]AgA2 + 

+ ;i34^[Al|Bli?2|%2]^'^'^[A3-^'^'%4]AiA5^[A5^'^'%6]A6A7^[A7^*^'%8M8A2 = 
Z4^[Ai|BiB2|^A2]^'^'^^'^'A4A5^[A3|AiA3|^?A4]^'^''/[A5^'^'?/A6]A6A7^[A7^'^'^A8]A8A2 + 
+ ;^r?[Ai|Bii?2|^A2]^'^'^[A3-^'^'^A4]AiA5^[A5^'^'^A6]A6A7^[A7^'^'^A8]A8A2 = 
= ^[Ai|BiB2|^A2]^'^'^[A3|AiA3|^?A4]^'^'^[A5|A4A5|r?A6]^''^'r/[A7|A6A7|%8]'^'^' + 

+ ::^??[Ai|i3ii32|^A2]^';^'^?[A3-^'^'^A4]AiA5^[A5^'^'^A6]A6A7^[A7^'^'??A8]AgA2 + 

2J ■/1^13l^lA3r/^Mj'^'''^^^[A5'^^'^^^A6]A4A7''?[A7'^**'^^^A8]A8A2 = 

- ;^34)^[Ai|BiB2|%2]^'^'^[A3|AiA3|^A4]^'^'^[A5|A4A5|^A6]^'^'^[A7|A6A7|^A8]-^'^' + 

+ ^^^[A/^^^%2]AiA3^[A3^'^'%4]A4A5r/[A5^^^'^A6]AoA7r/[A7^'^' 

+ ^T(|5'Al[A3fi'A4]A2fl'A5[A8fl'A7]A6 + fl'[A3|[Aifl'A2][A85'A7][A65'A5]|A4]- 



+ Ai I Bi B2 1 ^A2 ] ^[ A3 1 Ai A3 1 '7A4 



^'7A8]A8A2 + 



-5'[A3|[Aifi'A2][A55'A6][A75'A8]|A4] + ^fi'A5[A8fi'A7]A6fi'Ai[A45'A3]A2 + 
"fi'[A5|[A8fl'A7][Al5'A2][A35'A4]|A6] - 5'[A5KA8fi'A7][A4fi'A3KA25'Ai]|A6]), 



(16.34) 
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2. Second step. 

VlA^'^''^'VA2]A^A,V[A3^*^'VAi]AiAsVlA5^''^''VAe]A,ArV[A/'^'VAs]AsA2 = 
= V[A/^'^''VA4]A^A,V[A/''^'VAe]AeArV[Ai'^'^'VA2]AiAsV[A7\AsA2\VAs]'^''^^ + 

+2ri[A/^'^'VA^]A^AsV[A./'^'VAe]A,ArV[A2\AiA3\9Ai][AsVA,]^'^' = 
= VlA/^'^^VA^]AiA,VlM^''^'VA2]A^A3V[As\AeAj\VA^]^^'^'V[Ar\AsA2\VAs]^'^^ + 
+2 (r/[ A3 ^^^3 VA^ ] A^A, V[ As ^Ae ]A^ArVlA2\A,As\ QA^ ] [ Ag VA^ ]^^^' + 
+^?[A3^'^'%4]A4A5r?[A2|AiA3|C/Ai][A6^A5]^'^'^[Ar|A6A2|^A8]^'^') = 

= -?7[Al|AiA3|%2]^'^'^[A3|A4A5|^A4]^'^'^[A5|A6A7|^A6]^*^'^?[A7|A8A2|^?A8]^'^' + 

+2(^[A3^'^'%4]A4A5^[A5^'^'%6]A6Ar'?[A2|AiA3|C/Ai][A8^A7]^'^' + 

+^?[A3^*^'%4]A4A5^[A2|A6A2|C/Ai][A6'?A5]^'^'^[A8|AiA3|%7]^'^' + 

+2?7[ A3 ^^^^ ?7A4 ] A4 As A7 1 Ae A3 1 5'A8 ] [ A2 5'Ai ] [ Ag '7A5 ] ^^^^ + 

+ ^[A3^'^'^A4][Ai??A2]AiA3?/[A5|A4A7|?/A6]^'^'^[A7|A8A2|?/A8]^'^') = 
= 2(^(fi'Ai[A8fi'A7]A25'A3[A65'A5]A4 - 5'Ai[A65'A5]A25'A4[A85'A7]A3 + 
+fi'Ai[A4fi'A3]A2fl'A5[A85'A7]A6) + T(fi'[A3|[A2fi'Ai][A8fi'A7KA6fi'A5]|A4]- 
-5'[A3|[A75'A8][Ai5'A2][A65'A5]|A4] + 25'[A5|[A45'A3][A7fl'A8][A2fl'Ai]|A6] + 
+i'[A2|[A85'A7][A65'A5][A35'A4]|Ai] - fi'[A3KA8fl'A7][A6fi'A5KA25'Ai]|A4]- 
-fi'[A3|[A7fl'A8][A2fl'Ai][A65'A5]|A4] + fi'[A3|[A7fl'A8][A5fl'A6][Aifi'A2]|A4]))- 
-?7[Ai|AiA3|^A2]^'^'^[A3|A4A5|^A4]^'^'^[A5|A6A7|^A6]^'^'^[A7|A8A2|^A8]^'^', 

(16.36) 

whence the demanded follows. □ 

Note 16.1. It is obvious that these calculations are not applicable for n <8, since 
— 4 will not make the sense in this case. 



16.7 Proof of the twistor equation relations 



We need to prove (13.4) 



= ADV'^''''^ lkX^ - Iv^'^'^v'^ADRn^K^X^ = 

= ilYi-V'^ADV^''m^''VLKX^ + V^t^^^^VlkX^) - Iv^'^^v'^ADRn^.K^X^ = 
= -(f ) VADr^^^^V^^Vx^X^ + f V>,V*X^ - Iv^^^v'^ADRn^K^X^. 

(16.37) 

(-'- ~ |)V#V*X'^ + |_R$^;^'^X^ + '^Tj^/'-'^rf' adRq-^k^X^ = 
= -(f )'r^*ADr]c,^^V^^ViKX^ 
(1 - f )V(^V^)X^ + '-Vi^^^V^DRnrnK^'X^ = ... 



= -(f )^^^7**V^^Vz.xX^ = -^^7^*V^VoX^ 
(1 - f )V«VeX^ + Iv'^'^'v^'ADRn^K^X^ = -V«VeX^, 
V^VeX^ = -^,v'"'''v''ADRn^K^X^. 
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K 



(^ 2\Y7 Y7 vC j_ 2^ CD^n n AvK _ 1„ 1 ^BCD^U D Ay 

Y7 Y7 vC _ 1 ^eCD^n R AyK _2 „ CD^Q p AvK 

V($V<i,)A — („_^(„_2) 5''^#^ ^ AD^^nSK — ^^(* ^ , 

"^^l' ^* ^ SLV AD-n^nOK ^ ) — 
— — ^ SD^n^K ^ + (n-l)(n-2) ^^ V^ADV V SR^nOK ^ • 

(16.39) 

Thus, the integrabihty conditions take the form 

K^iS/K V \SD-r(-n\^]K + (n-l)(n-2) ^[^ V^]ADV V SL-tinOK ^ ■ 

(16.40) 

We assume that this condition is satisfied for any . We use the Bianchi identity 

C _ 4 ^ CD^n p Si 4 ^ CD„ „eAL„n 



/ p c _ 4 ^ CD„o p s J 4 „eAL^n p s\ ^ 



(n-l)(n-2)V4y y y y 4> 

+^e[<.^*][A^A]s^En^^^^^ + V"*^*] V^i^^^eEs + ^7®' V'^^/^'^^^l^i^neEs) = 

= 4_ [AK*^$]|A] _^ _^^mm\^] 2_^vI/$AA^ 



I 2 p„*[A „A]# 2 pAA$<I' _| 2 p-I-^AA, 

"^(n-l)(n-2)-^y y (n-l)(n-2)-^ (n-l)(n-2) 

+ § Rm^Q^m + § o[*I[AdA]|*] , 8 p[*|[AA]|*] 

^(n-l)(n-2)-^ y ^ (n-l)(n-2)y ^ (n-l)(n-2)-^ 



Finally, 



(16.41) 



^*vl>AA _ ^^[A|[* *]| A] ^ ^ 2 [A|[* *]|A] ^ ^**AA ^ q_ .^542) 

n — 2 (n — l)[n — 2) 
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16.8 Proof of the identities for n = 6 and n=8 
16.8.1 Proof of the fundamental identities for n = 6 



We need to prove (14.8). 

Ac^fid = V[a"''Vp]da, (16.43) 

4 V /o '/7 '^airad 'laad'lj ^air '/a 'I'ya.ir'^ad ~r ' /aad' lya.ir'^ J 

4 \ 2 /c* 'r/kl'^ '^airad 'laad'I'y \^o,i ^o,\ "r ) 

-Va'^'ViaA^a'Sd''' -Sa'^'S/) + '^Va'^a^rSkladS'''"'') = 

= l{-3r]a'"'r]^[raSdf " VardV-y'"' + VaadV^/'^'^r''- 

Voi 1]"/dr ~l~ Voi ^-yar^d '^1]a^ ^d ^^Vio-if 
Vjrk^d ~l~ Va V^rd Vet V^kd^r VardV^ ~^ VctadV'y 
Va V"/dr ~^ Va V"/ar^d V^dr ~l~ V'jkr^d V^kr^d ) 

= l{3ria''''r]^Td + ^tla^V^kr^d' + tla^rildk^T' + VadrVl"' + VakdVl''' ^r" + Vct'^Virk^d'') = 

(16.44) 

kd£ 0. 



c 



(16.45) 

= Va^'V-yrd + Va^Vlkr^d' + U'^a'^'^Vydk^/ + lla'^V-yrkSd'') " IgayS/Sd''. (16.46) 

Contract with g"^"^ 

Aal3d^A°'^/ = Srd^'^ + Ekr^^S/ + ^{e'^'^ dk^/ + ^^^rk^d^) — '^^/^d'^ = 

= Sr'S/ - 5/5 f - 35/5/ + l5d'5/ + l5d%' - §5/5/ = \5r'5d' - 25/5/. 

(16.47) 

= lVla"'V^r'V^\hV^l,c-{-65[a^^5j5n,]'') = 

= -25l^^5(sf + iVa''''m"''''V^\k,V^^a,c - VrVa"''''V^\k,V^\,c) = 
= 25[„'^5^]^ + {Va'^Vp''''''V^\k^V^l^c ' Vp^'''VV^\^aV''^ ca^) = 25[„^5;3]^ 

(16.48) 

AaB nrp Act0 n A l^pk 

^ m -to/S — ^ m ^apk J-l — (^f\A(X\ 

/Ir I ox nx l\'~pk nrp n rp rp yLyj.^V) 

— \2°m Ok — ^Ok Om )J-l — —^J-m , -t a/3 — —J-Pa- 
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16.8.2 Proof of the 4-vector identities 



We need to prove (14.9). 



■[aPyS] 



b d 
c ; 



k d 



e ^J" 

c-a k 



0, ea 



b d 



p d b 
a • 



(16.50) 



Contract with ^"^^"AT'^/ 



Aa/S n AyS SA A c b d 

^ m -t^r ^nBh ^-ySd dn 



n 



_ _ Apa n AjS s A a A c b d _ 
^ m ^ r ^700 ■'^pod c 

= -iVy^^'V^mb + Vy^'v^kmSb'' + '^V■y'''v^kS„^n■ 

■{Vp^'V^rd + Vp'^^V'^trSd' + \Vp''^V'^dA')eac'^ = 

— —[^rd ^mb + ^mb ^kr Od + 2^mb ^dk Or + 
I _ ak^ CSX n i _afe _rf r sr n i 1 _afc _ct j: sx n i 
+£^rd ^km Oh + £ tr^^ fcmCd Ob + 2^ rft^ fcmCr Ob + 

' 2 ''d ^bk "m ~r 2 '''^ i'' ™ 1^ ~r 4'^6fc ^^(4 O^i /''a c 

= -(5/5/5^^^5^ - 5d''5r^5m''5b' + ^/^."^b'^^™^ - 

+\6^-5bHd''5u''5r' - \5j5b''5d''5jJ'5/ + \5j5b^5d^5k''5/ - \5^'5bHd''5k''5r'+ 
+<5/5/5/(5^^5fe" - 5/5/5/5^^4" + 5/5/5/5^^5/ - 5r''5/5k'5A''+ 
+5^''5r'5d'5b'' + 25^^5/5/5/ - \5^''5dA'5b'' - 5^^5d''5/5b''+ 

+ \6r'^5d'5b'^5k^5m^ — \5r^5d"'5b'^5k'^5m^ + \5r^ Sd^'db'^ 5k^5m^ — ^Sr"'6d^ 6b^ Sk'^6m"' — 

-'^^b^SrVS/ - 6b%VS/ + l6b''6dV6/ + Idb'S^VSr^ea'c" = 

(p s n s tX n , t ks: nsr s t nsr s *'^A"-I-/3**A " 

_ n s _|_ I n tA s _ 1 t pr "As,! t nr s _ n t r s , n ts. s_ 
_p n s_i_p nsio n s_ n tA s 1 Ip t,^fA n_ 



r I -"-^r m m '2"" 

_lp,P *A SA n + ip / tA _ p */A + Ip.P «A nx 



2e. 



(16.51) 
(16.52) 



16.8.3 Proof of the 6-vector identities 



We need to prove (14.10). 



p p A A A ^ p b d, s 

^apySpa ^laPySpcr] ■'^•ySd -'^pas c r ; 

«p n q s _ r>( s qsj n , n qsj s\ _ ( s qx n , n qx s\ _ 

p r '^\'^m p ~ p J y^r p '-'m ~ '^m p '-'r J 

- 9(p '1 '^f) 4- P ^f) 5^ _ fp 9 s r n _|_ p ^ sj) <}] p s Q — p k s q _ s q k 

~ ^\^m r 'Jp '^p r '^in J V^P J* "™ ' r '^p )^ '^m p • '^m k p "^/c p m • 

(16.53) 

1. First contraction. 



Contract with 5^^ 



n _ «p n s p _ o/ n s _|_ n s\ _ ( p s£ n , A n 



(p P . ^ " = 



pps_psp_n 



(16.54) 



2. Second contraction. 
Contract with 5n^ 



-\-2pJ''S ^ — P « <? — p « 9 = 2(p 9'* + p'^;^5 — (p ^ ^ -\- P '^7*5 
-i-ct p UfYi ^rn p p ^\^m p \ ^p k j \^p m 



Rp s q A_ p q s _2p 9 s ^ Op 9 _ p '^j ■^A 9 

^^m. p \ ^p m p '^^p t k • 



(16.55) 
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(a) First contraction. 
Contract with 

6ejfcV + epV = 8epV-epV, e^V = e^V- (16-56) 

(b) Second contraction. 
Contract with 5s^ 

10e:=etV, -2efe«/ = 2epV - W> e^V = f V- (16.57) 

3. Third contraction. 
Contract with SJ^ 

Op kqs:n,n„n q _ p kqs: n _ „ n q _ r) qriin nkx q _ pQ kx n_„ n 

p n q — p q n 
'--r m '--m r ■ 

(16.58) 

7p s -? _ Op 1 s _ s _ 5e r sr g [s q] _ 15e r [g r s] 

' '^m p p "-"^"m 2 P ' '-^^m p 2 ™ P ' 

5p s <j I ^ [s q] cr-r s _ 5e A 9 fip ^ g ~/a^ s _ X sx q\ 

em^'r^p" = e(2((45/5,« - V^r")5m^ + (45/5^'^ - ^p'^^m^)^.") - 

(16.59) 

Calculate e 



720 = e^^^'^-'eap^^s^.. = A^'^b^'^Ma/^bM^^d^'^M^^/A^^^-M 



m 
fjLvn ) 



/'I A "'■lA ™ A ™A '"I'lp "-p ^1 '^1 "1 Sp ^ '^p 1 c m 

'\4^fil ^™ /'^a c m t'ai ci mi cm d n 

= -8e2(8(5^^<5/'5a' - 45^"4'5a'' + 8<5^'^(5/^4'' - 46^6^'%'' + 2(5^"5„''4' - 45^'='4"5a' 

= -720 • 64e2. 

(16.60) 

Whence, 

e=^i. (16.61) 
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16.8.4 Proof of the Bianchi identity 

The Bianchi identity has the form 



(16.62) 



Let's contract it with A'^^M^^rr,'' 



A <^ A s TD d r AaB I n td d r 

^a/Sd ^7<5r J^c s ^ t ^ m J^c s — 



(^a7d''^5/3r'* + ■^a5d^-^l3^r'^)Rc^ t — ~'^^5l3r'' ^^"^ ^ceyd'' ^'^^ t Rc^ s — 

■iV^'Vtd + + hr''''V^dkiSt')Rc''s'' = 

— ~^l,fctd tmr -f- t mrSkt Od + g^™' ^'i'^' ^km Or 

km^kit Od Or +2^ km^dki Of Or +3^^ r'fc^trf +^ kit^ rkOd Om J + 

I 1 ^cfci r-sk X n \ D d r Of D n I 1 D i' kx nx I D k Ix n V k nx I 

+ 4^ rfec^ dkiOt Om s — —^\^m t + -^-k r Ot Om — ^m k Ot — -tH k Om, — 



-R 



I n 

■m t 



r> I kx n I r> I kx n \ 1 ( td k nx I _i_ T? n kx I tf r kx Ix "^_L 
^k m Ot + -tik t Om + oK-^m k Of + Kk m Ot — ^k r Ot Om ) + 



_i_ p k nX I TD I n T> k nX I _i_ O T? ' _L Z? 
+^m k Ot — Km t — Kt k Om + ^-Km t + R 



I n 



+Rkt^5m^ — Rk^r'^m^^t) — Rt^k^m^ + \Rk r^^t^m^ — —2(2Rm t 



1 o f? fe nX I _i_ ^ ( Vf k Ix n 1 
■t m ~ 2' -^^rn k Ot + 2\^t fc + 

n I 



OT? I kx n OT) k nX I _i_ T) I kx n 1 td k nX I _i_ T? f kX nX I 
-^J^k m Ot — ^rit k Om + Kk t Om + -Km k Ot + Kk r Ot Or, 



\Rk^ r^^m^^t) 



^Rkm^^t^ + ^Rt'^k^^m^ — '^Rkt^^m^ — '^Rm'^k^^t — "^Rkr^^t^^m^ + Rkr^^m^^t — 0- 

(16.63) 

Contract with 5„* 



^RTf I k \ AT) k tx I OT? I k OT? k I QT? r kX I _i_ T? r kX I n 

-•-O-flfe m + 4/£t k Om — ^^k m — ^^m k — o^k r <Jm + J^k r <Jm — U, 



Rk 



\t? r kx I 1 PA 



(16.64) 



that finishes the proof. 



16.8.5 Proof of the identities related to the Weyl tensor 

Since, 

— 4?7a""^^„S^^^ ■ 2 (^afc'^^^airfbf'i ^ T'^'^ kai^adhbi) = 2^a^"'Vli'^^ ^adbki' (16.65) 

1 (rpkd rp kd\ A C 1 (rpkd rp kd\ 

■4U kc — J-kc ) — Aajid ■ 4U kc — J-kc ) 

then it will be true the following relation 

p [7„ 5] A c AjS s 1 ( pkdnr^ p nr^kd i p ^-kdnr pkd ^ nr\ 

y/S] — -^apd r ig l-* '^kcns ^kc ns ' ^kcns'^ ns'^kc ) — 

A c A'^S sj_(pkd If-mminrg- _i_ p mmil^ g~kdnr 

-^afid ^ r 16 v-* mmi 2 '^kcns ' ^kc 2 

-PkriSn'^Ss" - SjSs'') - P^^.s{h''5J - 5/5,-)) = 

A c A-yS s 1 ( nkd x r pkd X r 1 prd 1 

— ^aBd ^ r Y^l-* kcOs — ^ ksOc + -< cs + 

1 p fcdx r p krx d 1 p dr p kr x dip dr pkd X r 1 prd \ 

i-^kc ^ kc ~r sc ^kc ~r sc ks^c ~r cs J 

A c A"/S si f p dr 1 pkd X f J- ^ T? kdx r 1 p kr X d\ 

— ^a/3d ^ r 4I,-' sc 2 ksOc ~r 2^kc 2 kc Og ) — 

(16.66) 
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Similarly, 



Thus, from 



it follows 



C^p^' := R^0^' - RiJ-'g^^'^ + l/10RgiJ''gp]'\ (16.68) 



-25, V)) = A^f^d'A-^'/iR^/sf + Ric'\k\^''5sf^ + i^i?(353V - 2ds'd/)). 

(16.69) 

Then 

Ca^^' = ^„^/^^'5/(i?(e'',)'- + ^R5s%n- (16.70) 
Contract it with ^"^^'A^^t" 

4Cfe't" yl"/3fe'/1^5/'Ca^T^ = A^^k'A^^fA^'/A^s/'iRi/sf + io^^sX^ = 
= (|5fe'5/ - 25fe'^5dO(|'^/<^t" - 25r^6tn{lR// + + ^i?5/5/) = 

— i^-n-fc t + g-Kfci n Ok Ot — 2^ki k Ot — 2^ fci "fc + 

= (4i?(fe't)- - ^i?4'4" + i^i?4'4" + i^i?5r4' + 8;^i?(44'4" - 4"40) = 

= 4(i?(fc't)" + ^R6(^k6t)"'), 

(16.71) 

that finishes the proof. 

16.8.6 Proof of the relations associated with the metric induced in the 
cross section of the cone Kq 

Let the cone section of Kq 

+ -W^ - - Y^ - Z'^ ^ (16.72) 

by the plane V+W=l be set. We make a stereographic projection of the resulting 
hyperboloid onto the plane (V = 0, W = 1). 

l^^^Ji^A = _ ^ , ^2 I 2 _|_ ^2 _ ^2 ^ 1 
T X Y Z V-- ' ~ y ~ ^ ^ 21/-1' 

T ^ -t{2V -I), X ^ -x{2V -I), Y ^ -y{2V -I), Z ^ -z(2V -1), 
dT = -{dt {2V - 1) + 2tdV), dX = -{dx {2V - 1) + 2xdV), 
dY = -{dy {2V - 1) + 2ydV), dZ = -{dz {2V - 1) + 2zdV), 
dS^ = dT^ + dV^ - dW^ - dX^ - d.Y^ - dZ^ = \dV = -dW\ = 
= dT^ - dX"^ - dY^ - dZ^ = {de - dx^ - dy^ - dz^){2V - 1)^+ 
+4:{tdt - xdx - ydy - zdz)dV{2V - 1) + A{t^ - x^ - y^ - z^)dV^ = 



= \tdt - xdx - ydy - zdz = -|rf(2^)| = '^grgjg^f • 



(16.73) 
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We make the substitution 

qq + rjUJ= 

rlr — (-d^ _ _2YdV_\ _ ,Y dX _ 2XdV \ _ ( dY _ 2YdV \ , •/ dX _ 2XdV \ 

"s — i,2v-i (2y-i)2/' H2y-i (2y-i)2^ '^'^ — \2v-1 (2y-i)2^ H2y-i (2^-1)2^ 

^, , _ „Y dT _ 2Td\/ _|_ _ 2ZdV \ J _ •/ dT _ 2Tdy _ dZ , 2Zdy \ 

""^ H2y--i (2y-i)2 2y-i (2^-1)2^ H2y-i (2y-i)2 2y-i (2y-i)2^ 

d<;d<; + dcudr] = _ 4_^(xdX + FdF + ZdZ - TdT)+ 

, A dy2 / y2 I v2 I 72 _ 7n2\ _ dT2-dA:2_rfy2_^^2 

(2y-l)4V^ ^ -'^ I ^ -'- J ~ (T2_X2-y2_22)2 J 

:= rfT^ - dX^ - dY^ - dZ^ = - Y'-t"'"!^ , x^ + y^ + z^- e 



(16.74) 

Therefore, there is a reason to set 



^^,^_ det{dX) ^T^x^Q (ig_7g) 



Then 

ds^ = - 

{det{X)y 

16.8.7 Proof of the first invciriant relations 

Consider the fractional linear group L 



X = {AX + B){CX + D)-\ S -.^ (^^ detS=l. 



;i6.77) 



Let there be two consecutive transformations 

X = {AX + B){CX + D)-\ X = {AX + B){CX + D)-\ (16.78) 

then 

X = {Ax + B){cx + b)-'^ = 

= {A{AX + 5) + B{CX + D)){C{AX + B) + D{CX + D))-^ = 

= {{AA + BC)X + AB + BD){{CA + bC)X + CB + bD)-\ (16.79) 

For the unitary fractional-linear transformations, we have 

X* + X = X* + X^O, 
= {AX + B){CX + D)-^ + {CX + Dy-^{AX + S)*, 
= {CX + D)*(AX + S) + (AX + B)*{CX + D) = 
= X*(A*C + C*A)X + X*{A*D + C*B) + {B*C + L)M)X + D*B + S*D = 

= x* + x. 

(16.80) 

Whence, 



A*C + C*A = 0, B*D + D*B ^0, A*D + C*B ^ E, S*ES^E, 

E\ (16.81) 
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Let 

Set 
X := 



X = YZ-\ Y = AY + BZ, Z = CY + DZ. 



Xi X2 
X3 X4 



X :-- 



Xi X2 
X3 X4 



dX 



a 

dX 



( d d \ 

dx\ dx2 

d d 

\ dx^ 8x4 / 



d 

dX 



dxi dx2 
dx3 dx4 

/ d d 
dxi dx2 

d d 
\ 3x2, 9x4^ 



dX :-- 



;i6.82) 



dxi dx2 
dx3 dxi 



(16.83) 



Then 



d{XX) = d 



dX + dX = d{X + X), 

XiXi + X2X3 X1X2 + X2X1 

X3X1 + X4X3 X3X2 + X4X4 



dXiXi + dX2X3 dXiX2 + dX2Xi 

dx^Xi + dx^Xs dx2,dx2 + x^x^ 



+ 



Xidxi + X2dx3 Xidx2 + X2dxi 
x^dxi + x^dx^ X3dx2 + x^dxi 



= {dX) X + X (dX). 

Therefore, the identities 

X ^AX + B =^ dX ^ AdX, X = X"^ ^ dX ^ -X-^ dX X-'^. 
are true. The proof of the second is that 



(16.84) 



16.85) 



XX = 1, {dX) X + X (dX) = 0, 
(dX) X + X-^ (dX) = 0, dX^ -X-^ (dX) X-\ 

Then we will obtain the identity chain 

x* + x = o, -x*=x, 

-{CX + D)*-\AX + B)* = {AX + B){CX + D)-\ 
-{AX + B)* = {CX + Dy{AX + B){CX + D)-^. 

Multiply both parts by CdX 

{-X*A* - B*)CdX = {CX + D)*{AX + B){CX + Dy^CdX, 
{-X*A*C - B*C)dX = {CX + D)*{AX + B){CX + D)-^CdX, 
{X*C*A + D*A - E)dX = {CX + D)*{AX + B){CX + D)-^CdX, 
{CX + D)*AdX - {CX + D)*{AX + B){CX + D)-^CdX = dX, 
A{dX){CX + D)-^ - {AX + B){CX + D)-^C{dX){CX + D)'^ = 
= {CX + Dy-\dX){CX + L>)-\ 
{d{AX + B)) {CX + D)-^ + {AX + B)d{{CX + D)-^) = 
= {CY + DZY-^Z*{dX)Z{CY + DZ)-^ 
Z* dXZ = Z* dXZ. 



(16.86) 



;i6.87) 



(16.88) 



Thus, the first invariant turns out. 
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16.8.8 Proof of the second invciriant relations 

Let 



or in the componentwise record 



xi = aiXi + 02X3 + 61, X2 = 01X2 + 02X4 + 62, 

X3 = 03X1 + 04X3 + 63, X4 = 03X2 + 04X4 + &4. 



Then 



d 
dxi 

d 

dx3 



d 

8X3 ' 



d 

8X2 



^ 8x3 ' 



or in the abbreviated form 



a _ AT a 
dx ^ ax 



axT 



8 8 _i_ 8 

8x4 ~ "''^8x2 ""^8x4' 



girA-' {det{A) 0). 



Now let 



X = x-\ 



or in the componentwise record 



Xi = 
Then 

8 

8x1 



X4 



X1X4—X2X3 



X2 



X2 



XIX4—X2X3 



X3 



XIX4—X2X3 



X4X4 



a 



+ 



X2X4 



8 



+ 



X3X4 



X4 



a 



XI 



XIX4—X2X3 



(16.89) 
(16.90) 

(16.91) 

(16.92) 
(16.93) 

(16.94) 



(a;ii;4— X2a;3)^ 8x1 {xiX4—X2X3)'^ 8x2 {xiX4—X2X3)'^ 8x3 (a;ia;4— i;2a;3)2 8x4 ' 



X4X3 



a 



X1X4 



X3X3 



a 



+ 



X1X3 



8 



8x2 {x\X4—X2X3)'^ 8x1 (a;ia;4— a;2a;3)^ 8x2 {xiX4—X2X3)'^ 8x3 {xiX4—X2X3)^ 8x4 



X4X2 



X2X2 



XIX4 



8x3 {x\X4—X2X3)'^ 8x\ {x\X4—X2X3)'^ dX2 {x\X4—X2X3)'^ 8x3 (x\X4—X2X3)'^ 8x4 



+ 



XIX2 



8 
8x4 



X2X3 



a 



+ 



X1X2 



8 



+ 



a 



XlXl 



a 



{xiX4—X2X3y^ 8x\ {x\X4—X2X3)'^ 8x2 {xiX4—X2X3y^ 8x3 {x\X4—X2X3)'^ 8x4 ' 

or in the abbreviated form 

8 _ _J^-1T_9^J^-1T 



ax " dx^ 
Assume that det{C) ^ 0, then 



a 



axT 



-Xg^X. 



16.95) 
(16.96) 



X = {AX + B){CX + D)-^ - AC-^ + {B- AC-^D){CX + D)-\ 

axT ^ d{cx+D)T-i ~ ^ = 

^ {CX + D){B - AC-^D)-^ ^ 



-- -{CX + D)g^C-\CX + D){B- AC-^D)-^ 



= -{CX + D)^{XC* + C-^DC*){BC* - AC-^DC*)-^ = 
= {CX + D)^{CX + D)*{BC* + AD*)-^ = {CX + D)^{CX + D)* . 



Whence, 



dX^ 



r7-l ^ /7*-l 

^ dx^^ ■ 



;i6.97) 
(16.98) 
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If now det{C) = then set 

X = X^^ = {CX + D){AX + B)-\ Z = AY + BZ, C = A, det{C) ^ 0. 

(16.99) 

If det{A) ^ then 

y— 1 d y— 1 d 

^X{AY + BZ) =1^ 7~^l= (16.100) 



-(Ay + BZ)-^x^x{AY + Bzy-^ = \X* = -X 

= {AY + BZ)-\AY + BZ){CY + DZy^^x 



X {CY + L)Z)*-i(AF + BZy{AY + BZ)*-^ = Z-^^Z*-\ 
If det{A) = then set 

X = X + D, X = X-\ X = {Ax + B){CX + D)-\ C = A + DC, det{C) 0. 

(16.101) 

It is obvious that D can always be chosen so that det{C) ^ 0. So 

Z-^^Z*-^ = Z-^^Z*-^ = Z-^^Z*-^ = Z-^-^Z*-\ (16.102) 

r)XT ^^j, g^T dXT ' ^ ^ 

that will give the second invariant. 

16.8.9 Proof of the octave alternative identity 



Let us prove the identity (14.95). If P^a = V^xaX then 



(-^/(a^Vmx + 2r7(A^V){AX))X^P®Br/ecDi'#^^^''^ = 
\gK^X^X^ SYBCoP'ly^ P^^ + -^jt^H^^ \KVe^'^ P^ b\Pk)^ 



^ry(A|err?*)$« = yi{Ar^^)'^^PeAP'BP^cP'^D = 
= {-ViA^''v^)A'' + 2r7(A^^r7*)i.^ ■ 16a'')P^bP^c = 
|5'A*5$^ + \'U{K^^'n^)K^ P^ bP^c = — |5'A*5$^ + -^Vi^^ \K\VA)<1> 



T 



r7AD^(-r/(*^^r/x)cxX^ + iP(*^r7x)i^^)P% = -^^?t*5a* + ^r7A(**r/T)x^ 



= (t^a^^X^ - r?Ax^X^^^B^^)P(vi.|A|PT)cP% = -^^7t*5a* + i^r?A(* 

(16.103) 
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16.8.10 Proof of the central Moufang identity 

Let us prove the identity (14.96). Note that r*?7$e^ and rjQy^r'^ are orthogonal 
tr ansf or mat ions . 



* n B FT <I> B r QT 
<S> B r <I> SI TT* s 

r^V^A VsA = r^me Va^ mr^ T^/^r-. 

A vA\rB _ pA vB 



;i6.104) 



Since = ti^abX^Y^ = P^bY^, then 

y V r QXY^ CDyR_^ KMN y v AB ^ LDV y v c- XCY y v 

(16.105) 

1. Right path. 

^ KMNy V yPc LDV y v c- XCY y v — 

_ yP^ AB^ XCY y v c- KMNy v c i-DV "V^ v — 
— A £:a -^XiY^B ^MJ-N^K -^LiV — 

— AB^ XCY y V ( c-KMN , r M^KN\y v c- LDV y v — 

_ yP^ AB^ XCY y y ( ^DVN v v \ ^NLDV y v v y \ _ 

= X^iepse^^ + 5pHs^ - 5p^5s^ - s^p)eA''''^ X^Yy 
{-Y^Yb + + XiF^F^Xp - X^Xb) = 
= (X^e^^^^XxFy + h^'Y^ - X^es^^'^Xxn- - e^s^'^n-) 
(-r^Fp + (5p^ + XjX^Y^Xb - X^Xb) = 
= -XsY'^XxYbYye'"''^^ + Xse^^^^FyXx + X5F^XiF^XB£^^^^XxFy- 
-X^X^Xse^^^^XxFy - r^r^F5 + Y^ds'' + y^F^XsX^F^ - F^X^X5+ 
+X^es''''''XxYyY^YB - X^ ss'"''^ XxYy - Y^XlY'' XbX^es'"''^ XxYy+ 
+X^XpX^e5^^^XxFy + F^Fpe^^^^lV - e^5^^>V- 
-F^XiF^XB£^5''''>y + X^Xse^s^^Fy = 

= -Xsy^Xx(F^-£^^) + Xgg^^^^FyXx + Xgy^y^y^x^^ - 

1 2 

- XsX^r^ - Y^^Y^Ys +Yc6s'^ + y^y^x^X^F^^ -r^X^X5+ 
+ X^FpF ^eg^^^XxFy - X^gg^'^^XxFy - 2X^y,.y ^gg^^^XxFy + 
+2 X^e^^'^^XxFy +y ^ (VgF -^5^) - e^s^^W- 

- r^x^V^Xp£^5^^iV + x^Xp5^c,^^yy = 



X^e^^^^yyXx + X^F^X^ - X^X^F^ - e^^'^'^'lV + Y'^Ss'' - F^^s^' 
= X5e^^^^FyXx-e^^5^1V. 

(16.106) 



2. Left path. 



XxFye^'^^^e^Q^^X^ = {5s^e<^'' - e^'^ s'')eRQ''^ X^XxYy = , . ^ ^ 

= X5r«X«£pQ^^ - es'^^'^^Yy. [iO.iOf) 



This is direct proof. The simpler proof based on the formula (10.1, case 2 
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16.8.11 Proof of the A-operator identities for n = 8 



Let us prove the identity (14.99) 
1. First. 



c 

(16.108) 



2. Second. 



V-i/K V clV d — £cl £k d — [dc Ol —e lc ){£kd£ — £k d ) 

— c cAB c B A cABj_A^AB_c c^B , Oc- A B 

(16.109) 



3. Third. 



On the basis of the identity (8.27) 



r/A^^r/*^Dr/^^^r^®CB = 2{g^^g'''' + 5a®5^^ - 5*®5a^), (16.110) 
we obtain 



VlA'^lAi'n^lcB'nrK'^Vn^^ = 4:griAg<f]Q, 
\A\m\CBm'^ Km^^ = 45'T[Afl'*]n + 8T]irgn][AV^], -^-^^n 
V[A\A\'^'n^]BcVr^KVn^^ = 4fl'T[Afi'vi']n, 
r][A\A\^'n^]BC'nrK'^m^^ = ^^griAg^jn + 8'r]irgn][A'n^]. 



In addition, 



r][A'^\A\V<f]CBVrK'^r]n^^ = 89r[Ag'f]n + Vr^ AVWCBiVAf^VfiK"^ = 
8gr[A9^]n + iV[A^^V^]BC + '2V[a^ \c\V'f])iV[r\A\^Vn]'^K + '2V[n\K\^Vr]] 
= ^gT[Ag<f]n - 'n[A^\A\V^]CBr]rK'^Vn^^ - '^V[^^\c\VA]V[r\A\^Vn]'^K+ 
+2r]in\K\'^rir]ri[A^^ri<i,]Bc - '^GviAg^][nVr]- 



;i6.112) 
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1 BBG^GHHe 

B CTaTb^paccMaTpHBaioTca OTBexbi na cjie^yiomHe Bonpocbi npn npoHSBOjibHOM nexHOM n > 4: 

1. Hto xaKoe ajire6pa KjiHcJ^cJ^op^a h Kax ee nocxpoHTb? 

2. Hto TaKoe BemecTBeHHaa h KOMnjieKCHaa peajiH3aiJ,HH? 

3. Hto xaKoe HHBOJiion,Ha h KaK ona noMoraex npn nepexo^e k BemecTBeHHbiM BjioaceHHSM? 

4. KaK nocxpoHTb Bein;ecTBeHHyio h KOMnjieKcnyio peajiH3an;Hio o6pa3yioin;Hx (cBHsyromnx 
onepaxopoB) ajire6pt,i KjiH(|)(|)op^a? 

5. KaK hhbojik)I];hji ^^eficTByex na oGpasyromne (cBHsyromne onepaTopbi) ajire6pL.i Kjih(|)- 
4)opfla? 

6. KaK npHBecTH KOMnjieKcnyro opxoroHajibHyio MaTpHLi;y k 6jioHHO-;i,HaroHajibHOMy Bupy^ 

7. KaK nOCXpOHTb OCHOBHbie H30MOp(j3H3ML.I (b T.H. flByjIHCTHBie HaKpblTHJl) H HHbie COOT- 

HomeHHa b 3bhom BH^e c noMomt>K) cBaayromHx onepaTopoB? 

8. KaK nocTpoHTb nacTHbie pemeHHs ypaBHeHHH KjincjDcjDop^^a ^jih cBasyromnx onepaxopoB 
npn HexHOM > 4? 

9. KaK no cB5i3yioin;HM onepaxopaM nocxpoHxt. cxpyKxypHbie Koncxanxbi ajire6p (6e3 ;i;ejie- 
hhh) rnnepKOMnjieKCHbix HHceji (ce^eHHOHOB) ^jih n mod 8 = 0? 

10. KaK BBecxH h coraacoBaxb cbsshocxh b KacaxejibHOM h cnnHopnoM paccjioeHHH? 

11. KaK nocxpoHXb anajiorH onepaxopoB Jin n KaKOBbi ycjiOBna nx nocxpoenns? 

12. KaK nocxpoHXb cnnHopBi KpHBHsnbi? 

13. KaKOBa cbhsb Me>K^y xBHcxopntiM ypaBnenneM, ^epHBau;HOHHi.iM ypaBnenHeM nopMajin- 
soBannoro rpaccMannana n KoncJiopMnbiM ypaBnenneM Knjijinnra? 

14. Hone My oxjinnaexca cnnnopHbin (|)opMajin3M npn n<8oxn>8n KaK ero nocxponxt 
fljia Majibix pasMepnocxen? 

15. KaK nocxponxb reoMexpnnecKoe npe^cxaBjienne cnnnopa ^jih IR|'2 4)? 

16. KaK nocxponxB o6o6ni;enne npnnn;nna xponcxBennocxn Kapxana c cooxBexcxBneM Kjien- 
na n KaKOBa reoMexpna xaKoro o6o6n];enna npn n = 87 

17. KaK nocxponxB cnnnopntie anajiorn onepaxopoB Jin npn n = 4 b sbhom BH^e? 
•^CTaTbH npHBe;i,eHa c HcnpaBjieHHHMH h opHrHHajibHoii HyMepai^nen CTpaHHn,. 



2 AjireSpa KjiH4)4)op^a 



B amoM napaepa(f)e paccKaaueaemcn o moM, kuk nocmpoumb eeui^ecmeeHHyn) 
2n-MepHy}o aAze6py KAUcficfjopda c npouseoAtHUM cfiyHKV^uoHaAOM G cosAacHO flS^ 
Aenuufi 13, c. 258-299]. B CAyuae, Kosda cfjyHKyuoHaA G e nodxodfim,eM 6a3uce 
UMeem duasonaAbHuu eud c odunaKoeuM KOAUHecmeoM '^ + ^U'^ — ^na 
SAaeHou duasoHaAU, o6pa3y}om,ue maKou aA2e6pu KAUcpcpopda nopocHcdatom o6pa3y- 
mm,ue KOMnAencHou n-Mepnou aAse6pu KAUcpcfiopda, Komopafi usoMopcpna aAee6pe 
KOMHAeKCHUx Mampu% C(25). Bueod ecex pesyAbmamoe amozo napazpa^a cdeAan 
Ha ocHoee 118]. 

HycTb V - BeKTopHoe npocTpancTBO na^ M. Tor^a V Sy^ex Mo^yjieM na^ M: 1). a(x+y)=ax+ay, 
2). (a+b)x=ax+bx, 3). (ab)x=a(bx), 4). 1- x=x, r^e x,y G V, a,b G M. PaccMoxpHM b ajire6pe 
To(V) = To%V) © ... © To'^(V) © ... H^eaji 

J{G) := {T®{x®x-^G{x)y, T eTo(y),x eTo\V)} (2.1) 

H onpe^ejiHM ajireGpy KjiH(|)(|)op^a KaK GL{G'^^) := To(V)/J(G'). HocTpoHM npe^cxaBjieHHe 
xaKoii ajire6pL.i b ajire6py MHoroHjienoB 

a : V I — > A, a: To(V) i — > A, 

^ ' (2.2) 

a(V) = B^x^, «(To(V)) =A + B^x^ + C^^x^x^ + ... . 



3flecb H ^ajiee A, ... = l,2n. Hycxt. xenepb BBinojiHeno ce{J{G)) = ^jia neKoxoporo 

oxoGpajKeHHa a : GL[G) \ — > GA. 3xo 6y^ex osHanaxb, hxo 

X ^x {j, -\- X q,x ^ = G(a;^, x (2.3) 

HosxoMy (|)opMa G(x^, x^) b no^xoflsmeM 6a3Hce HMeex flHaroHajibHbifi bh^. Hycxb ^jis xaKoro 
6a3Hca BBinojiHaioxca cooxHomeHHH 

xxx^+x^xx = Q, (A^^y, x/ = ±l, (2.4) 

HTO onpejiejinT oxoGpajKenne 

a(C/(G2")) = A + B^xx + G^^^^x^x^ + ... (2.5) 

B CBOK) onepe^B, 3xo osHanaex, hxo ajire6pa KjiH(|)(|)op^a KOHenna h dim GL{G'^"') = 2^", dim V 
2n. HocxpoHM xenepb KOMnjieKcnyio ajireGpy KjiH(|)4)op;];a GL{g^). /^Jia sxoro paccMoxpHM Be- 
mecxBCHHyio ajireGpy KjiH(|)(|)op;i,a CL(G^^^^). 'Bjj\eM cHHxaxb, hxo (x2a)^ = 1, (x2A-i)^ = 

a/22;a = X2A + «X2A-1, a/2za = X2A - «X2A-1- (2.6) 
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Sflecb H flajiee A, ^, ... = l,n. Torfla 

2{zaz^ + z^za) = {x2A + ix2A-i)(a:^2* + ix2^-i) + {^2^ + ia:;2vi/-i)(a:;2A + ix2A-i) = 

= X2AX2'f — X2A-ia;2*-l + ^(X2A-1X2^ + a;2Aa:2<i'-i) + 

+ a;2*a;2A - a;2*-ia;2A-i + «(2^2*-i2;2A + a;2*a;2A-i) = 
4, A = *, 

0, A 7^*, 

2(^A^* + ZqfZA) = (x2A + iX2A-l) {X2^ " ia;2*-l) + (2^2* " iX2^-l) {X2A + «2^2A-l) = 

= a;2Aa;2* + 2;2A-ia^2*-i - 'i{-X2A-iX2^ + a;2Aa^2*-i)+ 

+ X2-q/X2A + 2^2*-l2;2A-l " «(a;2*-l2;2A " a;2*2;2A-l) = 0, 

(2.7) 

ZAZ^s, + z<s,za = gizA,z^). (2.8) 

no3TOMy 4)aKTopH3ai];Ha KOMnjieKCHofi ajire6pM Tq{V'^) — ro(V''')(^) no H^eajiy J{g) — {T <S) 
{z (S> z - lg{z)); T e To{V^), z e To^{V^)} onpe^ejiHT KOMnjieKcnyio ajireSpy CL{g'^) = 

Uv^)IJ{g)- 



(2.9) 



TeopeMa 2.1. JH^ah a/iseSp Kjiu^fiopda cymecmeyem paaAootcenue 

CL{G^^Zllo)) = ^^^(^(2%)) ® ^^^(^^(2,0)). CL{g-) = CL{g--') ® CL{g') 
c yMHOCHceHueM a ■ b = {d, d) ■ {b, b) = {db, db). 
/^OKaaameA'bcmeo. HycTb - 6a3HC V^", a X2n+i-iX2n+2 - 6a3HC b 

X'^X^ + X^XX = 0, {A^ {x2aY = 1; (2^2A-l)^ = "1, 

X2n+lX2n+2 + X2n+2X2n+l — 0; (a^2n+2)^ = "1; (3:^2n+l)^ — 1- 

3to flacT BOSMOJKHOCTb onpeflejiHTb Saanc b y^""*"^ xax 

— 3;;iX2n+l2^2n+2, ^2n+l = X2n+2, -^2n+2 = a;2n+l (2-11) 

C yCJIOBHflMH 

X^X^ + X^X^^O, (A^^), (X2Ay^l, (X2A-i)^ = -l, ^2 12) 



(2.10) 



B 3T0M ypaBHeHHH A — l,n + 1, A — l,2n + 2. 
Tor^a fljifl jiioSoro a e C'-^(G'(^+i „+i)) BbmojiHeno pasjioJKeHne 

a = ai-^2n+2-^2n+l + ^2-^271+2 + 0,3^2n+l + ^4 = 
= ai (g) X2n+lX2n+2 + 02® X2n+1 + 03® X2n+2 + 04 ^ 1- 



(2.13) 



npoBe;];eM saMeny 6a3Hca 



l/2n+l — {X2n+1 + 3;2n+2)/2, y2n+2 — {X2n+1 — X2n+2 )/2, 
(l/2n+l)^ = 0, (l/2n+2)^ = 0, 2y2n+iy2n+2 = 1 - X2n+lX2„+2- 



(2.14) 



Tor^a pasjiojKeHHe (2.13) npHMex bh^ 

a = (-ai + a4)?/2n+ll/2n+2 + (^2 + a3)Z/2n+l + (^2 " a3)y2n+2 + («! + a'4)y2n+2y2n+l- (2.15) 

CjieflOBaxejibHo, jiioGoh sjieMenx a G CLIG"^^ paajiaraexcH KaK 

a = aiX2n+lX2n+2 + a23^2n+l + Ci3X2n+2 + di = 

-ai + a4, 02 + 03 \ / y2n+iy2n+2 \ (2-16) 
02-03 Oi + O4 / I ?/2n+l 



y2n+iy2n+2 l/2n+2 



a fljis jiio6t.ix flByx sjienenxoB o, 6 G C*-^(G'^^+i „+!)) BbinojiHeno 

C:=a-b = (Oi (g) X2„+lX2„+2 + O2 ® X2n+1 + 03(8)X2„+2 + 04(8)1)- 

■{bi(g)X2n+lX2n+2 + &2 ® a;2n+l + &3 ® a;2n+2 + &4 ® 1) = 

= (02&3 - O362 + O164 + O461) (^X2n+lX2n+2 + (02&4 + O462 " O163 + O361) (g)X2n+l + 
V ' ^ ' 

:=ci :=C2 

+ (03&4 + O463 - O162 + O2&1) ®a;2n+2 + (0161 + O464 + O262 - O363) 



— ^ V — 

:=C3 :=C4 



B xo >Ke BpeM5i ^jia jiioGbix p,Byx 3jieMeHxoB o, 6 G CL{G^^^ j^^) Bepno xojK^^ecxBo 



(2.17) 



c := a ■ b 



-Oi + 04 02 + 03 \ / -bi + 64 62 + &3 
02 - O3 Oi + O4 / \ 62 - &3 &i + ^4 



O161 — O164 — O461 + O464 + O2&2 + Ct3&2 — Ct2^3 ~ ^3^3 
— O261 + O361 + O264 — O364 + O162 + O462 — O163 — O463 

-O162 + O462 - O163 + O463 + O2&1 + O361 + O264 + O364 
O2&2 — 03^2 + 02^3 — «3^3 + + «4^1 + «1&4 + 04^4 

-Ci + C4 C2 + C3 
C2 - C3 Ci + C4 

(2.18) 

Hxo ^acx B03Mo>KHocxb nocxaBHxt. B cooxBexcxBHe o6pa3yioiri,HM ajire6pBi KjiHcjDcjDopfla CLIG"^^ 
Hx MaxpHHHoe npe^cxaBjieHHe 









f 




; 




7 2;2n+2 — 




; 




) 









X2n+i = \ , a;2„+2 = • (2.19) 
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3to osHanaex, hto p^jifL jiio6l.ix p,Byx sjieMenxoB a,b E n+i)) ^ anajiornHHOM Max- 

pHHHOM npe^cTaBjieHHH ci,C2,C3,C4 G CL{G'^^^-^). AnajiorKHHo ;];oKa3t.iBaioTCH h jxea. ;i,pyrHx 



npeflCTaBjieHHH . 



□ 



TeopeMa 2.2. KoMUAeKcna^ aAse6pa KAUcfjcpopda npu nerriHOM n usoMopcpna aAse6pe kom- 
nACKCHUx Mampuv^ euda 

CL{g) ^ C(2"/2). (2.20) 



JJoKasameAbcmeo. /Joonpe^ejiHM, corjiacya c ^^OKasaxejibCTBOM xeopeMbi |2.1 

Zn+lZn+1 = 1; Zn+lZn+1 = iX2n+lX2n+2 = 
^n+2^n+2 = 1; ^n+2^n+2 = iX2n+3X2n+4 = ~^n+2^n+2; 
Zn+lZn+2 + ^7i+2^n+l = 0. 



IIocTaBHM B cooTBCTCTBHe o6pa3yioiri;HM CL{G^2 2)) MaTpHHHoe npe;];cTaBjieHHe 



(2.21) 



2^2^+2 



X2n+4 



\ 



10 

1 

10 
10 
1 \ 

0-10 
0-1 

1 y 



X2n+l 



( 



2^2n+3 



1 n \ 



-10 

1 

0-1 
10 
10 



l\ 



(2.22) 



Torfla oGpaayiomHx CL{g ) b GasHce, nofloGnoM 6a3Hcy npHMepa 3./ , nojiynHM 



V2 



1 + i 



Zn+l 



, 72, 



l-i 



Zn+2 



(2.23) 



l-i 1 \ l+i 

HTO H flpKaTKeT Hamy xeopeMy. B o6iri;eM BH^e ^annoe cooTBexcTBHe 6y^eT nocTpoeno HHJKe. □ 

TaKHM o6pa30M BemecTBeHHaa ajireGpa KjiHcJacjDop^a CL(G^^^^) HsoMopcJana BemecTBeHHoii 
ajire6pe MaxpHn; pasMepHocxH n 



(2.24) 



IIosTOMy cymecTByex oTo6pa>KeHHe 



7 : M(2" 



\2n 



(2.25) 



""^C TOHHOCTbK) ;i,0 MHOJKHTejIH X I >■ ^^2;^, Z\ 



V2 
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Ha ocHOBaHHH (2.3) onepaTopt.1 7^ ;i,oji>KHt.i Heo6xo;];HMO y^noBjiexBopHTb ypaBHeHHio 



lAl^ + lilA = Ga^, (2.26) 

KOTopoe H HasbiBaexcH ypaBHCHHeM KjiHcjDcjDop^^a. B to jKe BpeMH KOMnjieKcnaa ajireGpa Kjih(|)- 
(|)op^a npe^cxaBjiaexca MaTpHHHofl ajireGpoii BH^a B KOMnjieKCHOH aji- 

re6pe KjiHcjacjaopfla flejiernpyex MaxpHHHoe yMHOJKeHHe b 

C(2"/2). nosxoMy MOJKHO nOCXpOHXt. 

oxo6pa>KeHHe 

7 : C(2"/2) ^ (yC)". (2.27) 



Hs (2.8) cjiepjeT, hxo onepaxopbi 7a ppjiyKSbi Heo6xo;];HMO y^^oBjiexBopaxb KOMnjieKCHOMy ypaB- 
HeHHio KjiHcJ)cJ)opfla 

7a7* + 7^ 7a = 5'A*- (2.28) 



3 KoMnjieKCHaa h Beiii,ecTBeHHbie peajiH3aii,HH 

i? amoM napazpacjje paccKasueaemcR moM, nan no eemecmeeHHOu peaAusav^uu 
2n-MepHoso nceedopuManoea MH020o6pa3Ufi co caormu nacameAbHoso paccAoenufi, 
U30Mop(f)HUMU AOKaAbHO nocmpoumh 620 n-Mepnoe KOMUAeKCHoe npedcmae- 

ACHue. /Jasi amoso cmpoumcfi coomeemcmeyioinasi KOMnAeKcnasi penapaMempusa- 
UUfi amAaca e OKpecmHocmu HeKomopou uiohku, umo undimupyem e nacameAbHOM 
paccAoenuu onepamopu HeucpeAhda flS^ - cesisauHue c a(f)cf)UHopoM Hopdena fT7^ . 
CoomeemcmeeHHO, e cnuHopnoM paccAoenuu c6fi3y}om,UMU onepamopaMU 7^^ uh- 
dimupymmcfi c moHHOcmtm do snana anaAosu onepamopoe HeucfjcAhda. 3mo dacm 
eosMOCHCHOcmb nepeumu k KOMUAeKCHOu peaAusav^uu ceHsywmux onepamopoe 7a. 
Bueod ecex pesyAbmamoe amozo napaspacjja cdeAan na ocnoee JW^ . JTTj - 

H.of\ KOMnjieKCHbiM anajiHXHHecKHM pHManoBbiM npocxpancxBOM CVn b ^^ajiBHefimeM Gy^eM 
HOHHMaxb anajiHXHHecKoe KOMnjieKCHoe MHorooGpasne, cnaG^KeHHoe anajinxKHecKofi KBa;i,pa- 

XHHHOH MexpHKOH, X.e. MexpHKOH, Onpe^ejieHHOH C nOMOmbK) CHMMexpHHeCKOrO HeBbipOJK^eH- 

Horo xeH3opa g\^^ (s^ecb A, ^ , ... = 1, n; A, ^ , ... = 1, 2n), Koop^HHaxbi Koxoporo - anajiH- 
XHHecKHe (|)yHKn;HH Koop^nnax xohkh. 3xoMy xensopy cooxBexcxByex KOMnjieKcnaa pHManoBa 
CBasHocxb 6e3 KpyneHKH, K034)4)Hii,HeHXL.i Koxopoit onpeflejiaioxca CHMBOJiaMH KpncxocJ^ejia h 
nosxoMy hbjihioxch anajiHXHHecKHMH cJ)yHKii;H5iMH. KacaxejibHoe paccjioeHHe sxoro MHoroo6- 
pasHH r'^(CV^) HMeex cjioh = CM", xo ecxb cjioh, H30Mop(|)HL.ie n-MepnoMy KOMnjieKCHOMy 
eBKjiH^OBOMy npocxpancxBy, MexpHKa Koxoporo onpe;];ejiHexc3 SHaneHHeM MexpH^ecKoro xen- 
3opa B jiaHHOR xoHKe. BemecxBCHHaa peajiH3an;Ha namero CVn HMeex KacaxejibHoe paccjio- 
enne r^(V2n) co cjiosmh, H30Mop4)Ht.iMH M^^^^. Hycxb na V2n 3a^aH axjiac (U ; x^). PaccMoxpHM 
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penapaMeTpH3aii,Hio 3Toro axjiaca {U]w^) xaKyio, hto = -^{u^ix^) + iv^{x^)), KOTopaa 
jiOKajibHO paapeniHMa xax — x^{u^,v^). IIojiojkhm 

A - J_f^ .dv^._dw^ ^ _ J_ dx^ _ .dx^ dx^ 

Tor^a 

^ 1 du^ dx'^ dv^ dx'^ dv^ dx'^ du^ dx'^ 

:=m^mA = 2^^:^ + ^ g^) + ' d^))^ (3.2) 

" V ' " V ' 

—°A —-JA 

HTO oiipe/j,ejmT KOMiuieKCHyio CTpyKTypy f Ha V2n, rfle ^/i* " a(J)(J)HHop Hop/j,CHa. Oiipe/j,ejmM 



m ^ := m* ^ h nojioacHM 

A _ ;( 1 du^ dx^ dv^ dx^ du^ dx^ dv^ dx^ 

" V ' 

=0 

- A A 1 , , du^ dx^ dv^ dx^ , , du^ dx^ dv^ dx^ . . , ^ , 

=2(5* A 

OTKy^a 1^ 1^ = (nocKOJibKy = 5^*'^;* h li*' = a Tensop 5^*' HMeeT eflHHHHHyio 

MaTpHii,y) . CjieflOBaTejibHo 

ecTB ycjiOBHa KomH-PHMana, ecjiH b ^aHHOM 6a3iice KOMnjieKCHaa cxpyKiypa HMeeT KanoHH- 

HeCKHH BHfl 

r^e E - eflHHHHHafl MaTpHi];a paaiviepa n x n. JlerKO npoBepHTb, hto = — Ecjih Tenept 
noTpeGoBaTb, htoGbi xapTbi CV^ 6bijih corjiacoBanbi rojiOMop(J)HbiMH npeoGpasoBaHHaMH, to 

TaKHM 05pa30M MOJKHO OTO>K/],eCTBHTb /J,Ba MHOrOoSpaSHH: C-Vn H V2„. HpH 3TOM MOJKHO IIO- 

CTpoHTb H30Mop4)H3M MejKfly cjiosMH KacaTejiBHBix paccjioeHHH: r'^(CKi) H T'^(V2n), TaK ace 
KaK H MejKfly cjioamh hx Beii];ecTBeHHi>ix peajiHsai^Hfi: r*{CVn) h T'^(V2n)- 

HycTB B TOM ace Saance, b KOTopoM KOMnjieKCHaa CTpyKTypa HMeeT KaHOHnnecKHH bh^, 
Kama MeTpHxa TaKaa 

/ R n \ 

(3.7) 

r^e E - eflHHHHHaa MaTpHn;a pasMepa nxn. 3a cooTBCTCTBHe i — > C V„ oTBenaioT cneii;Hajib- 
Hbie onepaTopti niA^, m^^, KOToptie no onpeflejienHio flOJiacHbi y^OBjieTBopflTb cjieflyioii],eH 
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CHCTeMe ypaBHeHHH 



< m\^m^' ^ — 0, 



(3.8) 



Torfla H3 cpeflHero ypaBHeHHs Gy^eT cjie^oBaTb 



OTKy^a 



onflTb ecTb ycjiOBHfl KoniH-PHMaHa. IlosTOMy b npncyTCTBHH mbtphkh Gji^ na 
njieKCHoii peajiH3ai];HH HHflyii,HpyeTCfl MeTpHxa 



(3.9) 



(3.10) 



B KOM- 



(3.11) 



B CTaH/j,apTHOH KOMiijieKCHoii pca.;iii3aij,HH (r^e bmccto iipocTpancTBa GepexcH npocTpan- 

CTBo M^") noflpaayMeBaeTca, hto ^^a'*' = ^A'*' = 0, h 3to npHBOflHT k spmhtobocth mctphkh 
fl'A'*- OflHaKO, B HameM cjiynae cjie^yeT BOcnojiBSOBaTbCfl ycjiOBHSMH 



5'A'* = ^A*' = 0. 

3to npHBCfleT k neKOToptiM orpanHHenHflM na MeTpHnecKnii Tenaop 

= gK'^arh^' Q-m^ Q = {G X(^rhA'^mii,^)m^' qTU^ q = G x^irhK'^fh^' Q){rnii,^m'^ q) 
= G;i^•|(5^^-^//).|(5e^ + ^//) = 
= \{Gne + Un^fe^G^^) +t{{f/G^^) - (//G^^))) = 0. 



(3.12) 



(3.13) 



=0 



=0 



no3TOMy Hama nceBfloeBKjiHflOBa MexpHxa c KaHOHH^ecKOH KOMnjieKCHoii cxpyKxypoH y^oBjie- 
TBopaeT ypaBHeHHK) 

fn^Gji^^fQ^^-G^Q, (3-14) 

e \ I E Q \ ( Q -e\ I E 
-E Q I \ q -E I ^E Q I \q -E 
KpoMe Toro, Sy^ex BbinojiHeno 



Ga^= m^A'^^ ^9A<f + m^' xrn^' ^g^'^"- 



^A' - 



(3.15) 
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Example 3.1. IIpu n=l Bah ^-^ 



rriA 



^ — J_ 

V2 



(1,.), (m^)/ = ^ 



1 



— 1, 









^ l\ 


^AW — 






[ -1 ) 




{0 -1 1 







(3.16) 



Tenepb onepaTopbi (3.8) mojkho npHMeHHTb k onepaxopaM (2.25). J\jisl axoro paccMoxpHM 



pasjiojKeHHe npn n=2 (N=l) 



(3.17) 



^OKasaxejibcxBo sxoft 4)opMyjiL.i Gy^nex jiSiRO b cjie;];yioiri;eM naparpa(|)e (6.13). Hs (3.17) Gy^nex 
cjie^oBaxb 

A^^^ = ^(5/ + ^/^^)7^ = 



^ ■' ^ 



(1+^) = , (1-0 



^ ^ 



=A_ 



=A_ 



= A+7^A+ + A„7^A. 
3xo osHanaex, hxo mojkho hojiojkhxl. npn n=2 (N=l) 



-Aj- - S 



-Aj- - B 



(3.18) 



(3.19) 



3flecb yi, 5, (7, l),... = 1,4, A,B,C,D, ... = 1,2. SaMexHM, hto mojkho bbccxh onepaij,Hio 
conpajKCHHa (ne KOMnjieKCHoro!) xaxyio, hto onepaxopt.1 m± (m±) h m=p (m=p) oxHOCHxejitHO 
xaKoii onepan;HH 6y^yx conpHaceHbi ^pyr ^pyry. Cjie^oBaxejibHO, b KanecxBe onepaxopoB 7a 

MOJKHO B3HXb JIh6o 7+ A, JIh6o 7_a 



(3.20) 
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Example 3.2. IIpu n=2 d^n ™^ 



(2,2) 



mA 



^ — J_ 

V2 



1 i 
1 i 



V2 



G 



Air 



\ 



10 
0-100 
10 
-1 



1 

-i 

1 

-i 
( 



\ 



1 

1 



' 3 A 



J 



\ 



10 
-10 
1 
0-10 



7^ onpedeACHU cosaucho (2.26), 7a onpedeAenu cosAacno (2.28). 

1 i 



m^^ := m+^^ = m+^^ = ^ 



[m 



T\ A _ (^T\ A _ (^T\ A _ I 



7h-/ = m_^^ = ^ 




A 



(m 



IB 



[m 



IB 



1 



1 



V 



V 



(3.21) 



(3.22) 



i 
1 
-IJ 
^ 1 ^ 
-10 
1 
10 

Kcmamu, amo em,e pas soeopum o moM, umo onepamop F HeAfiemcH MampuHHUM KopneM 4 



cmenenu us eduHuu,u. Keadpam F"^ coomeemcmeyem e npocmpaHcmee 2) ''^pueuaAhHOMy 
npeo6pa3oeaHUK), yMHOCHceuHOMy na -1. 

B cjiynae npoHSBOJibHoro n ajiropHTM noHHJKeHHs cnHHopnoii pasMepnocTH cjie^yiomHH. 

AjiropHTM 3.1. KoMHAeKCHafi cmpynmypa npedcmaeuMa e eude npouseedenusi aAeMenmap- 
Hux npeo6pa3oeaHuu pasMepnocmu Ax A. Kaofcdoe I-oe aAeMenmapHoe npeoBpasoeanue nopootc- 
daem ceou onepamop {mi)\^, Komopuu omeeuaem aa nepexod om eem,ecmeeHHOu peaAU3a%uu 
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nodnpOCmpaHCmea {Rl)^2 2) ^ ^(2n 2n) KOMUAeKCHOU peaAU3a%UU (C/) C R(J^n-2 2n-2) ® (^-f) 

u, CAedoeameAbHO, noHuotcaem pasMepHocmb npocmpaHcmea na 2. CoomeemcmeeHHO, e cnu- 
HopHOM npocmpaHcmee seHepupytomcsi onepamopu ttlj^, ttlj^, cnocoBnue noHusumb pasjuep- 
Hocmt cnuHopH020 npocmpaHcmea e 2 pasa. OneeudHO, umo mpe6yemcfi n/2 manux mazoe 



(/ = 1, f )• 9mo noHusum cnuHopnym pasMcpHocmt e 22 = 2N pas u npueedem k komuackc- 
HOMy MampuHHOMy npedcmaeACHum pasMcpnocmu 2N x 2N . Upu smoM onepamopu rhj^, rhi^ 
6ydym ydoeAcmeopfimt CAedymm,UM coomnomcHUfiM 



< rhi^^^mi^'^^ = 



3decb dAR I maza A, B, C, D,... = 1, ^"^fj^ , A,B,C,D 



B ^* ^ A 



nocmpoumh onepamopu (mj^ := mj^j^ , m*j^ := mj^ jj) 



"a ' 



(3.23) 



Ij^^^r-. Toeda mochcho 



Mk '■= rnn msi„i 

2 zn 2 zn 
1 "2"" 



■...■1712 rrii Mk := m*u m*u_^ 

I 2 z n 2 z n 

7 7" 



■ ml m; 



(3.24) 



zde zj {J = 1, |) paeno npu eu6ope snana <^ — ^ uau 1 npu eu6ope snana <^ + mozda 

n 
2 

K = 'Y^ zj ■ 2'^~^ + 1. C noMoinhw amux onepamopoe momcho onpedcAumh 
j=i 



(7k)a := Mx(mA^7^)M 



K- 



(3.25) 



CooTBeTCTByiomHH npHMep 6yp,eT pasoGpan Hnace (ajiropHTM 8.1) 



4 BemecTBGHHbie Bjio:»ceHHH. Hhbojik)li;hh 



B amoM napaepacfie paccnaaueaemcfi moM, nan e KOMnAeKCHyw peaAusav^un) 
CVn 2n-MepHoso nceedopuManoea npocmpancmea AonaAbuo eAocucumb deucmeu- 
mcAbHoe n-Mcpnoe (nceedo-jpuManoeo npocmpancmeo. JJ,Afi amoso paccMampuea- 
emcR eeiu^ecmecHHasi noeepxHocmt e CVn c eeiu,ecmeeHHOu napaMempusav^ueu. 
9mo undyyupyem e KacamcAhuoM paccAoenuu onepamop eAootccHusi Hi^ /73]/ . c 
noMom^hK) Komoposo mochcho noAyuumt caou eeiu^ecmecHHOso KacamcAbHoso pac- 
CAOCHUfi, CHaBofccHHUu (nceedo-)eeKAudoeou McmpuKou. Cusnamypa manou juem- 
puKU 6ydem cymecmecHHO saeucemb om euda onepamopa eAootccHUfi. Bueod ecex 
pesyAbmamoe amoso napaspacfja cdcAan na ocnoee /73|/ . 
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BemecTBeHHoe (nceB;];o-)pHMaHOBO npocTpancxBO Vn Sy^neM paccMaxpHBaTb KaK noBepx- 
HocTb BemecTBeHHoii pasMepnocTH n b npocTpancTBe CVn, T.e. onpe^^ejiaxb c noMombio napa- 
MeTpHHecKoro ypaBHeHHsi 

w'' = w''{u'), (A,^,...,z,j, ^7,/i = T;^), (4.1) 

rfl<e - KOMnjieKCHbie Koop^^HHaxbi tohkh x 6a3bi, aw* - napaMeTpbi: jioKajibHbie Koop;];HHa- 
TL.I TOHKH npocTpancTBa Vn- HacTHbie npoHSBo^Htie (diW^ =: Hi^) onpe^ejiHioT jioKajitHoe 



BjiojKeHHe BemecTBeHHoro KacaxejibHoro npocxpaHcxBa noBepxHocxH (4.1) b KOMnjieKCHoe Ka- 
caxejiBHoe npocxpancxBo cjieflyioiri,HM oGpaaoM 

H:rf^ , (4.2) 

(4.3) 



r^e flHc|)c|)epeHii;HpoBaHHe Be^exca Bflojit. BemecxBeHHofi kphboh 7(t) noBepxHocxn (4.1). Tax 



KaK MaxpHn;a || Hi^ || ecxb HeBbipojKfleHHas sKoGneBa MaxpHii;a, xo cymecxByex onepaxop if* a 

n \rii — Ok , 

(4.4) 

Oxciofla cjie^yex, hxo onepaxop Hi^ onpe^ejiaex b KOMnjieKcnoM npocxpancxBe hhbojiioii;hio 

^A*' = W^H,"', (4.5) 
r^e Koop^HHaxbi Hi^' KOMnjieKCHO conpaaceHbi Koop^HHaxaM ifj*. HosxoMy 



= H\r^ = H\r^ ^ 5a*V^ = f*'. (4.6) 
3xo ecxb HeoGxoflHMoe h flocxaxoHHoe ycjioBHe xoro, hxo BCKxop G Sy^ex Bein;ecxBeHHL.iM. 

HpH 3XOM 

5a*' 5*,* = 5a*. (4.7) 
MexpHKy Vn (BemecxBCHHoro (nceBflo-)pHMaHOBa npocxpancxBa) onpe^ejiHM ycjioBHeM 

(^^^rV* = QA^r^r"^, Vf*' = 5a*V^. (4.8) 

3xo osnanaex, hxo Bein;ecxBeHHi>iH xensop npocxpancxBa Vn onpe^ejiaexca KaK xensop, caMo- 

COnpaJKeHHblH OXHOCHXejIbHO yKaSaHHOfl SpMHXOBOfl hhbojiioi^hh 



QAq, = S'a* S<!,^ g<l>'0'- (4.9) 
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rioSTOMy TCHSOp 



9ij '■= Hi^Hj^ gA-^ = Hi^Hj'^gA'^ 



(4.10) 



\ 



H. 



( 



Gy^ex MexpHHecKHM xeHsopoM C CV^. Bh/i; mcxphkh cymecxBeHHo saBHCHx ox cxpyxxy- 
pbi onepaxopa iJj^ h, cjie^oBaxejibHO, ox xensopa HHBOjiion;HH S'a*'. 

Example 4.1. Uycmh UMeemcfi KOMUAeKCHO-eeKAudoeo npocmpaHcmeo CM^. OnpedeAumh 
eAoofcenue deucmeumeA'bHoso npocmpaHcmea e KOMnACKCHoe mochcho mpeMsi cym,ecm6eHH0 
pasAUHHUMU cnoco6aMU 

/ 1 ^ 

10 
i 
i 
10 
10 
10 

1 y 



1 ^ 

10 

10 

1 y 



v 



1 








o\ 





i 














i 














' ) 



( 



9ij 



10 
10 
10 
1 



9ij 



\ 

1 

1 
0-1 





9ij 



1/ 



1 
-1 










(4.11) 



5 3jieMeHTapHbie npeoGpaaoBaHna opToroHajibHoii rpyn- 
nbi 

B smoM napaspacfje paccKasueaemcsi o moM, nan npueecmu nceedoopmosoHaAh- 
Hoe npeo6pa3oeaHue k BAOHHO-duazonaAbHOMy eudy, a sameM nepeumu k KOMUAeKC- 
Hou peaAusayuu maKozo npeoBpasoeanufi. Bueod ecex pesyAtmamoe amozo napa- 
epa^a cdeAan na ocnoee [Wf . [Wf . 

PaccMoxpHM opxoroHajiBHBie npeoGpaaoBaHHsi b npocxpancxBe M.f"'^, Koxoptie aa^aioxca 
cooxHomeHHeM 

HpH 3XOM, 6a3Hc BBiGepeM xax, hxo || G^^ \\ 6yflex hmcxb b hcm ^HaroHajiBHtili bh^. 
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TeopeMa 5.1. KoH(popMHue npeoSpaaoeanuH npocmpaHcmea oSpaaymm dpynny 0{n, n), 

cocmofim,y}o us: 

1. 6pam,eHuu us 0{n — l,n — 1), 3. mpancAsiyuu, 5. cynepnosuuuu 1-4- 

2. duAamayuu, 4- uneepcuu, 

Tozda AwBoe npeodpasoeanue us 0{n,n) npedcmaeuMO e eude npouseedenuH SAeMCHmapHux 
npeoBpasoeanuu 

Sa,'''' = ±n(±(r/)i,(r.)^-^ - 5^/-^), {r,)^^{r,Y' = ±2. (5.2) 
1=1 



JH^OKasameAhcmeo. 3jieMeHTapHt.ie npeoGpaaoBaHHa hs (5.2) ^eficTBHTejibHo opToroHajibHbi 



(±r^r^ - 5/)(±r^r^ -S^'') = (±2)r^r® T r^r'' T rp-^ + 5/ = 5/. (5.3) 



OGbiHHbie BpameHHa hs rpynnbi 0(2) npe;];cTaBHML.i b BH;];e (5.2 ), npn stom, = a/2(cos |, sin " 



2 ^' 



H HMeexca ^Ba necBasHBix Kjiacca Bpain;eHHH 



. cos a sma \ / cos a sma , 

a). I ,6). |. (5.4) 

sin a — cos a I \ — sin a cos a 

0;];HaKO npeo6pa30BaHHe b). nojiynaexcH cynepnosHi^nefl pfijx npeoGpasoBannfi ns a). 

1. npeo6pa30BaHH3 hs rpynnbi 0(1, 1) npe^^cxaBjiHioT co6ofi 6ycT o;];Horo h3 4 BRflpB 

che she \ I die -s\ie 

a). \ , h). 

die c\ie / \ sh^ -ch^ 



-che she \ -die -she 

c). I , d). 

-she che / \ -she -die 



(5.5) 



HpeoGpasoBaHHe b). npe^^cxaBHMO b bh^^c (5.2), vj^e = v^(ch|, sh|). IlpeoGpaso- 



Banne a), ecxb cynepno3Hn;Ha ^Byx npeoGpaaoBaHHH BH^a b). IIpeoGpasoBaHHH c). h d). 
oTjiHHaioTCH jiHint snaKOM ox npeoGpasoBaHHH b). n a). cooxBexcTBeHHo. 3xhm ohhcbi- 
Baioxca 4 necBSSHbie KOMnoHenxbi rpynnbi 0(1, 1). 

2. Hycxb o^HOMepnas flHjiaxan;H5i b M} hmccx bh^: x = \x. PaccMoxpnM cbcxoboh Konyc 
B IR^]^2)' saflaHHbiii KaK — — X"^ = 0. PaccencM ero hjiockocxbio T + Z = 1, a 
aaxcM BbinojiHHM cxepeorpa(|)HHecKyio npoeKii;Hio ceneHna na npaMyio T = 1, Z = 0, 
Hxo HH;i,yn;Hpyex o^^HOMcpnoe npocxpancxBO M} c e;i,HHCXBeHHOH Koop^HHaxofi x = jc^. 
Torjia T+Z = X{T+Z), T — Z = X^^(T—Z), X = X. Hpn A > j^aHHoe npeoGpasoBanne 
GjflfiT GycxoM BRjiSi a).; npn A < ;];aHHoe npeoGpaaoBaHHe 6y;i,ex GycxoM Bnjia d). 
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3. PaccMOTpHM TpaHCjumHK) X = X + a iipocTpaHCTBa M}. 3to iipHBe^eT k cooTHomeHHaM: 
f - Z - Z, f + Z^ T + Z + 2aX + a'^{T - Z), X ^ X + a{T - Z). HenoflBHJKHbiM 
BeKTopoM flaHHoro npeoSpaaoBaHHfl Sy^eT HSOTponHbiii BexTop BH^a (6,0,6). HnKaKHM 
nceBfloopToroHajiBHbiM npeoGpasoBaHHeM neBOSMoacHO nepeBecTH HSOTponHtiii BexTop b 
HeHSOTpoiiHbiii, iiocKOjibKy TaKHe iipeo5pa30Baiii4H coxpaHHiOT BejiHHHHy — X"^ — Z^ 
HeH3MeHHOH. 9to osHanaeT, hto HeB03Mo>KHo noflettcTBOBaTb TaKHMH npeoGpaaoBaHH- 
aMH Ha 6a3HC Tax, htoGbi HSOTponHbiii BexTop 6i>iji nanpaBjien BflOJit HenaoTponHOH 
KoopflHHaTHOH ocH. OflHaKO, 3T0 He MemaeT pasjiojKHTb flHjiaTai];Hio na sjieMeHTapHbie 
npeoGpaaoBaHHs: Bpainenne, 6ycT h eiii,e o^ho Taxoe jkc Bpaiii,eHHe. fl^Jia. SToro b xanecTBe 
BpameHHa BosbMeM sjieMeHTapnoe iipeo6pa30BaHHe 



v 



1 

coso; 
sin a 





- sin a 

cos a 



\ 



I 



c tgcK = |, a B KanecTBe Sycxa BH^a a). - sjieMeHTapHoe npeo6pa30BaHHe 



v 



ch^ she 
she che 
1 



c che = ^ + 1. Tor^a yKaaaHnaa KOMno3Hi];Ha 6yfleT HMeTb bh^ 





1 



1+^ 



4^ 



/ 1 



1 









+ 



a\ \ + 



0?_ 

4 





1 



1+^ 



~ 2 



\ 



1 —a 
a 1-% 



2 ) 



(5.6) 



(5.7) 



(5.8) 



4. HnBepcHfl x = ^ b R-*^ HHflyii,HpyeT Bpamenne T — T, Z — —Z, X — X. 

5. Cynepno3Hii,HH Bcex oflHOMepHbix npeoSpaaoBanHH BH^a 1-4 BMecTe c Bpaiii,eHHflMH 0(n — 

1, n — 1) npe;];cTaBjiaK)T rpynny KOHcJjopMHbix iipeoSpaaoBaHHH iipocTpancTBa ^'^^-in-i)^ 
KOTopaa 6y^eT HsoMopcj^Ha rpyrme 0{n,n). 



□ 
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Example 5.1. PaccMompuM zpynny nceedoopmosoHaAbHux npeoBpasoeanuu 0(1, 2) npocmpan- 



cmea 



"(1,2) 



KaK useecmHO, co6cmeeHHue SHaueHUfi awBozo maKozo npeodpasoeanufi ReAHwm- 



CH KopHRMU MHOsoHAena mpembeu cmeneHU. Odno us manux SHaneHuu o6si3ameAbHO doAotc- 
Ho 6umb eeiu,ecmeeHHUM hucaom. UocKOAbKy nceedoopmozoHaAbHue npeoBpasoeanufi ydoeAe- 



meopsimm coomHomeHum (5.1), mo neadpam manoso eeui^ecmeeHHOso HUCAa ecmb edunuya. 
UoamoMy Am6oe npeoBpasoeanue us spynnu 0(1,2) o6Aadaem nenodeucHCHOu octm. OdnaKO, 
He ecesda amy och mochcho coeMecmumt c KoopduHamnou octm, ucnoAbsysi moAhKO nceedoop- 
mozonaAbHue npeoBpasoeauufi 6a3uca. 

1. PaccMompuM KOMnosuyuw epauj,eHusi u 6ycma Bah npocmpancmea M^^^ 2) 



v 



ch^ 


-sh^ 





she 


-ch^ 











1 



v 



1 
cos a 
sin a 





sin a 

cos a 



\ 



ch.6 — cos ash 6 — sin ash 6 
sh6 — cos achO — sin achO 
sin a — cos a 



(5.9) 



Uycmh ama KOMnosuyuH eenmop (a, 6, c) ocmaeum nenodeuofCHUM 

£ — fp- 2 » — pfVi 



achO — b cos ashO — c sin a sh ^ 
ash6 — b cos ach6 — c sin ach6 
b sin a — c cos a 

UpoeedeM npeoBpaaoeanue 6a3uca 

( 



ch 
— sh 



v 



sh| 
chf 
1 



a 
b , 
c 



6cth 



2' 



(5.10) 



r = (6cth |, 6, 6tg 



( bj sh \ ^ 




LlocKOAbKy menepb |rp = &^(1/ sh^ f ~ t 
cyuj,ecmeyem npeoBpasoeanue 6a3uca 





|), noAoofcuM b 



\ 



ch sh 
1 
sh(h ch(h 



^ / b/shi ^ 



v 



6tgf 



a). Au6o ch( 
h). Au6o she 



shf 



VlV'^h^f-tg^fl 



sh0 = — &tg |, 



(5.11) 



Tozda 



sh| 



e 5 



ch( 



6tgf. 



(5.12) 



i? CAyuae a). nenodeucucHa Koopdunamnasi ocb (1,0,0), a e CAynae b). - ocb (0,0,1). Ecau 
l/sh| = ±tg|^, mo HUKaKUM nceedoopmozonaA'bHUM epauj^enueM 6a3uca ueeoaMootcHO 
ynpocmumh nepeoHauaAhHym cynepnosuyum. 
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2. PaccMompuM KOMno3u%UK) deyx 6ycmoe Oah npocmpaHcmea M.^^ 2) 



ch^ 


-sh^ 





sh^ 


-ch^ 











1 



chip —ship 
1 
^ sh —chip J 



^ ^ chOchip — sh —shipcho'^ 



shOchip —ch9 —shipshO 
ship —chip J 



Uycmb ama KOMno3uv,UA ocmaeum ecKmop (a, b, c) nenodeucHCHUM 



ach9 chip — bshO — cship ch9 — a 
ashO chip — bch9 — cshipshO — b 
aship — cchip — c 



UpoeedeM npeo5pa3oeaHue 6a3uca 

( ch\ -shf \ / 



a 2 ' a 



th 



2' 



r = (a,athf,ath|). 



-shf 



chf 



v 



ath: 



ath| J 



( 



aj ch I 




\ 



V 



athf J 



1 

UocKOAbKy menepb |rp = a^(l/ ch^ | — th^ |^), uoaomcum a := ± 



Vli/ch^f-th^fl' 



a/ chf ^ 



ath ^ y 



a).Au6och(p— sh(p — —ath^, 



b). Au6o sh(p — —-^, ch(p— ath|. 



(5.13) 



(5.14) 



(5.15) 



Tosda 



(5.16) 



cymecmeyem npeo6pa3oeaHue 6a3uca 

( ch(/) sh(/) \ ( 

10 
y sh0 ch0 j y 

J5 cjvynae a). nenodeuoKHa KoopduHamnafi oct> (1,0,0), a e CAynae b). - oct> (0,0,1). Ecjiu 
1/ ch^ f = ±th^ ^, mo HUKUKUM nceedoopmoeoHaAhHUM epaw^enueM 6a3uca Heeo3MOCHCHO 



ynpocmumh nepeoHaHaAhHyw cynepno3uv,UK>. 
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Example 5.2. PaccMompuM cynepnosuunm aAeMenmapHux npeoBpasoeanuu us zpynnu 0(1, 2) 

ch(/) sh(/) \ / 1 

cos a sin a 
— sin a cos a 



\ 



sh, 
1 
sh ch 
^ ch0 sh0 ^ 
1 
sh (/) ch (/) 



\ / chV^ shV^ ^ 



v 



^ chip ship ^ ^ 



sh ch '?/' 
1 



V 



ship chip 
1^ 

1 ^ 

COS a sin a 
— sin a cos a y 



ch{(f>—(f)) chip— sh{4>—(f>) ship sina ch{4>—4>) ship— sh{(t>—(l>) chip sina sh{4>—(p) cos a 



(5.17) 



cos a ship 



cos a chip 



y sh((p—cf>)chip—ch{(p—<f>)shipsma sh(<p—(f>)ship—ch{<p—<f>)ch'ipsma ch{(p—(p) cos a j 

^ ohip ship cos a shipsma ^ 



V 



ship chip cos a chip sin a 
— sin a cos a 



PemenueM 3mou cucmeMU ypaeneHuu 6ydem 



sin a = chip sin a, sh ip 



sh ip 



sh(0 — 0) 



sh 5/1 sin a 



sm a 



1— ch^ ip sin^ a 

sh?/; = sh?/) cosa, sh(0 — 



y/ 1— ch^ i/isin^ ( 
sh Ip sin a 



(5.1^ 



cos^ a ' 1/ l+sh^ ip COS^ Q 

Onnmb Mce ucKAfOHumeAbHUM CAyuaeM fieAfiemcH ch^ -0 sin^ a > 1 . UoamoMy, ne ecesda eo3- 
MOCHCHO nepecmaeumh e cynepno3uii,uu 3AeMeHmapHue npeoBpaaoeaHUH, e omAUHue om opmo- 
sonaAbHou spynnu 0(3). 

Example 5.3. PaccMompuM menept npeoBpasoeanufi us spynnu 0(2,2). JIm6oe npeoBpaso- 
eanue us amou spynnu cosAacno meopeMe KapmaHa-JJ'bedoHHe /77^ m. 2, c. 33] mochcho nped- 



cmaeumij c noMombm nemupex npeo6pasoeaHuu euda (5.2) 



'A . r^r 



(5.19) 



OdnaKO, eceeda mochcho nodoBpamt pasAoofcenue manuM o6pasoM, Hmo6u dea us maKux npeo6- 
pasoeanuu umcau duasoHaAbHym juampuyy. dAeMenmu SAaenou duazonaAU maKou juampuyu 



I^'^ no ModyAW paenu 1. UoamoMy (5.2) Moofcem 6umh nepenucano kqk 



(/i)/(±(n)^(ri)^-5/)(/2)^^(±(r2)e(r2)^-5/), 
(ri)^(/2)/(r2)e = 0, (r^) ^(/i) /(n)e = 0. 

Cym,ecmeyem 3 cyui,ecmeeHHO pasAUHHUx esauMoucKAmHamuj,ux eapuanma. 



(5.20) 
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1. B amoM cjiynae nceedoopmoeoHaAhHoe npeoSpasoeanue Mocncem UMemh SjioHHO-duazoHajihHuu 
6ud 



( 



sh^ 


V 



sh^ ^ 

ch^ 

1 

1 y 



/ 1 ^ 

10 

ch(/) -sh(/) 

sh0 — ch^y 



\ 



I ^shf \ 






x/2sh| -\/2ch| 0) + 



V 



10 
10 
10 
1 



v 



{n)e 





V2sh| 
^/2ch 



( ^shf -v^chf ) + 



(r2)« 



2 / 



1 ^ 

10 

10 

1 



(5.21) 



(r2)e 



2. B amoM cjiynae nceedoopmosonajibHoe npeoSpasoeanue Moofcem UMemb 6jioHHO-duasoHajibHuu 

eud 



h 



( COS0 sm0 ^ 

sin^ — cos^ 

10 

1 



fl 

1 



Y 








COS ( 

- sin( 



- sm 
cos 



h 



\ 



I a/2 

V2 



cos 



sm 








\/2cos| V2sin| 



/ 1 

10 

10 

1 



(n)e 



°0 



(5.22) 
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— -\/2 COS I 
-72 sin I 



( V2cosf 72 sin 



10 
10 
10 
1 



('■2)e 



°e 



(n)^(n)^ = 2, (r2)^(r2). 



-2. 



cS". i? amoM CAynae nceedoopmosonaAbHoe npeoBpasoeanue ne 6ydem UMemb BAOHHO-duazonaAbHozo 
euda, HO Mootcem Burnt npedcmaeAeHO nan 

\ ( 



1 














1 + ^ 


a 


a? 
2 





a 


1 


—a 













2 


a 


1-^ 

2 



-1 




h 


6 



-1 + 



2 



62 








\ 



2 



-1 - 



2 / 



V2 



V2 



a 

V2 



+ 



10 
10 
10 
1 



-10 
10 
10 
1 



b 





V V2 
• V- 

{r2)e 



s 







b 

V2 



J 



\ 

(ri)'^(ri), 



-2, (r2)^(r2)^ = 2. 



ri- *■ 



10 
10 
10 
1 



(5.23) 



CorjiacHo Bce toh >Ke xeopeMe KapTaHa-/I,be;];oHHe jiioGoe npeoGpasoBaHne ns rpynnt.1 0{2n, 2n) 
B HCKOTopoM 6a3Hce dyj^ei HMext. 6jioHHo-;];HaroHajibHt.m bh^i;, cocTOJimnfi ns 6jiokob 0(2,2). 



3 TO osHanaex, hto BbinojiHeno (5.2) 



(5.24) 



1=1 



HycTb Tenepb b npocTpancTBe M^^^-j sa^ana KaHOHHHecKaa KOMnjieKcnaa: cxpyKxypa, xor^a b 
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pasjiojKeHHH (5.2) mojkho BL.i;i,ejiHTb J/2 coMHOJKHxejiefi TaK, hto6l.i 6l.ijio BbinojiHeno 



12/+1 



{rj)^{rjy = 2, {r2j)^{r,iy = -2, V/ = 1, J/2. 



(5.25) 



3thm fljia jiioGoro nceBflo-opToroHajibHoro npeoGpaaoBaHHH ^ onpe^ejiaxca cooxHomeHHa 



S'a* := rriK^Sx^rn'^ 5'a*' := rriK^Sx^rn^' ^ = 0, 
5*^,* := TfiA'^^Sj^ "^m* ^ = 0, ^A'*' := tua'^^Sj^ '^m^' ^, 

£ Ac '1' f 6 c 6 

J n "^A J ^ — '^n ■ 



(5.26) 



TaKHM oGpasoM onpe^ejiHXCH KOMnjieKcnaa CHMMexpna 



= (2rer= - ^e"). 



(5.27) 



KpoMe xoro, 



TAT =mA r^m = -{d^ +if^ )r^r = -r^r 



(5.28) 



Hxo oKOHHaxejiBHo noflXBepjK^aex cymecxBOBaHHe pasjiojKeHHa 



5a/-^+^ = ± n ((r/)A,(r/)^^+^ - 5a/^+0, (r/)A,(r/)^^ = 2. 



7=1 



(5.29) 



OflHaKo, cjie^yex oxMexHxt., hxo ne Bcer^a (r/)A(rj)^ = 0, (/ 7^ J) BBH^y cymecxBOBaHHH 
HsoxponHbix BeKxopoB, Hxo H 6l.ijio noKasano b npe^ti^ymeM npHMepe. Hxo Kacaexca 6jioHHoii 
cxpyKxypt.1 npeo6pa30BaHHH h3 rpynnbi 0{n,C), xo pasMepnocxb 6jiokob xo>Ke 6y/i,ex paBHa 
HexbipeM. 



Example 5.4. Ilycmb UMeemcH mpexMepnoe nceedoeeKAudoeo npocmpaHcmeo M?, Pac- 



CMompuM npeo6pa3oeaHue 



Si' 



a 1 —a 



v 



b1 

2 



a 1-^ 



OnpedejiuM onepamop eAoofcenuH kqk 



1 





1 
i 
i 



^(1,2)- 



(5.30) 



(5.31) 
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dmo onpedeAum KOMnAeKcu(f)UKauu}o namezo npeoBpasoeanufi 

( 

V 



5a* 



1 + ^ 


ia 




^2 


^ 2 




1 


—a 


' 2 


a 


2 



(5.32) 



c KOMUAeKCHO-eeKAudoeou MempuKou. ^mo6u nepeumu k deucmeumeAbHou peaAU3aii,uu, hum 
nompeBymmcH onepamopu CAedymvu^ezo euda 

( 1 n n \ 



1 
71 



v 



1 

i 

i 

-z 

1 

1 



mA 



1 

71 



i 







10 
-i 1 



(5.33) 



CoomeemcmeeHHO, deucmeumeAhHaH peaAU3aiL,uH nameso npeoBpaaoeanuH 6ydem UMemh eud 



I 



v 



1 + — 


a 


a2 
2 











a 


1 


—a 











2 


a 


2 




















1 + ^ 


a 


a2 
2 











a 


1 


—a 











2 


a 


2 



(5.34) 



Budno, Huio manafi peaAuaav^ufi UMeem BAOUHO-duasoHaAhHym cmpyKmypy, odnaKO KOMUAeKC- 
HQH peaAU3aV)UH maKou cmpyKmypu ne uMeem. 



Hapa^y c npeoGpasoBaHHSMH (5.26) HMeex cmbicji paccMaxpHBaxb nceB;];oopToroHajibHL.ie 
npeoGpasoBaHHH 



5A'*:=mA'^5/m*^, 5a'*' := mA'^5/m*' ^ = 0, (5.35) 

£ Ac 'I'f & C C 'I' C <P Q^'c* c^t'cfi'?, „ 

Jn ~ ' "^A '-'i^ ~ "A ^ '-'A '-'"I'' — f A ) "-"A 'J* fi'^'Q' — fi'A*- 

KoMnjieKCHaa peajiH3an;Ha xaKHX npeoGpasoBaHHfl 6y^zi;eT sbjihtbch HHBOjiion;HaMH na npo- 
CTpaHCTBe C", oTBeTCTBeHHbiMH 3a HCKOTopoe BemecTBCHHoe BjioaceHHe. HoaTOMy b pasjio- 



JKeHHH (5.2) MOJKHO BBI^CJIHTb J/2 COMHOJKHTejiefl TaK, HTo6l.I 6l.IJIO BBinOJIHeHO 



iri)Airir = '2, (r2/)^(r2/)^ = -2, V/ = 1, J/2. 



(5.36) 
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TaKHM o6pa30M co6cTBeHHL.ie SHaneHHH npeoGpasosaHHa ^a*' cyTb ±1. 3to aBTOMaxHHecKH 
osHanaex, hto xaKoe npeoGpasoBaHne opToronajibHo ;i,HaroHajiH3HpyeMo b KOMnjieKCHofi o6jia- 
CTH, a BemecTBCHHaa peajiH3an;H3 b hckotopom 6a3Hce HMeex 6jioHHo-;];HaroHajit.HL.iH bh^i; 



cos 9 
sin 9 





sin^ 

cos^ 

— cos^^ — sin^ 



-sin^ 



cos 9 



\ 



(5.37) 



H TOJKc ;i,HaroHajiH3HpyeMa. 3a 6ojiee no^poGnbiM H3Jio>KeHHeM cjie^ycT oGpaTHTbca k \Z[)\ c. 
79-126], [10, T. 2]. 



6 ypaBHGHHe KjiH(})(})op/],a. ^ByjiHCTHoe naKpbiTHe 

B smoM napaspacfie paccKasueaemcsi o moM, nan nepeumu k pedyv^upoeaHHUM 
cnuHopaM Kapmana. 3mo dacm eosMOMCHOcmt nocmpoumt esauMHO odnosHaH- 
Hoe omoBpaotceHue Mecucdy eenmopaMU npocmpaHcmea C" u BueenmopaMU cnuHop- 
Hoso npocmpaHcmea C^, umo npueedem k nocmpoenum deyAucmnozo uaKpumusi 
Spinin.'C) I {±.1} = SO{n,C). Bueod ecex pesyAhmamoe amoso napaepacfia cdcAan 
HQ ocHoee fl8^ . J2^ . 

IlycTb HMecTCH HCKOTopoe nceBflopHMaHOBO npocxpancTBO V2n, r;i,e ii-hhcjio nexHoe. Oho 
HBjiaexcH BemecxBeHHOH peajiHsai^Heii HCKOxoporo KOMnjiexcHoro npocxpancxBa CV^. Hycxb b 



Ka>K;];oH xoHKc 3a;];aH naGop HeBt.ipo>K;];eHHt.ix onepaxopoB 7^. v4, ^ ^ ... = 1, 2n. HpH sxom 
6y^eM CHHxaxb, hxo KaJK^tiii onepaxop 7^ := my[^7A + 7tiy[^'7A' mojkcx 6bixb npe^cxaBjien 



BemecxBeHHOH MaxpHn;eH {2NY x (2A^)^, r^e = 2"/^ ^, h y^oBjiexBopaiox ycjioBHio (2.3) 



7;i7!^ +7^7^ = G^^, (6.1) 



r^e Gjy^ = G^^ - HeBL.ipo>K^eHHL.iH MexpHHecKHii xeH3op BH^a (3.11 )-(3.12), 3aflaHHB.iH b Beme- 



cxBeHHOH peajiH3an;HH KacaxejibHoro paccjioenna k V2n- Ha30BeM KOMnjieKCHott peajiH3an;HeH 



OHepaxopoB 7^ onepaxopt.1 (3.25) (ecjiH ne BaacHo, KaKoii h3 K onepaxopoB Gy^ex BbiGpan, xo 
HOMep K Gy^eM onycKaxt) 

7A:=mA^(M7^i^)- (6.2) 
Ohh Gy^yx y^^oBjiexBopaxt ypaBHennio 

7a7* + 7*7a = fi'A*, 7a'7*' + 7*'7a' = 5'A'*'. (6.3) 
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riycTb - BCKTop KOMnjieKCHoro KacaxejibHoro paccjioeHHa r*^. B KanecTBe 6a3L.i mojkho 
paccMaxpHBaTb Kax KOMnjieKcnyio CVn, Tax h BemecTBeHHyio peajiH3aij;Hio V2n- Cjioh sxoro 
paccjioeHHH H30Mop(|)eH npocxpaHCTBy C", BemecTBeHHofi peajiH3aii;HeH Koxoporo 6yfl,eT nceB- 
floeBKjiHflOBo npocxpaHCTBo Tjie n - hh^^ckc nceB^^oeBKjiH^^oBofi mctphkh (KOJinnecTBo 

" + " Ha rjiaBHOH ^HaroHajiH). TaKHM o6pa30M, Bexxopy h3 npocxpaHcxBa C"(]R^^j^)) mojkho 
o^H03HaHHO conocxaBHXb HeKoxoptiii onepaxop h3 npocxpancxBa C^^ no npaBHjiy 

R := r*7$. (6.4) 

HocKOJiBKy H3 ypaBHeHHs KjiH(J)(|)opfla cjie^yex, hxo 

^^^ItaT*) = Ng^q,, (6.5) 

xo jiio6oMy xaKOMy onepaxopy R mojkho o^H03HaHHO conocxaBHXb Bexxop npocxpancxBa C"(i?^^^p, 
B33B cjie^ ox o6eHx Hacxefl cooxBexcxBna (6.4) c 7^ := 5'^'^7<i' 



/'^tr(7vi.i?) = r*/*tr(7^7*), (6.6) 

H xor^a 

ltr(7*i?) = (6.7) 

TaKHM o6pa30M, nojiyneno B3aHMHo oflnosnaHHoe cooxBexcxBHe MejK^y BexxopaMH npo- 
cxpancxBa C"(]R^^^-)) H onepaxopaMH R (cnen;Hajibnoro Bn^a, Konenno ace), ;];eHCXByioni,HMH 
na npocxpancxBe C^^. HcnojiB3ya ypaBnenne KjiH(|)(|)op;];a (6.3), mojkho nanncaxt xoac^ecxBo 



R-fq,R = r'^7A7^7$r* = r^{gA^ - 7m'7a)7i>'"* = {r^r'^ - ^{rAr^)6^'^)-f^. (6.8) 

Hycxb r/^r^ := ±2. H3Becxno, nxo jno6oe (nceB;];o-)opxoronajibnoe npeo6pa30BanHe S*^* mo- 
jKex GbixL. npe^cxaBjieno k&k Konennoe npoH3Be;];enHe sjieMenxapntix npeo6pa30BanHH BRjia 
Si ■= {ri)if,{rj)'^ — ^{{ri)\{ri)^)6if,'^ (I npo6eraex Konennbie 3nanenHa ox 1 ^o KaKoro-nnGy^t. 
Konennoro J, nanpniviep). /],OKa3axejibcxBy sxoro 4)aKxa nocBanien npe^bi^yn^nn naparpa(|). 
OnpeflejiHM 



i?/:=(r/)V, ^ = n'^/ = '^i'^2...^j, (6.9) 
1=1 

S = Y[Ri = RiR2...Rj, S ■.= Y[Ri = RJ...R2R1. (6.10) 
1=1 i=j 

3^ecB S ecTh npaBoe npon3Be^enHe onepaxopoB Rj, a S ecxb jicBoe npoH3Be^enHe onepaxopoB 

Rj. HosxoMy MaxpHn;t.i onepaxopoB S* n 5* b oGu^eM cjiynae pa3Jinnnt.i n nnxaK ppyr c ;];pyroM ne 
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CBHsaHM. 3to nosBOjiHT nepenHcaxb cooTBexcTBHe (6.8) jiJiii opToroHajibHoro npeo6pa30BaHH5i 
^A* KaK 

^A*7>t = ^7A^, § = S-\ (6.11) 



YpaBHeHHe (6.8) cnpaBe;];jiHBo h j^jis BemecTBeHHofi peajiH3an;HH, hto j^acT 



'^A 1^ ~ 'J/yi'-') Je 'J A ~ '-'e 



(6.12) 



CooTBexcTBeHHo, ypaBHCHHe (6.12) jxjia hhbojhoi^hh nepenHinexcH KaK 



(6.13) 



Tor^a flJiH KOMnjieKCHoii peajiH3an;HH nojiyHHM TOJK^ecxBO 

S^^'^^, = SjJ, 5a*'5^'* = 5a*, SS = ±E, §§ = ±E. 



(6.14) 



Tenept bosmojkho KOMnjieKCHcJ^Hi^HpoBaTb jyKe h BemecTBeHHyio peajiH3aii;Hio M^" , paccMax- 
pHBaa BCKTop r"^ b tom ace GasHce, ho c KOMnjieKCHbiMH K03(|)(|)Hij,HeHTaMH. HpH stom 7^ 



ocTanyTCH npejKHHMH. B stom cjiynae S^'^ h3 (6.12) 6yjieT yace KOMnjieKCHbiM npeo6pa30Ba- 



HHeM. B HacTHocTH, B KaHccTBe TaKoro npeo6pa30BaHHa mojkho paccMOTpexb npeoGpasoBaHHe 



if^'^ BBUfly (|3.14l). 3to 03HaHaeT, hto KOMnjieKcnaH cTpyKTypa pa3jio>KHMa KaK 



(6.15) 



/Ijih ^ajiBHeflmero Hccjie^oBaHHH SToro cooTBexcTBHa Heo6xo^HMO H3yHHTB cxpyKxypy onepa- 
TopoB 7y[. He orpaHHHHBaa o6iii;hocth, mojkho paccMaxpHBaxB 6a3HC, b KOTopoM MexpHHecKHii 
TGHsop G^^ Ha rjiaBHOH ^HaroHajTH HMeex ±1, a ocxajitHtie KOMnoHenxBi paBHti 



7a^^ = -1§1a^ ^. 



HocxpoHM onepaxop 



2n 



70 := n^^- 



A=l 



Tor;i,a H3 (6.16) 6y/i;ex cjiejxoB&Tb 

IoIa = -7^70, 
(70- AE)7^ = -7^(70 + AE). 

HosxoMy 

c?et(7o - AE) = = ciet(7o + \E) 



(6.16) 



(6.17) 



(6.18) 



(6.19) 



6y;];ex ypaBHenneM na co6cxBeHHbie 3HaHeHHH onepaxopa 79. Bh;];ho, hxo yKa3aHHbie 3HaHe- 
HHH napHbi: ±A. HosxoMy nojiojKHxejiBHBiM h oxpHii;axejii>Hi>iM co6cxBeHHt>iM SHaneHHaM 6yflyx 



152 



29 



cooTBeTCTBOBaxb 2 pasjiHHHbix co6cTBeHHL.ix no;];npocTpaHCTBa. Tor;i,a cymecTByex 6a3HC b ko- 
TopoM B03M0JKH0 6jioHHoe npe;i,cTaBjieHHe onepaxopa 70 (6jiokh hmciot pasMep A^^ x A^^) 



7o 



(6.20) 



Co 
^0 

Tflfi Co OTBenaioT 3a nojiojKHTejit>Ht.ie coGcTBeHHbie sHaneHHa, a ^0 - 3^ OTpHii;aTejiBHt.ie. Onpe- 

Ca 

Va ^a 



1a 



(6.21) 



C ynexoM 3Toro onpe^ejieHHa ycjiOBHe (6.16) npHBe^ex k cooTHomeHH3M 



(6.22) 



3to osHanaex, hto Co h ^0 J\ojiyKHhi HMext napHbie nojiojKHTejiBHbie h OTpHii,aTejiBHbie SHaneHHii 
(flaace ecjiH h ^a BBipojK^eHbi, ho ne paBHti 0). HosTOMy Cx = iA = 0. TaKHM oGpasoM 



1a 





Va 



(6.23) 



H ypaBHCHHe (6.1) paBHocHjiBHo cHcxeMe 



Va^ ~^ V'I''^A ~ ^ A^'' 

(^aV^ + (^wVa = Ga§- 



(6.24) 



Otmcthm, hto ecjiH nepefixH k ^pyroMy 6a3Hcy b npocxpaHCXBe c noMombio HeBbipOJK- 

fleHHoro onepaxopa S hs o6iri;eH jiHHeiiHOH rpynnbi 7^ := S'j^S~^, xo ypaBHCHHe KjiH(|)(|)opfla 



(6.18), Boo6in;e roBopa, ne coxpannx cBoii brj^. 



BepneMca xenepb k KOMnjieKCHofl cxpyKxype. Ee KBaflpaT paBen —E - sxa MaxpHi];a npe^i;- 



cxaBjiHex HCKOxopoe opxoroHajiBHoe iipeoGpasoBamie. CorjiacHO (6.24) npn n=2, N=l xaKoe 



npeoGpaaoBaHHe npeflcxaBHMo no dpopuyjie (6.12) KaK 




(6.25) 



EcjiH KOMnjieKcnaa cxpyKxypa HMeex b ^annoM Gasnce KanonnnecKnii bh^, xo b pasjioace- 



nnn (6.15) F := F = F, I := I = I TOTKe HMeex Gjionnbin bh^i; (ns-sa Gjionnoil cxpyKxypbi 'j^ 



H cooxBexcxBHa (6.8), nanncannoro p,Jiz Ben^ecxBennon peajiH3an;HH) 




F^ = -E, F^ = E, I 




(6.26) 
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Mto Kacaexca npeoGpasoBaHna I, to oho onpe^^ejiaexca h3 cooTHomeHHH 

ilh = |(^(7a) + (-0(-7a)) = 
= ^((1 + ^)E + (1 - t)F') 7A ^((1 + t)E + (1 - OF ) . 



(6.27) 



Bbh^Y Toro, HTo KOJiHHecTBo 3jieMeHTapHbix npeo6pa30BaHHH, cocxaBjiaiomHx KOMnjieKcnyio 
cxpyKxypy ^ Bcer^a KpaxHo ^ByM (nocKOJiBKy pasMepnocxt BemecxBeHHoii peajiH3an;HH 2n 
npH HexHOM n Kpaxna 4), xo 6jioHHaa cxpyKxypa 6y^ex hmchho no rjiaBHoii ^HaronajiH. Cjie- 
flOBaxejiBHo, fljiH 6jiohhl.ix cocxaBjiaiomnx Sy^ex Bepno 



(6.28) 



Hxo onpeflfijinT nojioacHxejibnyio peajiH3an;Hio (3.19 ) Bepxnero snaxa h oxpHi];axejibHyio pe- 



ajiH3aii;Hio (3.19) HHJKnero snaKa. Ecjih xenept. nojiojKHXb (^4, B, C, D, ... = 1, 4, A, B, C, D, 



1, 2, A, B, C, D,... = 1, 2, A, B, C,D... = 1, 1] 



m±Ar^' 



m±A^^' 







m± ^ 



B2 







~ Ao 



B2 



(6.29) 



xo ycjioBHe (3.19) npHMex brji 



(m±)A^(m^)^^ = 0, 



(m±)A^(m±)^ 



c 



^ V ' 

: = (A±)=^ 



(m±)^^(m±)^j = 6_ 



c 



(7fi±)^^(?^^)^^ = 0, 



(m±)A^(m±)±'^ 



c 



(6.30) 



HxoGbi nocxpoHXb nomaroBbie onepaxopbi (6.30) p,JifL nponsBOjiBHoro nexHoro n, BocnojibsyeM- 
ca ajiropnxMOM 



3.1 



(^4, B, C, D, ... — 1, ^2/-i 5 A, B , C , D, ... — 1, 2? ? A, B,C, D, ... — 1, l?^, 



A, 5, C, D... = 1, AT = 2"/2-i, / = 1, 



[rrij, A [mi 



±1 B 



Sa^, 



< {mjjA^{mi^f^ = 0, 



(m,J^^(m,J^^ = (A,J^^, 



[rhijA^{^i±f§ = Sa^, 



< (?fi,jA^(7fi,^)^^ = 0, 



(^/Ja^(^/J±^^ = (A,J^^. 



(6.31) 
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ripH 3TOM 



1 



c 



1 



(6.32) 



Tenepb bo3mo>kho onpeflejiHXb onepaTopbi 



Mk -.= 11X111 m-_i ■...■ms.mi Mk -.= 11x111 m"_i ■...■ms.mi (6.33) 

2ZT1 2 2T). , ^1 2 2 77, 2 2 77, , -^2 ^1 ^ / 



r^e zj ( J = 1, |) paBHo npn Bi>i6ope snaxa ^ — ^ hjih 1 npH BbiGope snaKa ^ + Tor^a 

2 

i^T = ^ zj ■ 2"^^^ + 1. EcjiH He BajKHo, KaKoii h3 K onepaxopoB 6y^eT BL.i6paH, to HOMep K 
j=i 

6yfleM onycKaxb. Hcnojibaya sth onepaTopbi, mojkho onpe;i,ejiHTb (M := Mc"^, M* := M**^j, 
M := Mc^, M* := M*^ ~) 



aA -.= M{mA''aj,)M''\ r/A := M*{mA^r];^){M*f . 



(6.34) 



/],jiH ;i;ajibHeHmHX BbiKjiappK Heo6xo;];HMO HajiojKHTb ycjiOBHe 



(6.35) 



Hepexo^a b (6.24) k KOMnjieKCHoii peajiH3aii;HH c noMomtio onepaxopoB (6.33), mojkho nojiy- 

HHTL. 

(JA77* + (Tif,r]A = 5'A*, (6-36) 



3to npHBe^eT corjiacHo (6.4) k 



Rri -.= r^rjk, Ra -■= r^(TA, j^tr{{R^)r]A) = ta, —tr{{R^)aA) = 



N 



(6.37) 



R 



R. 



R^ 



(6.38) 



r^e TeHsopti i?^, R^j HMeioT pasMepnocTb yace N x N. Cjie^oBaxejibHo, (6.8) pasoGtexca na 
napy ypaBHeHHii 

RamRa = (rvpr* - ^(rQr*^)5vi,*)cr$, Rr^a^Rr, = (r^r* - ^(r!^r'^)5^*)?7$. (6.39) 



riocKOJiBKy 



R^R^ = -{rnr'')E, 



(6.40) 



TO ecTB BosMOJKHocTb onpe^ejiHTB (|)opMajiH3aii;Hio onepaxopoB ?7a , cta cjie^yiomHM o6pa30M 



rjA -.= Va^'^ , (^A -■= O-AAB = Vaba, {A, B , .. . = 1, N) . 



(6.41) 
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Torjia (6.11) mojkho nepenncaxb KaK 

/). S^^rjA = S^rj^S, II). S^^rjA = Sa^j,S^, 



(6.42) 



HO yjKe speech onepaxopbi S u S 6yflyT HMexb pasMepnocTb NxN. O^^naKO, xenept pasjiojKeHHe 
3XHX onepaxopoB fl^jis coGcxBeHHoro S'a'^ (det || Sa^ \\= 1) (cjiynafl I) 6yfl,eT HMexb bh^ 



J 

= n(-R»))2/-l(-Ra)2/ = {Rri)l{R^)2i^r,)^{Ra)i ■ ■ ■ (Rv) 2 J -1(^^)2.7^ 
1=1 
1 

S = ]^(-R<7)2/(-R,,)2/-l = (-Ra)2j(-R»7)2J-l • • • (^0-) i^Rr,) ^{Ra) 2iRv) V 
I=J 



(6.43) 



(6.44) 



a fljia HecoGcxBeHHoro npeoGpaaoBaHHH S'a* (det || Sa* ||= —1) (cjiynaii II) cooxBexcxBeHHo 



5^ = (^,7)1 W{Ra)2l{Rri)2I+l = (^r?) i (-^^7)2 (-Rr?)3 • • • {Ra)2j{R' 



V/2J+V 



(6.45) 



7=1 



~S = {ll{R,)2i+i{Ra)2i){R,)i = iRv)2j+iiR^)2j ■ ■ ■ iRr,UR.UR,)r (6.46) 



I=J 



TaKHM o6pa30M, ypaBHenne (6.42) onpe^ejiaex ajire6paHHecKyio peajiH3aij,Hio ^ByjiHCXHoro na- 



(6.47) 



KpbixHa Spin{n,C)/{±l} = SO{n,C). CooxBexcxBeHHo, ^jia hhbojhoi^hh (6.14) onpe^ejinx 

/). 5'*^'?7a' = S^rjxjtS, II). S'^j^'rjA' = S^a^S, 

SS = ±E, SS = ±E. S = ±S, S = ±S. 

Hhjkhsh cxpoKa cooxHomeHHii nacjie^yexcH BemecxBeHHoii peajiH3an;Heii HHBOjiion;HH KaK b Ka- 
caxejiBHOM, xaK h b cnHHopnoM npocxpancxBe. A BemecxBeHHaa peajiH3aij,HH hhbojiioij,hh b 
KacaxejiBHOM npocxpancxBe ecxb opxoroHajibHoe npeo6pa30BaHHe, KBaflpax Koxoporo HMeex 
eflHHHHHyio MaxpHn;y. CooxBexcxBeHHo, b BemecxBeHHofl peajiH3aij,HH cnHHopnoro npocxpan- 
cxBa Hacjie^yexcH sxo cbohcxbo, h KBa^pax cnHHopHbix hhbojiioii;hh (cjiynafl I) b BemecxBen- 
Hoii peajiH3an;HH c xohhocxbio 3HaKa xoace aBjiaexca xojK^ecxBeHHbiM npeo6pa30BaHHeM. 



OcxajiocB nepeflxH k KOMnjieKCHoli peajiH3an;HH no npaBHjiy (3.20) . 



Example 6.1. 2n=2, N=l. 

1 

EcAU 5f^^ =1 I , mo 

1 




i 
-i 



' 02 



- V2' - V2- 

, - mens op eupoofcden. 



(6.4^ 
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TaKUM o6pa30M, moofcdecmeo tr{rjj{^a^) = \gx§ neeepHO. Tcm ne Menee momcho eocnoAhso- 



eamtcH (6.11) u (6.12). Uoaochcum 

(n)^ = ('"i)'^ := v^(cos0 , siiK 



, 2 cos 0—1 2 cos sin \ / cos 20 sin 20 , 
2 cos sin — l + 2sin / \ sin 20 —cos 

A. 










^ ^\ 






+ sin 


I -i J 


1 









If 

A ' 



-Ri = in) 1a = cos 

\l J \ -i J 

(6.49) 

Toeda Basi Am6ozo eeKuiopa x"^ = {T,X) coomeemcmeuH X = x^'j^, {Si)^'^x^ < — RiXRi 
npuMym eud 

cos20 sin20 \ I T \ / e*"^ \ / T + iX \ ( e'''' 

X I \ e-'"*' / I T-iX I \ e-'^ 



sm 10 — cos . 



(6.50) 



UoAOOHzuM duAee 

{r2)A = {^2)"^ ■■= V2{cos(j), -sin0). 
, cos 20 — sin 20 \ = ^ 

sin 20 -cos 20 / (6.51) 

R2 = (^"2)^7^1 = COS( 

Toeda Bar a'w6o20 eeKmopa x"^ = (T,X) coomeemcmeusi X = x^'j^, (5*2)^ '^x^ < — > R2XR2 
npuMym eud 

cos20 -sin20 \ ( T \ / e"^"^ \ ( T + iX \ ( e'''*' 

^ — ^ , 

X \ Q \ T-iX / \ e*"^ 









^ ^ \ 


; 




— sin 


I -i ) 











— sm Z0 — cos . 



(6.52) 



Tenepb bosmochcho nocmpoumb coBcmeeHHoe npeoBpasoeanue S := 5*1 5*2, Bar Komopozo S^'^x^ ^ 
R1R2XR2R1 u S = R1R2, S = R2R1. -flenasi sanuch coomeemcmeuR 6ydem uMemt eud 

e^'^ W T + ix\ f e-^'^ 
6-2*-^ I \ T-iX I \ e2*<^ 



cos 40 — sin 40 










M 






sin 40 cos 40 , 









OneeudHO, umo S0(2) ucuepnueemcH maKUMU npeoSpaaoeaHUHMU , moeda 



(6.53) 

g2i<^ 

e-^"^ 



npedcraaeAHem spynny, deyAucmno uaKpueamuj^ym gpynny | | = U{1). ITpu 

e"^*"^ 

smoM S = S (KOMnACKCHOconpsicHceHu) . 9muM doKasano, umo S0{2) = U{1). 
157 



Example 6.2. 2n=2, N=l. 

1 

Ecjiu = I \, mo 

-1 



1,01 1 f 1 



. ^ -A 

TaKUM o6pa30M moofcdecmeo tr{ri^a^) = \gij Heeepno. Henafi sanucb coomeemcmeuA Sj^'^x^ < — > 
SXS 6ydem UMemt> eud 

ch 40 sh 40 \ / T \ ( e^^ ^ \ ( T + x\ I e'^'f' 

sh 40 ch 40 y y X y y O e-^* j ^T-X y\0 e^'^^ 

(6.55) 

Hmo onpedeAum coomeemcmeue S0~^{1, 1) = R (addumuena^) , ede S0^{1, 1) - ceHSHan kom- 
noHenma eduHuv,u c Si^ > 0. 



( 



Example 6.3. 2n=J^, N=2. Ecau gij 



10 
10 
0-10 
-1 



, mo MOMCHO nocmpoumh 



V2 



V3 



V2 



0-1 



V2 



0-3 = 



V2 



1 

1 
1 
-1 

1 
1 
-1 

1 



V2 = 



V2 



V4: 



0-2 



V2 



V2 



(74 = 



V2 



J 

1 
-1 

-1 
-1 

-1 

1 

1 

1 



(6.56) 



Onepamopu 7j cmpoHmcA cosAacno ji — 



a, 

m 



. JlesKO npoeepumb, nmo tr{r]iaj) — 



tr{air}j) — gij. BuHucjienuH e amoM CAynae 6oAee spoMosdKU, ho anaAosuHHU CAynan) n=2 
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(u HacmuHHO 6ydym npoeedenu Huotce). Upocmo omMemuM mom fianm, nmo sdech deucmey- 
em HaKpumue SO~^{2,2) = SL{2) x S'L(2)/±1. OdnaKO menepb xome/iocb 6u snamb, kuk 
nepeumu om cjiynaA n=4 k cjiyHam n=2. 



Example 6.4. n = 2cn = 4, N ^2. 




1 

-1 



G 



AW 



\ 



\ 



1 -I i - 

-i -i 1 1 
( 



fx 



) 



V 



10 
1 

-10 
0-100 



(6.57) 





10 

0-10 
-1 

= (T, y, Z, X), x^^ m^x^^ = - ^ + ^(^ - -^{T + y) + Z + X), 

mozda mo6oe codcmeeuHoe opmozonaAhHoe npeo6pa3oeaHue S^"^ E 5'0+(2, 2)(det || \\= 1 
u onpedejiumejib Jieeoso eepxneso Munopa 2x2- noAoofcume/ieH) npedcmaeuMO e eude kohch- 
H030 npouaeedenuA ajieMenmapHux npeoSpaaoeanuu. IIocKOAbKy fSf — —S u3-3a najiuHUA 
KOMTiJieKCHOu cmpyKmypu, noamoMy maKue npeoSpaaoeanuA 6ydym deyx eudoe 



( 



\ 



cos2if sm2(fi 

sin 2(p — cos 2(/7 

cos2(/7 sm2</7 

sin2(/7 — cos2(/9 J 



ch 2i; -sh 2V^ 

-ch 2^^ -sh 2^^ 

sh 2ij ch 2V' 

y sh 2V' -ch 21/; J 



(6.58) 



KoMnjieKCHyw peajiu3av,UK) S-[ mochcho onpede/iumb Kan Sa^ — m\^Sj^ '^m^ ^ 
- sin 2(f —i cos 2y9 



(^i)a* 



, (^2)a* 



ish 2ijj — ich 2-0 

i cos 2ip sin 2ip I \ ich 2ijj —i sh 2il> 

UoamoMy S — S1S2 onucueaem spynny SO{2, C) nojiHocmbw. Uycmb menepb 

(n)^ = ^(cos0, sin 0,0,0) , (rs)^ = \/2(0,0, cos 0, sine/)), 
(ri);i = a/2(cos0, sin 0,0,0) , (r2)^ = v^(0, 0, - cos0, - sin0). 



(6.59) 



(6.60) 



159 



36 



IIocmpouM {Si) = ((ri)^(ri)^-5^*')((r2)^(r2)®+(5^^). IIpu 3moM (n) ^{ny = -(r2)^(r2)'^ 
2. Ilycmb rjj[ u maKue ofce kuk e npedudymeM npuMepe, mo 

. , cos 6 sin 6 \ ~. ( — cos 6 sin 6 

— sin cos / \ sin cos 

. cos20 sin20 \ / -1 \ 

R1R2 =1 , R2R1 =\ , (6.61) 

sin20 cos20 J y 1 J 

{r^y = V2{ch 0, 0, - sh V') , {r^y = x/2(0, - sh V', - ch V', 0), 

(ra)^ = V2(ch ^, 0, 0, sh ^) , {n) ^ = v^(0, - sh ^, ch ^, 0). 

UocmpouM {S2) = ((^3)i('^3)*'-(^yi*')(('^4)!^(r4)®+(^!^®). ilpuamojw (r3)^(r3)^ = -(r4);i(r4)^ 
2. 

-i , ch ^0 sh ^0 \ J / ch ^0 sh 

sh ^0 ch 0) / \ — sh — ch 



1 \ / ch 20; sh 20) 

-R3-R4 =1 , -R4-R3 = I 

-1 / y -sh 20; -ch 2^) 

— cos 20 — sin 20 

sin 20 — cos 20 

-ch sh 

sh -ch 2^; 



(6.62) 



o — R1R2R3R4 — 

S = R4R2R2R1 = 



nocKOJibKy = (T, r, X), = |(r - r + i(Z - X), -i{T + Y) + Z + X), mo 



2^ 

-cos20 -sin20 \ / T + Z -X + Y 
sin20 -cos20 \ -X -Y T-Z 



^ - ch 20 sh 20 \ (6.63) 
y sh 20 — ch 20 



- cos 20 — sin 20 

TaKUM o6pa30M, SO{2,C) = U{1) x R{additive) , sde | | npedcmaejifi- 

sin 20 — cos 20 

-ch 20 sh 20 \ 

em epynny U(l), a \ I npedcmaeAnem addumuenym zpynny R. Ecau e 

sh 20 -ch 20 / 

coomeemcmeytomux ypaeneHUHX cde/iamb saMeny rj na a, mo 

x^Sa"^ ^ ~S'^X„S' = 
ch 20 -sh 20 \ / T-Z X-y \ /-cos20 sin 20 ^ (6.64) 
sh20 -ch20/\X + y T + Z j \ -sin20 cos20 
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Example 6.5. n = 2 C 2n = 4, N = 2. 

nycmb menaop uh60jik)v,uu e Kacame/i'bHOM cjioe d/iA eemecmeeHHOu peajiu3av,uu V4 nped- 
cmaejiAemcA menaopoM ( cjieea ejioofcenue d/iA MempuKU undeKca 2, cnpaea - d/iH undeKca 1 ) 

/lOOO^ /innn\ 
10 
0-10 







-1 



( 



10 
0-100 
0-10 



G 



1 
1 
0-1 



v 

\ 






1 



(6.65) 



V 



-1 



u eunojiHCHU ece mocHcdecmea npedudymux npuMepoe. Toeda Oaa KOMn/ieKCHOu peajiu3av,uu 
CV2 OH 6ydem UMemb eud S\^' — m\^Sj^ ^fh^' ^ 



1 
-1 



Sa"' 



i 

1 



(6.66) 



C dpyzou cmopoHu, y uneoAmyuu cyiu,ecmeyem o6pa3 (6yK06Ka T osHaHaem mpaHcnoHupoea- 
Hue) u e HenomopoM 6a3uce Sj^'^r]^ = S^rj^S 



1 
-1 



1 

1 



(6.67) 



B nepeoM cjiynae nojiynaemcfi (undeKC 2) 

— cos 20 — sin 20 
sin 20 — cos 20 

- ch 2^0 sh 2'0 
sh 2'0 — ch 2-0 

::)—*(-', 





— cos 20 — sin 20 
sin 20 — cos 20 

-ch 2ip -sh 2i) 

— sh 2^^ — ch 2-0 
1 \ II 



1 



-1 



UoamoMy ■0 = 



cos 20 sin 20 
sin 20 — cos 20 



1 
-1 



(6.68) 



(6.69) 
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u Mu onfimb npuxoduM k usoMopcfjusjuy 5*0(2) = U{1] 



< COS 




Bo emopoM CAynae (undeKC 1) 





i — > I I I ch 2^ I I + sh 2^/- 

1 

Cjie^yiomHH npHMep ;i,octohh OT;];ejibHoro naparpacjia. 





(6.70) 



(6.71) 



UoamoMy 20 = 0, tt 

/ -1 \ / -ch 2V' sh 2^/^ , 

{S^y = ± I , {S,)^ ={ I , (6.72) 

1/ \ - sh 211) ch 2ip 

u MU onRrwh npuxoduM k usoMopcfjusjuy S0^{1, 1) = R (addumuenasi) 



(6.73) 



7 KBaxepHHOHbi 

B smoM napaspacfje paccKasueaemcji o moM, Kan ce^isana aAse6pa KeamepnuoHoe 
c KAU(p(f)opdoeou aAse6pou u o moM, nan nocmpoumb e rghom eude deyAucmnue 
HaKpumuR, coomeemcmeymiu^ue amoMy CAyuam. Bueod ecex pesyAbmamoe amoso 
napazpacfia cdeAan na ocHoee 118]. 
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HsBecTHO, HTO ajire6py KjiH(|)(|)op;];a CL{g^) mojkho npe;];cTaBHTb krk 

CL{g'') : AI + B^ca + C^'^eAe^ + D^**eAevte$ + ... = 

CLO(^")(HeTHaH) : AI + C^^cac^ + (7.1) 
CLi(c/")(HeHeTHaa) : B^ca + D^'^'^eAe^,e^ + 

HTo H HasbiBaexca Z2 rpa^ynpoBKoii. HpH stom CL^{g'^) ecxb no^ajireGpa CL{g"'). Ecjih pac- 
CMaTpHBaxb n=4 c S-Mepnofi ajireGpofi KjiH(|)(|)opfla CL^{g'^), to 6a3Hc yKasaHHofl ajireGpbi 
Gy^eT HMCTb BH^i; 

1, 6162, 6163, 6263, 6164, 6264, 6364, 61626364. (7-2) 



Hs ypaBHeHHH KjiHcJ)cJ)op^a (2.8) 6y^eT cjie^oBaxL. 

6a6* = 1, A = 6a6^ = — 6^6a, A 7^ \1/ (7.3) 

B HCKOTOpOM GaSHCC 



(7.4) 



/ = 1, i:= 6162, 

i =■ 6163, := 6263, 

6 := 6364, f ■.= ie = 61626364, 

5f := j6 = 61636364 = 6164, h:= ke = 62636364^ = 6264, 

KOTopbiH 6y;i,eT npe^^cxaBjiaxb co6oh 6a3Hc, no;i,o6HbiH 6a3Hcy ajireGpbi oKxaB, ho c ;];pyroH 
HopMHpoBKOH. JX^^ 3xoro Heo6xo^HMo paccMoxpexB BjiojKeHHe C C'^. 3axeM mojkho nalixH 
npeflcxaBjieHHe yxasaHHoro 6a3Hca c noMombio nocxpoeHHtix Bbime onepaxopoB 7j = Hi^'jA- 
Ho xaKOH 6a3HC, b cboio onepe^b, nojiynaexca npHMofi cyMMofi ^Byx KBaxepHHOHHbix 6a3HCOB, 
3a Hxo oxBenaex h30mop4)H3m C {g"^,^ q-^) = EI©EI. J^jis xoro, Hxo6bi nocxponxt cooxBexcxBy- 
lomee npe^cxaBjieHHe yKa3aHHoro 6a3Hca, Heo6xo;];HMo noxpe6oBaxb nacxeii onepaxopoB 
7j BbinojiHeHHe ycjiOBHH tr{r]iaj) = ^gij- H Torfl^a, ;];eHCXBHxejibHO, bo3mo>kho orpaHHHHXbca 
KBaxepHHOHHbiM 6a3HcoM (xaK pa3 HMeiomHM 2 renepaxopa i h j (k=ij) h KBaxepHHOHHyio 
eflHHH^y I) 

■= ^1 

\ I I I / \ I I — 1 I 

(7.5) 
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riycTb Tenepb na npocTpancTBe C aaflanbi reHepHpyioiri,He sjieMeHTapHbie opToronajib- 
Hbie npeo6pa30BaHHfl seKTopM 



ri = (cos 01, sin 01, 0, 0), r2 = (cos 02, 0, sin 02, 0), = (0, cos 03, sin 03, 0), 
r4 — (cos 04, 0, 0, sin 04), — (0, cos 05, 0, sin 05), re = (0, 0, cos 06, sin 06). 



(7.6) 



ripn 3T0M, KaK H npeJK^e, npcoSpaaoBanHsi (r/)*(r/)j — 5j* (/ = 1, 6) renepHpyioT Bce BpameHHa 
H3 rpynnbi 0(4). CooTBexcTBeHHo, na npocxpancTBe (N = 2^/^~^ = 2) 6yflyT HHflyn,HpoBaHt>i 
Hx o6pa3i>i 



Ri := n% = 

i sin 01 cos 0i 



cos 01 i sin 0i \ 

, i?2 := r2Vi = 



cos 02 



sin 02 



\ i cos 03 + sin 03 

fcos 04 — i sin 04 




i cos 03 — sin 03 



— sin 02 cos 02 









R5 rs'rji = ^ 

i cos 05 




—i sin 06 cos 06 



HtoGbI ynpOCTHTb BblKJiaflKH, OrpaHHHHMCH 



— COS 06 i sin 06 

cjiyiacM, Kor^a 0i = 02 = 04 = f • Tor^a 



sin 05 i cos 05 
i sin 05 



i cos 05 



/ 




/ i \ / 1 
R1R2R3RAR5R6 =1 

^ ^- / \^ -1 

—i sin 06 cos 06 \ 

— cos 06 i sin 06 




=:a 



sin 05 sin (j)^ — i cos 05 cos 06 



V 



i sin 05 cos 06 + cos 05 sin 06 sin 05 sin 06 + i cos 

^ V ' ^ V 

=:b =:a 



=:a 




, 

i sin 05 cos 06 — cos 05 sin 06 



(7.7) 



(7.8) 
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i sin 05 



(—1 sin (f)Q cos 06 
— cos 06 ^ sin 0g 
-i W ie^-^s \ / 1 
^ i y y y y -1 

/ =:a =:6 

^ ' 7^ 

5 06 ~i sin 05 COS 06 + COS 05 sin 01 




/ 

sin 05 sin 06 + i cos 05 cos ( 

—i sin 05 cos 06 — cos 05 sin 06 sin 05 sin 06 — i cos 05 cos 06 

I ^ V ' ^ V ' 

\ =:-6 =:a 



/ 




(7.9) 



3thm nocTpoeno flsyjiHCTHoe HaKpbiTHe S0{3) = SU{2)/{±1} h nosTOMy Spin{3) = SU{2) 

(7.10) 



EcjiH Tenept nojioacHTb 03 = 05 = 06 = f h npoBCCTH aHajiorHHHbie Bi>iKjia/j,KH, to iiojiy^HM 




V 



/ \ / \ 

COS 01 COS 02 — i sin 0i sin 02 cos 0i sin 02 + i sin 0i cos 02 

i sin 01 cos 02 — cos 0i sin 02 i sin 0i sin 0i + cos 0i cos 02 

^ V ' " V ' 

:=-6 =-a 





i?6 ^5-^4-^3-^2^1 — 



COS 02 



— sin 02 COS 02 y y i sin 0i 




COS 



;=a 



. 

COS 01 COS 02 + i sin 0i 
i 




01 i sin 01 \ 



V 



i sin 01 cos 02 — cos 0i sin 02 - 
> ' ^ 




sin 02 cos 01 sin 02 + « sin 0i cos 02 

—i sin 01 sin 0i + cos 0i 
^ ^ 



y COS 02 



=:a 



=: A^K 



(7.11) 



(7.12) 
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riosTOMy 

S2.^Vj = A2^V^4■ (7.13) 

npeo6pa30BaHHa A^^A^ - npe^cTaBHxejiH rpynnti SU(2), KOTopyio nojiHocTbio h onHCbiBaioT. 
CoGnpaa ^ea ypaBHeHHa BMecxe, nojiyHHM, hto 

S,^^, ■= iS,S2)i'r]j = Ai^A/r/,A»At := S^r]j§. (7.14) 

BooGme roBopH, snaa npeoGpasoBaHHe Ai'^A2^, HHHero hcjibsh cKasaxb npo AgA^. HosTOMy 
npeoGpasoBaHHH S'^ n S cyxb pasjiHHHbi. 3to osHanaex, hto cymecxByex ;];ByjiHCTHoe HaKpbiTHe 
50(4) = SU{2) X SU{2)/{±1}. H nosxoMy Spin{A) = SU{2) x 5f/(2). 



8 MacTHbie pemeHna ypaBHGHHa KjiH(})4)op^a 

B 3moM napaspacfie paccKaaueaemcfi o moM, nan nocmpoumh Hacmnue pemeHUH 
ypaeneHUR KAU(f)(f)opda, Komopue noseoAHm odnosHaHHO nocmpoumh deyAucmnoe 
HaKpumue Spin{n, C)/{±1} = SO{n,C). Tanue pemenufi dadym eosMOMCHOcmt e 
daAhHeumeM odnosHauHO npodoAOicumb pujuanoey cestsHocmb 6e3 Kpyuenufi e cnu- 
HopHoe paccAoenue. Bueod ecex pesyAtmamoe amozo napadpa(f)a cdeAan na ocnoee 
npedudyiu,ux euKAadoK. 



Toro, HTo6t.i HaflTH HeKOToptie HacTHbie pemeHHS ypaBHCHHa KjiH(|)(|)op^a (6.36), ne- 
pennmeM ero KaK 

(8.1) 



AB AB c A 

Va V^cb + rj^ Vacs = gA^Oc ■ 



Example 8.1. n=4, N=2. 

B amoM CAynae eocnoAbsycMcsi usoMopcfiusMOM = C(2), Komopuu cmpoumcfi c noMoiu^hH) 



censymtiiiUX onepamopoe rj ab (6.31) 



^A _ ^ „A jdAB 

r — -r] AB^ ■ 



(8.2) 



Uycmh McmpuKa e UMeem eud 



( 



10 
10 
10 
1 



(8.3) 
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Oueeudno, nmo a,k)6ou mensop R^^ paajiazaemcH na 3 cuMMempuHuux u 1 KococuMMempuu- 
Hym Hacmu 



R 



AB 



Ri 



1 
-1 



+R2 



i 
i 



+R3 



t 
-i 



+Rl 



1 

1 





A I i 



R 



AB 



Ri 



+R2 



-i 
-i 



+R3 



+Rl 



ieih 



(£3)> 



1 

1 

i£i)AB 



14) 



c MempuuecKUM cnuH-menaopoM Sab 



Example 8.2. n=6, N=4. 



-i 

1 



UocmpouM menepb (A, B, ... — 1, N, a, b, ... — 1, N/2, 1 — 1,2,3,1) 



AB 




, (£2) 



AB 



i 

i 



-i 



(8.5) 



2(?e (s/)"^ 6epymcH U3 npedudyw,ezo npuuepa, maM nan pas n=4, N=2. 9mo odun 
MOCHCHUX eapuanmoe (4 cuMMempunnue u 2 KococuMMempuHecKue Hacmu). Ecjiu 
doMHOCHCum'b cnpaea ece nojiyneHHue {si)"^^ (I — 1, 2, 3, 4,1,2) na 



U3 603- 

menept) 



I 







i 

-i 



i 

-i 







(8.6) 
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mo eo3MootcHO nocmpoumb noeue mensopu (6 KococuMMempuHHUx nacmeu) 



( 



AB 



( 








-i 



-1 



i 

% 

-i 



1 

1 





AB 



0-100 



1^5 



^AB 



\ 



i 

-i 











i 

-I 



1^6 



,AB 







1 

>o 


i 



1 








1 
-1 








—i 

-1 








-I 














(8.7) 





-1 



Hmo dacm 603MocncHocm'b onpede/ium'b 



R 



AB 



-R 



BA 



Rl{ei)^^ + R-,{s-,r" + i?3(£3)-- + Ri{sr) + ^^5(^5)"" + ^6«")- (8.8) 



\AB 



\AB 



AB\ 



\AB 



-AB\ 



J\jiii Toro, HTo6bi nojiyHHTb nofloGnyio KOHCTpyKii,Hio fljia jiioGoro neTHoro n, fla^HM cjie- 
PYiom^e onpeflejieHHa. 

Onpe^ejieHHe 8.1. Uycmh e npocmpaHcmee C" (n > 4) onpedeneHO n opmozonaAhHux een- 
mopoe euda {r}i)^ 

M^Ma = 25jj, A, ^, ...^1;^, (8.9) 



KomopuM e cnuHopHOM npocmpaHcmee nocmaeuM e coomeemcmeue cnuH-mensopu 

{£i)ab ■= {'ni)^riKAB- 
Tosda cpedu n ecKmopoe {rji)^ naudymcH ^ + q ecKmopoe manux, nmo 



(8.10) 



1 

= ^ ^(^7q)*(£^q)ab, {£q)ab = {£q)ba 



(8.11) 



u ^ + q ecKmopoe manux, nmo 



1 V ^ 

V^[AB] = i^'Y^{VQf{eQ)AB, {eQ)AB = -{eQ)BA, q + q = 0. 



(8.12) 



KpoMC mozo, nompeBycM, Hmo6u eeu^ecmeeuHafi peaAuaav^vM manux onepamopoe ydoeAemeo- 
pHJia anajiosuHHUM coomHomenufiM. 
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Cjie/],CTBHe 8.1. Hs coomHomeHun 



TA''{ei)Bc + Tc"{ei)AB = Q 



Bi 



(8.13) 



eunoAHennoeo Oah ecex I = l,n, cAedyem, umo T4 = Ta = 0. 
floKasameAbcmeo. BocnojibsyeMca Toac^ecTBOM 

„ CN^ ^ ML _ 1 CN^ \ \ML _ 

I 

= k E(-^[r|CD(^/|)^^ + iviMDnVnWNieir' = 
I 



Tor^a 



(8.14) 



Ta^ = Ta^ = 0, 



rp AK^ n-4 rp KA^ _ n 



nrp _D AK^ n-i rp D KA„ _ n 



nrp AK^QL n-Arp KA^QL _ n { T AK ^QL _ n 

2 -'A £PL ^ DK ^-'A ^PL £ KD — (J, J DK — 



nrp D AK^LQ n-irf D KA^LQ _ n 



CjieflOBaxejibHo, Ta = Ta = 0. 




rp AK^QL _ n 

-LA £PL £^ DK — U. 



.15) 

□ 



TaKHM oGpasoM, na oGpasyiomHe Tensopbi (e/)^^ ypaBHeHHeM KjiH(|)4)op;i,a (8.1) naKjia- 
flf^maeTcs ycjioBHe 



ab 



{ei)cB{ejf^{ei)AD, Va {^i)ad{£i) 



CB 



-Vacd + (^/)a(£^/) 



CD, 



(^/)^ = #r/^^^(^/)AB, iei)AB = (r^/) Vab, (£/)ab(£/)^^ = 5^^. 



(8.16) 



Onpe^ejieHHe 8.2. Ha npocmpaHcmee Bueenmopoe onpedeAen ^-eaAeHmHuu mensop, c no- 
MoviifiK) Komopodo MOMCHO nodnuMamh u onycKamt> napnue undeKcu 



£abcd '■— VaabV^cd 
,2 



^A'B'C'D' '■— VA'A'B'V CD' 



— ( 2Y ^KAB^^iCD^ _ ( - 

gA-f - [n) V 7] EaBCD, QA'^' - [n) V 



2 ^A' A' B' C D' = 



V 



^A'B'C'D' 



(8.17) 



£adcbVa — -2~Vacd, 



— — A' B' 2—n — 

^A'D'C'B'Va' = -^Va'C'D' 
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SaMenaHHe 8.1. CAedyem omMemumb, umo Bar deucmeumeA'bHux eAootceHuu ycAoeue {r]iy{r]j) 
26ij He ecesda eunoAHUMO. Ezo CAedyem Moducfiuyupoeamb do {r]iy{r]j)i = 2gij, sde gu = 
0, I ^ J u Qjj = ±1, npu amoM snan eu6upaemcsi e saeucuMocmu om undeKca juempuKU 
u HOMepa eenmopa. 9mo ByneaAbHO osnaHaem, umo Mempuna e HCKomopoM 6a3uce UMeem 



duaeoHaAhHuu eud c ±1 Ka sAaenou duaeonaAU. Tosda ypaenenue (8.16) npuMem eud 



{ej)AB = -5'//(^/)cb(£^j) (£^/)aD, gilVi i^l)ADiEl)cB = -ViCD + iVl)ii^l)cD, 



( |8l6| ) 



iViY = {£i)ab, 9ii{ei)AB = (viYViAB, 9ii{ei)AB{eir^ = 6b^. 

B CAynae KOMnACKCHOso npocmpaHcmea eceeda mochcho oipaHUHumtcH moAbKO +1 c eenAudo- 
eou MempuKou 6jj. 9mo20 6ydem docmamoHHO Oasi doKasameAbcmea ochobhux moofcdecme. 
K deucmeumeAhHUM otce npocmpaHcmeaM mochcho nepeumu, ucnoAhayn coomeemcmeyminuu 
onepamop eAootcenufi. 

HoSTOMy B03M0JKH0 flBa CymeCTBeHHO paSJIHHHMX CnOCo6a B SaBHCHMOCXH OT KpaXHOCTH n 



/). n mod 4 = 0, //). n mod 4 = 2 



(8.18) 



onpeflejieHH3 jih6o napti MexpHnecKHx xeHsopoB sab = —^ba^ ^ab = ^ba^ cjiynae I)., jih6o 
napbi hhbojiioii;hh Ea^ , Ea b cjiynae II). (flOKaaaxejibCTBo b npnjiojKeHHH) 

{n/2+q-l)/2 



I)- £AiA^. 



n/2 + 9+l) ■ V^(«/2+'?)J>l(„/2+9)-4(„/2 + 9 + l) 



n i^2Q-l)A,Q_,A,Qie2Q)^''^+^^'''^ 



Q=l 



£ab£ 



CB _ s: C 
— OA , 



£ab = -£ba, n/2 + q>2, 
£ab = £ba, n/2 + q = l, 



Vaab — Va^'^^ca^db, 



(n/2+g--l)/2 A -A - 



^AB^ 



~CB _ A C* 
— OA , 



eAB = eBA, n/2 + q>2, 
£ab = -£ba, n/2 + q=l, 



, Vaab — Va^^^ca^db, 



(n/2+g)/2 

//). := n (^r2Q-l)A2,,_,A2g(^2Q)^^«+^^^«, 

Q=l 



Ea Eb 



X C ^ AB _ ^ CD rp Arp B 



(n/2+g)/2 

^^^A(„/2+,+.) := Yl (^2Q-i)a2^_,a,<5(^2q) ^'^^^ 



(8.19) 



( |8l9j ) 



TP B ^ C _ X C „AB_„CDTpAfpB 
-C/A J^B — -dA , VA — VA -C/D -C/C , 
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SaMenaHHe 8.2. /(yi^ deucmeumeAbHux eAocuceHuu mensopu us (8.19) doMHOotcammcfi na 

{n/2+q) 

g '■= { n a/5'pp), ^de 6 Kauecmee nopufi ^J~gpp npu gpp = —1 6u6upaemcH Am6ou us deyx 
p=i 

eapuanmoe ±i. 



HoKajKeM, HTo TaKHe onepaxopbi cymecxByioT. JXjis n=4 bosmojkho npe;];cTaBjieHHe, onncaH- 
HycTb nocTpoeno neKOTopoe npe^cxaBjieHHe rja"''' [a , P , .. 



Hoe B npHMepe 



l,n — 2;a ,b , . 



1, 2("~^)/2~^). Onepaxopbi ri\^^ (A , \I/ , ... = 1, ra; A , i? , ... = l,2"/2-i) cxpoHxca cjie^yiomHM 
o6pa30M. Ilycxb xensop g^is cojxepyKUT xojibko +1 na rjiaBHofi ;],HaroHajiH, xor;];a 



ab 



AB 







-{f]^ 



)acd 



V AB 







-ivn 



T\alm 



Vn-1 



AB 



1 
V2 





-l6r'' 



„71— 1 

V AB 



1 
V2 



—iSr, 



(8.20) 



?7n 



1 
V2 



5^ 



5c' 



V"'AB 



5 



V2 



5\ 



HpH oGmeH cxeMe nocxpoeHna (8.20) ypaBHCHHe 



fA''{ei)BC + fc''{ei)AB = ^ 



(8.21) 



fljia n=4 npHBOflHX k Ta^ = Ta^ = 0, hxo npoBepaexca Henocpe;];cxBeHHO. Hycxb ;];aHHoe 
ypaBHCHHe BbinojiHeno fl^Jis neKoxoporo nexnoro n-2. Tor^a ^Jia n ypaBHeHHe pacna^exca na 
HacxH xaKoro BH^a: 



1. 



Ta''{ej)tc + T,''{ej)ab = 0, T\{ejf' + T%{eir' = Q, /=l,n-2, 
Hxo HeMe^^jieHHo ^aex Ta = Tj' = 0, T";, = T^^ = 0. 



(8.22) 



2. 



7^afe(£^n+l)''c + Tcb{Bn+l)a' — Tac — Tea — 0, 
i+l) 



T'^''(£„+i)6^ + f'^\en+i)\ = -T'^' + = 0. 



3. 



Ta6(^n+2)'c + ^c6(^n+2)a'' — ^ic + ^ca — 0, 
T"'(£n+2)fe'= + f^\Sn+2rb = f'^' + T^'^ = 0, 



(8.23) 



(8.24) 



Hxo HeMe;];jieHHo j\a.eT: Tab = Tab = 0, T""^ = T"-^ = 0. TaKHM o6pa30M onaxb Ta^ 



Ta"" = 0. 
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riycTb Tenepb HMeioTCH BemecTBeHHbie CBHsyiomHe onepaxopbi rjj^'^^. IlpH stom cymecTBy- 
ex Ha6op opToroHajibHbix BeKxopoB xaKoii, hto nacxb (sq)^^ cHMMexpHHHa, a ocxaBinaacH 
Hacxb (eq)^^ KococHMMexpHHHa. HoKajKeM, hxo bosmojkho nepefixH k KOMnjieKCHoii peajiHsa- 
n;HH xaKHx onepaxopoB, coxpanaiomHx yKaaaHHoe cbohcxbo h, cjieflOBaxejibHo, yflOBjiexBopaio- 
mHX onpe;];ejieHHio 
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AjiropHTM 8.1. 



1. Ha nepeoM made ucnoAbsyeM e KaHecmee onepamopoe (6.24) (6.30) onepamopu 

(5^5 id""-. 



( 





V2 


\ 4' 









V 

: = ('^l+)^l 




„ ah 
'la 




75^. 


\ 






75g' 
















d 


-01 vJ' 


/ 



1 

V2 





5l 
5^0 



ab 



■.=(mT )zB 



((a-z/3)-(7 + z5))5c 





:=</>! 



-{rf)acd 



(8.25) 



B Kanecmee onepamopoe (mi 



MOCHCHO esjimt) onepamop 






-5/ 



Ec- 



Au menepb eocnoAbsoeambCH onepamopaMU rriA^, nepeeodsim^uMU nodnpocmpaHcmeo 



nodnpocmpaHcmeo C^, a npocmpaHcmeo 



(2,2) ° 

^(n-2n-2) ocma6Asimm,ee 6e3 usMeneHuu, mo mochcho 
nocmpoumb ceH3yiom,ue onepamopu r/A^^, coomeemcmeymiu^ue npocmpancmey ©M^^^g n-2)' 
npu amoM pasMepnocmb cnunopnoeo npocmpancmea 6ydem noHuotcena e 2 pasa. 
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2. Ha emopoM maze eocnoAbsyeMCH onepamopaMU 



( Ai- 



1 

71 







bj' 









X Si 





































'la 


a 





























































a 




r]J' 


























ai 




















„ cidi 
'la 


















bi 





'la 


















Pi 







\ 



1 

71 




































-iSf 
























































(8.26) 



EcAU menept) eocnoAbsoeambCH onepamopaMU mp/^ , nepeeodsim,u.MU nodnpocmpaHcmeo 



(2,2) 



e nodnpocmpaHcmeo C , a npocmpancmeo C ©I^("r4„_4) ocma6Asimm,ee 6e3 usmchchuu, mo 
MOCHCHO nocmpoumt C6fi3ymm,ue onepamopu rj^""^, coom6emcm6ymm,ue npocmpancmey © 
^^n~4n-4)' '^^^'^ smoM pasMcpHocmb cnuHopHozo npocmpaHcmea 6ydem noHuotcena e 2 paaa. 
3. Ilocmynasi anaAosuHHO, mochcho noAyuumb npocmpancmeo C"^^ © 2) coomeemcmey- 
K)iu,ue cefi3y}om,ue onepamopu. Oueeudno, umo na KacucdoM maze y cesisytomux onepamopoe 
Modu(f)uv;apymmcfi moAbKO Kojunonenmu, omeeHatouiiUe sa nepexod om deucmeumeAhnou pea- 
Ausayuu nodnpocmpancmea M^2 2) KOMnACKcnou peaAusayuu C^. 



4- SaKAWHumeAhHuu maz ocym^ecmeAfiemcfi c noMom^bto onepamopoe us npuMcpa 3.2 
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CjieflCTBHe 8.2. Cestsyminue onepamopu us onpedeACHUfi 8.1 ydoeAemeopHwm mooted ecmey 
(doKasameAhcmeo e npuAOCHcenuu) : 

^ AB^ nCD^e —^(n _L A ©A ^ A ®A ^\ (9.07\ 

VA V'^ADV V CB — ^{QA-iig + OA 0* — 0-^ Oa ). [o.Zi) 



Cjie^CTBHe 8.3. JJah opmosonaAbHux npeo6pa306aHuu (6.42) cym,ecmeyem dea eapuanma 
npedcmaeAeHuu Oasi naotcdodo CAyuan: 

I). Co6cmeeHHue epaui,eHUH. 

5a%*^^ = r/A^^^c^^z.^. (8.28) 

1. n mod 4 =2 

C B _ TP C a D TP B Q B _ T7 C Q D fp B {q r)Q\ 

OA — — -c/A oc -C/D , OA — — -C/A Jc -C/D • [a.Zy) 

2. n mod 4 =0 

Sa^ Sc^ebd = £ac, Sa^ Sc^ebd = £ac, 

Sa^ Sc^Ebd = ^ACi Sa^ Sc^Ebd = ^AC- 

II). Heco6cmeeHHue 6pam,eHUfi. 

BA _ ^ qCA dDB 



(8.30) 



Sa^V^^^ = vacdS'^'^S^^. (8.31) 



1. n mod 4 =2 



S''^ = -Ek^~S'''^El'', S""^ = Ek'^S'^'^El''. (8.32) 



2. n mod 4 =0 



qABqCD^ _ ^AC qABqCD^ _ ^AC 

J J ^BD — ^ ; <-> 'J ^BD — ^ ; 

qABqCD^ _ ^AC qABqCD^ _ xAC 

O O EbD — E y iJ iJ EbD — E 



(8.33) 



Cjie^CTBHe 8.4. JI^asi uneoAioyuu (6. 41) cyui,ecmeyem dea eapuanma paaAootcenun: 
I). AnaAos coBcmeeuHux epauj,eHuu. 

Sa'"v^'^'''' = Va^'''Sc^'~Sd'''. (8.34) 
~Sa'''~Sb''' = i^A^", Sa'^'^b'"' = i^A^". (8.35) 
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II). AnaAos Heco6cmeeHHUx 6pam,eHuu. 

q B'A' _ ^ qCA' 5DB' 

^AB' _ J^^B'A ^AB' _ J^^B'A 
ABi 



(8.36) 
(8.37) 



By^neM cHHTaxb, hto onepaxopt.! ?7a (o"aab) cTpoHxca jih6o no cxeMe (8.20) (a = l,r2 — 2) 

ab 



AB 



a). 



Va 



O'KAB 



acd 



aab 



(8.38) 



-Va 



cd 



jih6o no cxeMe 



ab 



AB 



b). 



Va 



(7 AAB 



UiVn-1 + VnWd 



\{iVn-l-Vn)5c -iV^) 



acd 



iV^)aab UiVn-l + Vn)5a 



( P8| ) 



cd 



\{iVn-l-VnWb -Va 

3to osnanaex, nxo ns npeflbiflyn^eii pasMepnocxn nacjie^yioTCii cnnnopbi conpsjKennH (|6.47|) 



/). a). Sa^':- 



II). a). Saa' ■-- 






iSaa 


















h). Sa^':- 
b). Saa' 
























(8.39) 



KOTopbie onpe;];ejiHioTC5i c xonnocxbio f\o snaxa. 

Example 8.3. B ma6Auv^e [7] npueedenu pasAUHHue eapuanmu deucmeumeAbHux eAoofceHuu 



Oah n=2 (cm. npuMepu 6.1 u 6.2) 



Example 8.4. B ma6Auv^e npueedenu pasAunnue eapuanmu deucmeumeAhnux 



Oah n=4 (cm. npuMcp 6.3) 



Example 8.5. B ma6Auu,e\^ npueedenu pasAuunue eapuanmu deucmeumcAhnux 



eAOCHcenuu 



eAOMcenuu 



dAsi n=6. B cAyuae, Kozda rjA^'" '■= Va^^^b'" KococuMMempunen (cm. npuMcp 8.2), doAOfcnu 
6umh eunoAnenu coomnomenufi: 

I). va^^Sa^ Sb^ = Sa^ Va'^ ^ , II)- Va^^ Saa'Sbb' = Sa^ Va'b'A' = Sa^ (^a'A'b'-, 

AB Q A' Q B' _ Q A' ^ A'B' ^ AB o o _ o A' ^ _ c A' 



„ AB C A' c B' _ c A' ^ 
Va OA OB — OA VA' 

I). Sa'^ = ^ea^ Sb^ b'-, 



Va Saa'Sbb' = Sa Va'B'A' = Sa cta'A'B', 

II). SaA' = ^^A^ Sbb'^A'^ ■ 



i.AO) 



HanoMnuM, nmo rji := r]A cozAacno (4-4) ■ 
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Ta6jiHii,a 1: Bh^ MaTpHi];i.i Tenaopa S fljia cooTBeTCTByioiii,Hx fleliCTBHTejii>Hi>ix bjio- 
jKeHHH 2-MepHbix npocTpancTB b KOMnjieKCHoe fljia = (T, Z) . 



n-n 


IIpOCTpaHCTBO 


BHfl S 


s 


H30M0p(|)H3M 


Bhit vzr^r?^- 


Bhu xTlr^Gi 


la 


< ++ > 




(0 


U{1) ^ S0+{2) 


T + iZ 


T-iZ 


lb 


< > 




(0 


U{1) ^ S0+{2) 


-iT-Z 


-iT + Z 


2a 


^(1,1) 
< +- > 


Sa^' 


(0 


R+^S0+{1,1) 


T + Z 


T- Z 


2b 


d2 

^(1,1) 
< -+ > 


Sa^' 


(0 


R+^S0+{1,1) 


-T- Z 





Ta6jiHii,a 2: Bh^ MaTpHn;i>i Tenaopa S fljia cooTBeTCTByK)iii,Hx fleiiCTBiiTejiBHbix bjio- 
jKeHHH 4-MepHbix npocTpancTB b KOMnjieKCHoe fljia r' = (T, X, y, Z) . 



n-n 


ripOCTpaHCTBO 


s 


BHfl V2r%/V2r'ai 


la 


< > 

SU{2) X SV(2) /±lSSO+ (4) 


~s 

I 

\ 


A' Q 

A —OA 

' 1 ' 
^-10^ 


A' 

) 




' -iT-Z iX+Y ' 
\ iX-Y iT-Z J 
' -iT+Z iX+Y ' 
^ iX-Y iT+Z ) 




16 


<+ + ++> 
S'!7(2) X S'i7(2) /±1^S'0+ (4) 


s 
1 

\ 


A' d 
A —OA 

' ^' 

.-^ S 


A' 

) 




T+iZ iY+X 
-iY+X -T+iZ 

T-iZ iY+X 
-iY+X -T-iZ 




2a 


d4 

(3,1) 

< + -++> 
5L(2,C)/±1^S'0+(3,1) 


s 

( 


AA' = Sa. 
' ^' 

.-^ S 


4' 

) 




T+Z iY+X 
y -iY+X -T+Z J 

T-Z iY+X 
y -iY+X -T-Z y 




2b 


d4 
(1,3) 

< H > 

5L(2,C)/±l^S'0+(l,3) 


s 


AA' — SaA' 

{':) 




/ T+Z iY+X \ 
\ iY-X -T+Z J 
( T-Z iY+X \ 
\ iY-X -T-Z J 




3a 


(2,2) 

< + + > 

SL(2,R)xSL(2,R)/±1^50+(2,2) 


s 


A' Q 

A —OA 

{':) 


A' 




' T+iZ iY+X ^ 
\ iY-X -T+iZ J 
' T-iZ iY+X ^ 
\ iY-X -T-iZ ) 




3b 


(2,2) 

< ++ > 

SL(2,lR)xSL(2,R)/±l^SO+(2,2) 


s 


A' d 
A —OA 

CO 


A' 




' -iT-Z iX+Y ' 
I -iX+Y iT-Z J 
' -iT+Z iX+Y ' 
^ -iX+Y iT+Z ) 
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Ta6jiHii,a 3: Bh^ MaTpHi];i>i Tenaopa S fljia cooTBeTCTByioiii,Hx fleHCTBHTejibHbix bjio- 
jKeHHH 6-MepHbix npocTpancTB b KOMnjieKCHoe fljia = (T, X, V, W, Y, Z) . 



n- 

n 



np- 

BO 



Bh^ S 



H30MOp4)H3M 

Bh/], \/2r''r]i 



Saa' 



SU{4)/ ± 1 ^ S0+{6) 



f 



















-1 







1 







-1 









T+iZ X+iY V+iW 

X-iY -T+iZ 

V-iW -T+iZ 

V-iW 



\ 

V+iW 
-X-iY 
X+iY T+iZ 



T-iZ X+iY V+iW \ 

X-iY -T-iZ V+iW 

V-iW -T-iZ -X-iY 



\ 







V-iW -X+iY T-iZ 



(1,5) 



5L(2,M)/±1^50+(1,5) 














1 












1 












-1 










v 


-1 











I 



( T+Z X+iY 

-X+iY -T+Z 
-V+iW 

\ -V+iW 



V+iW \ 

V+iW 

-T+Z -X-iY 

X-iY T+Z 



( T-Z X+iY V+iW \ 

-X+iY -T-Z V+iW 

-V+iW -T-Z -X-iY 

-V+iW X-iY T-Z I 



R 



(2,4) 



Saa> 



,SC/(2,2)/±l ^,50+(2,4) 



/ 1 \ 

10 
0-100 

\ -1 0/ 



/ T+iZ X+iY V+iW \ 

-X+iY -T+iZ V+iW 

-V+iW -T+iZ -X-iY 

\ -V+iW X-iY T+iZ / 



( T-iZ X+iY V+iW \ 

-X+iY -T-iZ V+iW 

-V+iW -T-iZ -X-iY 

-V+iW X-iY T-iZ / 



R 



(3,3) 



SL{A,m)/ ±1^ SO+{3,3) 



/go 1 \ 
0-10 
0-100 

V 1 / 



/ T+Z 

X-iY 
-V+iW 
\ 



X+iY 
-T+Z 


-V+iW 



V+iW \ 

V+iW 

-T+Z -X-iY 

-X+iY T+Z 



( T-Z X+iY V+iW \ 

X-iY -T-Z V+iW 

-V+iW -T-Z -X-iY 

-V+iW -X+iY T-Z 



J 
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9 O CTpyKTypHbix KOHCxaHTax ajireSp 6e3 ^ejieHHH. Ce^e- 

HHOHbl 



B amoM napazpacjje paccKaaueaemcH o moM, kuk no ceH3ymm,UM onepamopaM, 
ydo6Aem6opfimm,UM ypaeHeHum KAUcpcpopda, nocmpoumb cmpyKmypnue KOHcman- 
mu aAse6pu cedenuoHoe. Tanue aA2e6pu cmpofimcfi UHdynmueHUM nepexodoM Bah 
n mod 8=0, ucxodn us nepuoduHHOcmu Bomma. PaccMampueaemcfi ancuoMamuKa 
manux aAse6p. Bueod ecex pesyAhmamoe amoeo napaepacfia cdeAan na ocHoee JB^, 



BocnojibsyeMCH xeM cJ^axTOM, hto ^jih n mod 8=0 cymecTByioT xaKHe CBHsyromne onepa- 
TopM r]/^^^, HH^yKTHBHoe nocxpoeHHe KOTopbix He aBjiHeTCH y^BoeHHeM ajireGp, a cBasano c 



nepHOflHHHocTBK) BoTTa. CorjiacHo onpeflejieHHio 8.1 

VA^"" + Va""^ = VAS^"" , VA:={Vn)A, (9.1) 
rflfi e^^ - CHMMexpHHecKHH MexpHHecKHfi cnHH-xeHsop na cnHHopnoM npocTpancxBe. 3to j^acT 

BOSMOJKHOCTb nOJIOJKHTb 

/). Pa^ := r^A^^Xs, Pa^P*a = ^?a*, //)• Pa^ := va^^'Xb, Pa^P^a = 9a^ (9-2) 

fl^jis HCKOToporo Xb {X^Xa = 2). Tor;],a mojkho onpe;],ejiHTb HCKOTopbie cTpyKxypHtie koh- 
cxaHTBi cjieflyioiri,HM oGpaaoM 

/). r^A^e := v^r/A^^P^^P®^, //). r/A*® := v^r/A^^P^^P^B. (9-3) 

06a BapnaHTa paBHonpaBHbi, nosxoMy b ^ajibHeiimeM 6y^eM paccMaTpHBaxb I). BapnaHX. By- 
^yx jiH OHH onpeflejiaxb neKoxopyio rpynnoByio ajire6py? OxBex coBceM HeoflHOSHaneH, h box 

1. Uo jiio6t.iM JXBjM sjieMCHxaM (ri)^, (r2)* mojkho Bcer;];a e^^HHCXBeHHbiM o6pa30M nocxpo- 
HXb Hx npoH3Be;];eHHe 

(ri,r2)® :=(ri)^(r2)V^«. (9.4) 
HosxoMy nepBaa axcHOMa yMHOJKeHHa BBinojiHena. 

2. CymecxByex eflHHHHHBiii sjieMenx no yMHOJKeHHio e := -^V^- 
JJoKasameAbcmeo. 



V2 

V2 



1 „A„ e _ cAB p p0 _ A © 

—7] i]Aif, — e r-nA^ B — , 



V VA<f — Va £xa^ -t b — -r a -t b — Oa . 



(9.5) 

□ 
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riosTOMy BTopaa aKCHOMa yMHoacenHH BbinojiHena. 
3. P,^^ JiioGoro HeH30TponHoro sjieMeHxa cymecTByex o6paTHbiH sjieMeHT no yMHoaceHHio 

:= ^ (2<r,e>e-r), < ri,r2 >:= gA^in)^ir2f ■ (9.6) 

< r, r > 

/^OKasameJihcmeo. 



— jdAb d vx pe _ 1 vB pe _ 1 „e 



(9.7) 



3th TOJKflecTBa, Bepntie fljia npoHSBOjiBHoro HeHsoxponHoro r, paBHOCHjibHbi cooTHome- 

HHK) 



V2 



□ 



HoBTOMy xpexba aKCHOMa yMHOJKeHHH BBinojiHena HacxHHHo. /Jjih BjiojKeHHa C C" 
(n moc? 8 = 0) sxa aKCHOMa BbinojiHena ^jih jiio6oro HenyjieBoro sjieMenxa. CooxBex- 
cxBCHHo, c noMombio onepaxopoB BjioaceHHa Hi^ onpe^ejienbi cxpyKxypHbie KOHcxanxti 
rjij'', Koxopbie, o;];HaKO, He j^jis Bcex CHHHopoB ^JAJT AeficxBHxejibHbiMH. 

4. KoMMyxaxHBHbiii saKOH ne BbinojiHaexca. O^naKo cymecxByex xojKflecxBo 

^((^^1, ^2) + {r2, ri)) = - < ri, r2 > e+ < ri, e > r2+ < r2, e > ri. (9.9) 



-^?A^(^r^^)+2(^r^(*)5A)«. 



(9.10) 



□ 



HacxHbiH cjiynafl sxoro xoac^^ecxBa 

r^ = -<r, r>e + 2<r, e>r ( |9^ ) 



npHBo^Hx K (9.6) H osHanaex BbiHOJineHHe cxeneHHofi accoii;HaxHBHocxH. HosxoMy nex- 



Bepxaa aKCHOMa yMHoaceHHa ne BbinojiHena. Ho efl mojkho nafixH saMeny. 
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5. Accon;HaTHBHt.iH saxoH ne BbinojiHaexcH. 0;],HaKO cymecxByex ajibTepHaxHBHO-sjiacTHHHoe 

TOJKfleCTBO 

((ri, ri), ra) - (ri, (ri, ra)) - (n, (rs, ri)) = 

(9.11) 

= ((r2, (ri,ri)) - ((r2,ri),ri) - ((n, ra), ri). 

((ri, ri), ra) - (ri, (ri, ra)) - (n, (r2, n)) = 

= - < ri, ri > r2 + 2 < ri, e > (ri, ra)- 

-2(ri, - < ri, r2 > e+ < ri, e > r2+ < r2, e > ri) = 

= — < ri, ri > r2 + 2 < ri, r2 > ri — 

— 2 < r2, e > (— < ri, ri > e + 2 < ri, e > ri) = 

= 2 < r2, e >< ri, ri > e + (2 < ri, r2 > —4 < r2, e >< ri, e >)ri— < ri, ri > r2. 

(9.12) 

□ 

HosTOMy HHTaH aKCHOMa yMHOJKeHHs He BbinojiHena. Ho eii mojkho HaftxH saMeny. 
CorjiacHo o6iri;eH xeopHH xaxaa ajireGpa HMeex ^ejiHxejiH npn n > 8. ^eflcxBHxejiBHo, 

(n,r2) = 0, 

(ri)^(r2) = 0, (9.13) 

(i?l)^^(i?2)DAX^P^BPQ^ = 0. 

HpoHSBefleHHe P^sPn'" ecxb BL.ipo>K^eHHL.m onepaxop. Ecjih npHHaxt, hto HSBecxen BeKxop 
r2, cnHHop X"^, TO HensBecxHtiMH 6y^yx Koop/i;HHaxBi Bexxopa ri. Ho, nocKOjibxy P^BPn" 
BBipojKfleH, yKasaHHaa CHCxeivia ^ojiacna hmcxb nexpHBHajiBHoe pemeHHe ripn HeKoxoptix sna- 
HeHH3x BCKxopa r2. OfxaaKo, cymecxByex xaKoft 6a3Hc ajireGpbi, Koxoporo 

(ri,e) = (e,ri), 6^ = 6, 



(ri,rj) = -(rj,r,), 



Ti ^ e, rj 7^ e, j, (9.14) 



(rj)^ = -e, n 7^ e. 

HanGojiee HHxepecHbiMH jijis HsyneHHa npe^^cxaBjiaioxca ajireGpti, ^jia Koxoptix mojkho no- 



cxpoHXb xaKOH GasHC (9.14), sjieMenxbi Koxoporo ne sbjihioxch ;];ejiHxeji5iMH nyjiH h y;];oBjiexBO- 
paiox xojKflecxBaM ajibxepnaxKBHocxH (xaxyio ajireGpy nasoBCM ajireGpofi ce^eHHOHOB) 

{ri{ri, rj)) = {{ri, r^), r^), ((r^, r^), r^) = (r^, (r^, r^)). (9.15) 

KoHeHHo, He Bcex ajireGp xaKofi GasHc cymecxByex. HosxoMy rnnepKOMnjieKCHbie ajire6pt.i 
Gy^yx KjiaccH(|)Hij,HpoBaxbC5i no MaKCHMajibHOMy KOJinnecxBy GaancHbix sjicMenxoB, ne hbjihio- 
mnxca ;];ejiHxejiHMH nyjiH. Hn^^yKXHBHoe nocxpoenne MexpHnecKofi rpynnoBofi ajitxepnaxMBHO- 
3jiacxHHHOH ajireGpti 6ojiee bbicokoh pasMepnocxH bbifjih^hx cjieflyiomHM o6pa30M. 
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AB 



CTkAB 



(9.16) 



AjiropHTM 9.1. 1. nycmh HttM useecmnu KococuMMernpuHuue cesi3ymm,ue onepamopur]a°'^ 
d/iA n mod 8 =6. Toada ceAsymmue onepamopu tja^^ Oaa n mod 8 =0 cmpoAmcA no cxcmc 

Va"^ \{ir}n-i + r]nWd 

{'<f)ccab \{ir]n-i + r]n)5/ 

umo o6ecneHum naAunue cuMMempunecKoso MempunecKoso cnunopa Sab = ^ab dAfi n 
mod 8 = 0. 

2. Uycmb hum uaeecmnu cemymmue onepamopu rja"''' d/iH n mod 8 =0. Tosda ceAaytomue 
onepamopu tja^^ djiA n mod 8 =2 cmpofimcfi no cxeMe 

|(-i77n-l + 'nn)Sj' -{'>f)ac 



AB 



xcd 



ctaab 



{'>f)aab \{i'nn-l+'nn)5/ 



(9.17) 



cd 



3. Uycmb naM useecmnu cemytovnue onepamopu rja^'' d/iA n mod 8 =2. Tosda cemyiovnue 
onepamopu tja^^ Ojia n mod 8 =4 cmposimcA no cxeMe 



( 



VA 



caab 



AB 



ah 



UVn-1 +iVn)S''d 



(9.18) 



y l{-r]n-i + irjn)Sj' {rf)acd 

-l{-Vn-l+iVn)S% Va'^ 

o6ecneHueaH Oah n mod 8=4 uaAUHue MempunecKoeo KococuMMempunecKozo cnunopa 



£ab '■— (£1)^0(^2) {s^)bk 












i(£l) 
























^(^l)mn 












ab 



\ 



(9.19) 



2de {sijah - MempuHCCKUu cuMMcmpuHHUu cnuHop djiH n mod 8=0. 

4. Uycmb naM useecmnu ce.fi3ymm,ue onepamopu rja""^ dAH n mod 8 =4- Tozda censywinue 
onepamopu tja^^ Oah n mod 8 =6 cmponmcA no cxcmc 



Va 



AB 



(9.20) 



caab 



cd 
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KpoMe mozo, donoAHumeAbHO npoeedcM npeoBpasoeanue censymvuux onepamopoe no cxe- 
Me 

y 25'^'= y 

2de Eab {n/2 + q = 3) Oasi n mod 8 = 4 5ydem MempunecKUM KococuMMempuHecKUM 
cnuHopoM. Tozda dAsi CAedymineu peaAusayuu n mod 8 = 6 onepamopu fj\^^ = —fj^"'^ 
6ydym noAHOcmbto nococuMMempuuHU {n/2 + q) = 0. JlesKO npoeepumb eunoAnenue 



ypaenenuH KAU(f)(f)opda (8.1) Oah maKux onepamopoe. Ecau daAbneumee nocmpoenue Oah 
n mod 8 = eecmu na ocnoeanuu yofce manux onepamopoe, mosda 6ydem cyiu,ecmeoeamh 
cuMMempuHHUu MempuuecKuu cnunop Sab = {^i)ab, "^72 + q = 1. /Jasi n mod 8 = 2 
yofce 6ydem cyiu^ecmeoeam'b uneoAmuufi npu n/2 + q = 2. H, cnoea, Bar n mod 8 = 4 



noAyuaeM n/2 + g = 3. Kpyz .saMKnyACH. HauaAO otce noAootceno e npuMepax 8.1 8.2 



5. Uycmb UMeemcfi aAse6pa nad M" co cmpynmypnuMU KoncmanmaMU, csenepupoeanHUMU 
om ceHaymu^ux onepamopoe rj^ c MempuuecKUM cnunopoM e u onepamopoM eAO- 
Mcenusi Hi^. BydeM cnumamh, umo MempuuecKuu mensop g\,^ na ZAaenou duazonaAU 
codepMcum odnu ^ + Tosda mochcho nocmpoumh KococuMMempunnue cesisytoinue 
onepamopu Oasi npocmpancmea C"+^ 



/ n n n Pp^Q n ^^^^ -n,<rAD „ \ 









^ ab — 
'la — 


„ ba 

i/a • — 






















^^AK 




Va'^b 















iV^Ac'' 


PSCB 





C,£ny 








-aeNM {n^)AN^ 





Ssnb 













Va^m 












jepY 


aepR 


-^AP'^ 











-(ePB 







-Va'^r 

























































a 


= U^Vn+l + Vn+2), 


/3:=|(- 


-i7]n+l + r]n+2] 








7 


= 


+ irjn+A), 


6:=U- 


r]n+3 + irjn+i) 










= 


+ ir]n+6), 




Vn+5 + iVn+e) 







(9.21) 
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6. Uepexod k c6fi3y}om,UM onepamopaM npocmpaHcmea C""*"*^ ocym,ecm6Afiemcfi man: 



-{lf)acd 




c MempuHecKUM cnuHopoM e^^ := ( 1 , exz ■= \ " 1 ■ Uoc/ie 




(9.22) 



3171030, MODfCHO ncpeumu K cesisywiUiUM onepamopaM npocmpaHcmea ]R"+^ C C"^^ c no- 
Mom^tm coomeemcmeyK)iu,eso onepamopa eAoofcenusi. A yotce manue onepamopu senepu- 
pymm cmpynmypnue Koncmanmu aAse6pu pasMcpnocmu n + 8. 



10 HH4)HHHTH3HMajibHbie npeo6pa30BaHH5i 

B amoM napaepa(f)e paccnasueaemcfi o moM, nan no c6fi3ymm,UM onepamo- 
paM, ydo6Aem6opfimm,UM ypaeHCHum KAUcpcpopda, nocmpoumt uncfjuHumusuMaAb- 
Hue npeoBpasoeanufi. Bueod ecex pesyAtmamoe amoso napazpa(pa cdcAan na ocnoee 
/H m. 1, c. 224-226]. 



CorjiacHo cjie^cTBHio 8^ jxjisi co6cTBeHHi>ix opToroHajiL.HL.ix npeoGpasoBaHHii eepno pasjio- 

1) . ^A^r^*^^ = -Va'^^'Sc^Eo^Sk^'Em^ 

2) . ^A-^r^*^^ = r7A^^^c^(r//)^Sn*r/$^^£i^L^x^5*'^(e/)A/D. 

HycTL. HMeeTca S'a*(A) - o^HonapaMeTpHHecKoe ceMeftcTBo opToroHajiL.HL.ix Hpeo6pa30BaHHH 

SK^{\)Sn''{\)g^^ = gAu, ^A*(0) := Sa", (10.2) 

HTo HHflyLi;HpyeT oflHonapaMeTpHHecKHe npeoGpasoBaHHsi b chhhophom npocTpancTBe 

Sc^W, Sc^{0) = 6c^. (10.3) 

CooTBeTCTByioLLtHe HH4)HHHTH3HMajibHL.ie npeo6pa30BaHHH onpe^ejiaTca KaK 

= [^'S'a'^(A)] I^^q , Ta* = -T^A, 

1). Tc^ = -Ec''Tn''En^. (10-4) 



2). Tc^ = -T^ 



c- 



^H(|)(|)epeHn;Hpy5i b nyjie (10.1), nojiyHHM to^k^cctbo (BbiKjia^KH b npHjioacenHH) 



_ ^ CBrp A ^ AD/^ \KBrp \ , ^ AD ( ^ \ / \Q.rp $ MB /ir, 
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MacTHMM pemeHHeM sxoro ypaBHeHHH ^yp^eT 

T/" = ^T®%^^%CB, (10.6) 
HTo npoBepaeTca npaMofi no;i,cTaHOBKOH. 0;];Hopo;i,Hoe ace pemeHHe ypaBHeHHs 

r/A^^Tc^ - VK^^{e:fV{ei)MD = (10.7) 



nepennmeTca KaK (8.13), hto osnanaeT TpHBHajibHocxb xaKoro pemeHHH. 



11 KoMnjiGKCHaa h BemecTBeHHaa cbsshocth 

B smoM napaspacpe paccKasueaemcsi o moM, nan no HacmnuM pemenufiM ypae- 
HtHUfi KAU(f)(f)opda nocmpoumh npodoACHcenue puManoeou cesisnocmu 6e3 KpyueHUH 
6 cnuHopnoe paccAoenue. PaccMampueaemcfi dea pasAUHHUx eapuanma. 3mo dacm 
eosMOCHCHOcmb nocmpoumb cnuHopnue anaAosu onepamopoe JIu. Bueod ecex pe- 
syAbmamoe amoso napaspacfja cdeAan na ocnoee /H], m. 1, c. 282-285]. 

JXjiii BemecTBeHHoii peajiH3aii;HH KacaxejiBHoro paccjioeHna r'^(V2n) ypaBHCHHa reoflesHHe- 

CKHX npHMyX BHfl 

d oc .„ o doc doc „ , , 

^jia napaMeTpH3aij,HH axjiaca = ;^(w®(a;®) + if ®(x®)) 



(fx" _ d ( dx" dw^ I dx" dw^' \ _ 
ds^ ds \ dw'S ds dw^' ds ' 

d^x^ dw® I dxf^ d'^w® I a^x^^ du.Q' I dx" d'^w^' 



ds2 a«)© rfs2 a^e' "T aw©ds ds ato©'ds ds 

Q dx^ aa:*' dui® i p Q dx^' dx dw^ ri 

ds a«)® ds '^'^ ds au)©' ds ~ 



;ii.2) 



/^OMHOJKHM o6e HacTH Ha = m^Q- y^^HTBiBaa TOJK^ecTBa (3.8) ^jih onepaTopoB ^ 
m^' nojiyHHM 

(fuA,dw^ d^x" dw^.-p ndx^dx^ dw^ dw'^ \ . 

\ ds^ ~^ dx" dw'S'ds ds ~^ dw® ds ds dx" ' (113) 

_i_(9uA a^x" dw®' I p n dx* dx'^ dw^' dw^ \ ^ Q 
^^dx" au>e'ds ds ^ a Sw'S'' ds ds dx"' 

J\ji5i KOMnjieKCHOH peajiH3aii;HH KacaxejitHoro paccjioeHHH T'^(V2n) ypaBHeHHH reo^esHHecKHx 

npHMyT BHfl 

_ + (r,,^_ + r,„»— )— = 0. (11.4) 

CpaBHHBaH 3TH ^Ba ypaBHCHHs H onpeflejieHHe (3.8) onepaxopoB m^^, , nojiyHHM 
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npHHHMaa bo BHHMaHHe TOaCfleCTBO 



Q2^n Q2^Q Q^Q ^^i' ^ 



dw^ds dw^dx^ ds ds ^ dw^ ds 
JlpyTdiSi aanncB SToii CHCTeMbi Taxaa 

ms'^ (— c?^m®^ + r^^^m®^) = T^^® , flOMHOJKHM na m"^, 
ms'*^ (-9^m®^ + V^^^m^ = F^^'® > flOMHOJKHM na m"^, 

A/ (-a^m^^ + r^^^m^^^-T^- 
Cjiojkhm 3TH flBa ypaBHeHHs 



;ii.7) 



CBepneM ero c m^/"^ 



HosTOMy CBflSHOCTb B KacaTejiBHOM paccjioeHHH HeoSxoflHMO floonpeflejiHTb cncTeMofi 

V^m^A = 0, 



(11.9) 



;ii.io) 



V^m^'^ = 0. 



^eficTBHTejiBHO, nocKOJiBKy rri^ Q — i fQ^rn^x-i ™ 



V^/^^ = 0, 



/],OMHo>KHM 3TO ypaBHCHHe Ha ^m^i^m^^ 

'-m^'^m^;,d^f/ = m^, V^r^^f (11.12) 

OTCiofla 

r^^/ = 0. (11.13) 

HosTOMy MOJKHo sanHcaTB 

V^m^^ := a^m^^ - T^^^m^^ + T^^ = 0. (11.14) 

TaKHM o6pa30M, ecjin nsBecTHbi K034)4)Hi];HeHTi>i CBaanocTH b oflHofi h3 peajiH3aii,HH (Beme- 
CTBeHHoii HjiH KOMnjieKCHoii) , TO no STOMy ypaBHenHio oflHoanaHHO BOCCTanaBjinBaiOTca koscJ)- 

4)HII,HeHT£>I CBaSHOCTH B flpyrOH peajIH3aiI,HH (KOMnjieKCHOH HJIH BemeCTBeHHOit COOTBCTCTBeH- 
HO). 
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EcjiH Tenepb b BemecTBeHHofi peajiH3aiJ,HH KacaxejibHoro paccjioeHHa 3a;i,aHa CBasHocxb, co- 
rjiacoBaHHaa c MexpHKofi 



:ii.i5) 



xo B cnHHopHoe paccjioeHHe ee mojkho npo;];oji>KHXb ycjioBHCM 



AB 



(11.16) 



riycxb xenepB I), n mod 4 =0, n>2, II). n mod 4 =2, n>4, xor^a 



II). 



CD 



r^/^(5/5^^V^5. . + 5. ^e^^V^e^^) = 0, 



'BC 



06paxHMC5i K ypaBHeHHio (8.13). 3xo ^acx 



^11.17) 



TaKHM o6pa30M, nojiynaeM, hxo 



C 



fll.18) 



/). V^e 



BD ' 



V^%^ = 0. 



IIosxoMy, ycjioBHCM (11.16) najiaraioxca orpaHHHeHHH 



^11.19) 



0. 



[11.20) 



TaKoii BH^ CB5I3HOCXH BosMOJKeH npH HopMHpoBKe cnHHopHoro 6a3Hca corjiacHo X. 1, c. 284]. 



OflHaKo, MOJKHo ocjiaGnxb ycjioBHa (11.15) h (11.16), BcnoMHHB, hxo mbi paccMaxpHBaeM cbhs- 



Hocxt. B KacaxejiBHOM paccjioeHHH. Cjie;i,OBaxejibHO, Heo6xo;];HMO Tyj^a h Bepnyxbcji, nojiynaa 
cooxHomeHHe 

(11.21) 



V^A~B^AVn^' = 0, 
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KOTopoe pacnncMBaeTca kek 



W o AB -n <d W AB I -n AW L> B I -n B W 



AB 



DB 



AD 



AB 



AB 



AD ' AB 



AD ' AB 



0. 



^11.22) 



HosTOMy ^jiH Toro, htoGm o^HosnaHHO npo^ojiJKHXb nocxpoeHHyio CB33HOCTt> b cnHHopnoe 
paccjioeHHe, Heo6xo^HMO noTpeGoBaxt. 



p M 

AL 



N-^^ Ak ^^'fLB^n V , 0, 0, 



L K 



;ii.23) 



AK 



2n-4 AC ^ DK 



D(^^ , CA 2n-2 x, Ax. C\ 



K n I 



2Af2 b 



/],eHCTBHTe JIBHO , 



.AB, 



'lA 'hkB ^ 2n-ily^bA 2N'^"a D ^ ~ ''[A 'l1']Bb 

2n~iy 2 2N2 JdAI'^^o - Va V^bD' 



SaMenaHHe 11.1. CAedyem omMemumb, umo npu n=4 ece eueodu ocmammcfi eepnuMU, a 
nocAednee mootcdecmeo npuMem eud 



Va V^'k'c = + Va^ )v§'k'c = Va iv§~c'K + V0~k~c) + VaV 



I'k 



CA A A 

Va Vi^ljl^ ~ V'l'VAk ~^Va'1^~k ■ 



:il.25) 



TanuM o6pa30M, ceepmna (11. 



c Tj^rj^ onpedeAum eupacHcenue r^j-"^, nocAe nodcmanoeKU 



Komoposo e (11.22) odHOSHauHO onpedeAHmcH Koacfjcfyuv^ueHmu . JJ^asi amozo docmamou 



11. 



VwkiV^'^^- '^^(^ o6ycA06AeHO mootcdecmeoM rj^^^ -^-^rf^ = e 



AB ' CD 



' ABCD 



HO ceepHymb 

^Ah^hh' ^hh ' '^^'^ npecHcde, KococuMMempuHecKuu MempuHecKuu cnuHop (cm. npuMep 



' BD 



8.1, Komopuu AesKo adanmupyemcH Oah eAOMcenusi M C C ). Ho e maKOM cAynae ycAoeue 



(11.21) paenocuAbHO (11.16) 



EcjiH BbinojiHHTt. cHMMeTpH3aii;Hio Bi>ipa>KeHH3 (11.22) no Vt h onymeHHOMy \[^, to hs ana- 



jiora (8.17) nojiy^HM 



iV2 



1 



0. 



[11.26) 



EcjiH MexpHHecKHH TeH3op KOBapnaHTHo nocToanen, Tor;];a 



1 ri n V A pAi3Cb 



ABCD _ g 



CooTBexcTBeHHO, KOMnjieKCHaa cbhshoctb onpe^ejiHxca cooxHomeHHaMH 



[11.27) 



Va := mA^V^, Va' := r/iA'^V^, 



fll.28) 
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HTO npHBejieT B OTCyXCTBHH KpyneHHH K CBH3HOCTH 



Va5'<I'$ = 0, Va'5'<I''<i.' = 0, 



^11.29) 



KOTopaa npo;];oji>KaeTC3 b KOMnjieKCHoe cnHHopnoe paccjioeHne ycjioBHHMH (cm. (6.33)) 

B 



2N 

E 

K=l K=l 

HpH 3TOM cjie^yex ynecxb, hto BepxHne cooxHomeHHS 



Va(Mx)a^=0, Va(M^)a^ = 0, VA'(Mi,)A^ = 0, VA'(Mi,)A^ = 0, 



E (r/i.)*ABVA'(77/r)f.^^ = 0, E {vkT abV Kimh.^"" = 0. 



^11.30) 



5A(M/f)A^ + T^^f{MK)A^ - (f ;,)AA^(Mi^)c^ = 0, 



5A(Mi^)A^ + rA~,^(Mi^)A^ - {Tk)ka''{Mk)c'' = 



:il.31) 



Onpe^ejIHIOT paSJIHHHBie K03(|)(|)Hn;HeHTbI CBSSHOCTH (rx)AA'" H (ri^)AA'"! a HHJKHHe COOTHO- 

meHHe pacnncbiBaeTca Kax 



27V 



H^K)AD\VK)^AB{VK)n'''' + (r;,)AD^(r/A')''AB(r7i.)n^^) = 0. 
HtoGbI OflHOSHaHHO npO^OJIJKHTb CBaSHOCTB, MOJKHO nOJIOJKHTB 

(rx)AL^ := ^(f A)AD^((r/A)^LB(r/i.)f.^^(r/x)*Ac(r7i.)^^^ - ^^l^^d"") 

(rft')AA'^ := — ^^(ri^)A_ft:'^((£^_ft')LA^'^ — ^^^L^^A^)- 

HoBTOMy, H3 KOBapnaHTHoro nocToancTBa MexpHHecKoro Tensopa 



^11.32) 



^11.33) 



V^g^n = {ifVA{{m)^AB{m)ncD{eKr^^^) = 

-- ^{{VK)^'^^VA{VK)nAB + {VK)n'^^VA{VK)^AB) + 



[UM) 



+ ( ^ ) ^ (^X ) AB (^7/^ ) Q CD V A (£i^ ) 



ABCD 



6y;];eT cjie^^oBaxt. 



2N 



Y^imhABimhcuVKisK)^^'''' = 0. 



K=l 



Tenepb oGpaxHMca k BemecTBeHHBiM BjiojKeHH3M. YpaBHeHHe 



VkH,^ = 



^11.35) 



(11.36) 



pacnHineTCH KaK 



OaH,'' - Ta//// + Ta^^'H," = 0. (11.37) 
CooTBexcTBeHHo B cnHHopHoe paccjioeHHe BemecTBeHHaa cBasHocTB npo^ojiacaeTca ycjioBHCM 



2N 



El" 

1=1 



K) AB^kMj^'' = 0. 



:ii.38) 
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3to osHanaex, hto na BemecTBeHHOM npocTpancTBe CBasHocxb, corjiacoBaHHaa c MexpHKoii 

ViQik = 0, (11.39) 



r^e 

Vi:=i7i^VA. (11.40) 

Example 11.1. n=4- Hndenc MempuKU paeen 1. 
Uycmb 

Jl / o B ^ AB' \ ABq B' ^ A'B _ „ ^'^ — n (^^ AT\ 

g AB' ■- [Vi) ABJB' , gi ■- ^B , gj - gj - gj ■ (,-'-i-4ij 

Toeda uacmHuu CAyuau ycAoeuu cosAacoeanusi cesisHocmeu Mootcem UMemt eud 

g'AB'Vkgj''''' + -g^B'AVkg,'''^ = 0. (11.42) 

9mo ycAoeue pacnucueaemcsi nan 

g AB' [Okgj — i- kj gi + -l kc gj + J- kc gj + Okgj — i- kj gi + 

^ _ (11.43) 

I r AC if A„ CB'\ _ n 
+J- kc gj + i- kc gj ) — u. 



TIosmoMy amo coomHomeHue eeudy saMeuanusi 11.1 nepenumemcH man 



dkg,^''' - Tfc/^?.^^' + \{Tkc^ + f,c^)gf^' + \{T,c^ + f.c;^)^?/^' = 0. (11.44) 
OnpedeAUM T^c^ '■= \(Xkc^ + ffcc^); '^'^t) npueedem k cesisHocmu JE^ m. 1, c. 284] 

Vfc^/^' = 0. (11.45) 

3thm flOKasana xeopeMa. 

TeopeMa 11.1. PaccMompuM nceedopuManoeo MHOsoo6pa3ue {n > 4). nycmt e naca- 
meAbHOM paccAoenuu co caormu, usoMopcfjHUMU -R^"„-), eeedena Henomopafi censHocmh 6e3 
Kpynenusi. Tozda ycAoeue coeAacoeanuH censHocmeu e cnuHopnoM u KacameAbHOM paccAoenuu 
MOMcem UMemt eud 

V^AB^AVn^^ = ^- (11-46) 
Hmo6u npodoACHcenue 6uao odnosHaHHUM, nompe6yeM 

^ AL ■~ Ak yllTB^^ ^ AC^ 4 



r - A ■= ^ r CA 2n-2 ^ A^ C\ 

^ AW ■ 2n-i^ An \^ hir 2Af2"S' "n 



AK ' 2n-A AC ^ DK 2Af2 "k D 
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/(ah npodoAMcenusi ceHSHOcmu na KOMUAeKCHyw peaAusaVfUW CV„ co caohmu, u30Mopcf)HUMU 
C"; Heo6xoduMO, Hmo6u 

V^m^* = 0, V^m^*' = 0, Va := m\V^, Va^ := mVV^. (11.48) 

To2da ycjioeue coejiacoeanuH cefisHocmeu npuMem eud 

2N _ 2N (11.49) 

K=l K=l 

Hmo6u npodojicHceHue 6uao odnosHaHHUM, nompe6yeM 



{^k)ka -^(rjc)Ax {{£k)la - 5. 



(11.50) 



B cAynae 6AocnceHUA deucmeumeji'bHoso npocmpaHcmea e KOMUJieKCHoe Heo6xoduMO euno/ine- 
Hue coomHomeHuu 

VAi/^* = 0, Va'^^*' = 0, V, :=i/>VA. (11.51) 
Tosda ycjioeue cosAacoeanuA c6A3Hocmeu npuMem eud 

2N 

Y.inKyABV.iVKh^" = 0. (11.52) 
7=1 

Cjie^CTBHe 11.1. B cjiynae, ecjiu e Kacame/ibHOM paccjioenuu MH030o6pa3UA V2„ sadana cena- 
Hocmb 6e3 Kpynenufi, cosjiacoeaHnaA c MempuKou 

^AG^n = 0, (11-53) 

mo 6 KacameAhHOM paccjioenuu KOMHAeKCHOu peaAU3aii,uu CVn UHdyi^upyemcA cemHocmh 

VA^n* = 0, Va'^q'*' = 0. (11.54) 

flAH BAOCHceHUA C CVn UHdyv,upyemcA cemHocmh 

ViQik = 0. (11.55) 

riocTpoHM onepaTopbi -P^^ := v'^ ^^^^ ^ •= Vw^^^^ Taxne, hto ^^Y^ = 2 h 

Pa'^P^X ~ Ga^- 9to Bcerfla mojkho cflejiaxb npn n > 8. Tor^a ycjioBHe corjiacoBaHHa cBaa- 
HOCTen fljifl BemecTBeHHOH peajiH3ai];HH MOJKeT HMeTt h TaKoft bh^ 

V^P^^ = 0, (11.56) 

KOTopoe pacnnmeTca xax 

dAP/ - ^A^'^P/ + ^A'c^Pw^ = 0. (11.57) 
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riosTOMy MOJKHo oflHosHaHHo onpeflejiHTb cBssHocTb B cnHHopHOM paccjioeHHH KaK 

r;i^^ := P^-^d^P^^ + r^^^P^^P/. (11.58) 
^jifl KOMnjieKCHOH peajiH3ai];HH onpeflejienbi onepaTopM 

(P^)*^:=m%P^^(M^)^^, (P^)*.^:=mVP^^(M^)^l. 
TeopeMa 11.2. PaccMompuM nceedopuManoeo MH030o6pa3ue {n > 4). Uycmb e Kaca- 
mejibHOM paccAoenuu co caohmu, usoMopcfjuuMu Rf^n)' ^eedena neKomopasi cesisHocmb 6e3 
KpyneHUH. Toeda ycAoeue coeAacoeanuH ceHSHOcmeu e cnuHopnoM u nacameAbHOM paccAoenuu 
Moofcem UMemb eud 

^aP/ = 0. (11.60) 

Hmo6u npodoACHcenue 6uao odnosnawnuM, nompeSyeu 

^Tc^ -P^^c^aP/ + r;i/P^^P/. (11.61) 

/I^Afi npodoACHcenuH cemHocmu na KOMnAeKCHym peaAU3av,uw CV^ co cjioamu, usomop^humu 
C", Heo6xoduMO, Hmo6u 

V;im^* = 0, V^m^*' = 0, Va := m\V^, Va^ := mVV;i. (11.62) 

Todda ycAoeue cozAacoeanu^ censHocmeu npuuem eud 

Va{Mk)a^ = 0, Va'(Mk)a^ = 0, 

(11.63) 

Va(Pk)% = 0, VA'(Pi^)% = 0, VA(Pir)*'A - 0, VA'(Pi^)*'A = 0. 

B cAynae eAootcenufi deucmeumeAbHoeo npocmpaHcmea e KOMUAeKCHoe Heo6xoduMO eunoAue- 
Hue coomHomeHuu 

VA//i* = 0, VA'^i*' = 0, Vi:=i/>VA. (11.64) 

Tozda ycAoeue cozAacoeanuH ceHSHOcmeu npuMem eud 

^iiPKYA^O, V,(P;^)/ = 0. (11.65) 

Tenepb noflBHjiacb bosmojkhocti. nocTpoHTb onepaTopti 

2N 

(Yk)^ := y^{P*Kh^, y^=E {YjriPjfB, 

j=i 

27V _ _ 

{YKr := f\P*Kh'^, f = E (Ij)^(Pj)* B, 

,/=l 

2N 

j=i 

2N _ _ 

L,{Yk)^ x'^'Va'iYK)^ - E (>j)''(^j)* s(^^)n'^V^.a;^'. 

j=i 
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(11.66) 



3th onepaTopt.1 6YpyT HHBapnaHTaMH cbhshocth tojibko b tom cjiynae, Kor;];a 
dA{PKf'B = 0, 9a,(P/0*b = 0, 9a(P^)^.^ = 0, aA'(P^)^'^ = 0, 



0, d^P^^=0, 9jm^^ = 0, 95m^* = 0, d^m'^^f,/ = 0, d 



^11.67) 



0. di.es) 



Tor^a H3 (11.58) 5y;i,eT cjie;i,OBaTt. 

(^k)ac'^ = Ta^-* (Pk)^ ciPx)'!'^^ (^k)a'c^ = Ta'** (Pk)^ ciPx)^^ = 0; 

" V ' ^ V ' 

HTo oGecneHHT HHBapHaHTHocxb onepaxopoB. HosTOMy GypyT BbinojiHeHbi xojK^^ecTBa 

Lix,y](yK)^ = L^LyiYx)^ — LyLxiXx)^ ^ 



(11.69) 



^1.70) 



f A 

C 



IIpH n=4 nofloGnbie cb33hocth paccMaxpHBajiHCb b [9]. O^naKo, xaM b KanecxBe {Pk)<i> 
paccMaxpHBajiocb BBipaaceHHe BH^a {rix)"^ dc{vk)<;?^'^, "^to Bbisbmajio KpyneHHe xaKHx onepa- 
xopoB. 

TeopeMa 11.3. Onepamopu 



2N 

j=i 
j=i 



:ii.7i) 



6ydym mAfimbCfi UHeapuanmaMU KOMnAencHou cesisHocmu U3 meopeMU 11.2 npu ycAoeuu 
nocmofiHcmea onepamopoe 

dA{PKfB=0, dA'{PKfB = 0, 9a(P^)^^=0, dA'{P*Kh'' = 0, 
dA{PKf'B = 0, dA'{PKf'B = 0, aA(P^)^'^ = 0, dA'{P*Kh''' = 0, 



0, 9^P^^ = 0, 



^1.72) 



drm'^ii, = 0, 9xm^* = 0, d-tm'^q,' =0, 9 



0, 



2N 2N _ _ 

K=l K=l 

Tanue onepamopu 6ydym ydoeAemeopfimb moofcdecmeaM 

L[x,y]{YK)^ = LxLyiYx)^ — LyL^iYx)^, 

Lmi^K)^ = LxLyiYK)^ - LyLx{YKy 
u sieAnmhcn ecmecmeeHHUM npodoACHcenueM onepamopoe L^iy)^ = x^d^y^ —y^dnx"^ , L^iy)^ 
x^'dniy'^' — y^' BqiX^' e cnunopnoe paccAoenue 



11.73) 



2N _ 2N _ _ _ 

Lxiyf = E LxiYK)HPKfA, L,{yf' = E L,(FK)^(P/r)*'A, 

K=l K=l 



[11.74) 
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12 O KJiaCCH4)HKail,HH TeH30pOB C CHMMeTpHHMH TGHSOpa 
KpHBHSHbl. CnHHOpbl KpHBH3HbI 

B smoM napazpacjje paccKasueaemcsi o moM, nan conocmaeumb mensopaM, 06- 
AadamuifUM cuMMempufiMU mensopa npueusHU, ux cnuHopnue anaAosu. 3mo ynpo- 
m,aem npo6AeMy KAaccu(^UKayuu manux meHsopoe Bar muaux pasMepHocmeu. Bu- 
eod ecex pesyAbmamoe smozo napaepacfja cdeAan na ocHoee m. 1, c. 285-303]. 

OrpaHHHHM ceGa cjiynaeM, Kovjxa. {Tk)!^a^ = (rx)AA^ = (Xk)aa^- Tor^a Tensopbi Kpn- 

BH3HbI MOJKHO BblHHCJIHTt. HO cJ)OpMyjiaM 

2N 

V[AV*]r^ = i?Av,A*, V[AV^]X^ = 5^(7^^)A^c^X^■ (12.1) 

K=l 

SToro paccMOTpHM corjiacoBaHHe KOMnjieKCHbix CBasHocxefi, HH^yn;HpyeMoe cJ)opMyjiaMH 



(11.30), (11.33) iipH KOBapnaHTHOM nocTOHHCTBe MeTpHHecKoro xensopa. HoTpeGyeM, hto6l.i 

VA{eK)AB''''' = dA{eK)AB'''' = 0. (12.2) 



C jie^oBaxe jiBHo , 



2N 



$^(Ve(r7i^)''AB)(VA(r//0n^'') = 0. (12.3) 



K=l 



HosTOMy ycjiOBH3 HHxerpHpyeMOCTH (11.30) npHMyx bh^ 

2N 

E(^/^)®ABV[AV^](r7;,)f,^^ = 0, 

K=l 

2N 

N'RA^n"" = E iinK)A^cHvKfABiVKh'''' + {Tl k) c"" {vkT ABiv k) n'''' ) 

K=l 

OnpeflejiHM 



;i2.4) 



(Ax)e*L'' := \{VK)[e'"''{VK)^]ML. (12.5) 



Tor^a H3 (8.27) 6y^eT cjie^oBaxb 



{AK)'i,eL^ {AK)nTX^ = ^fi'*[r5'n]e. (12.6) 

o 

rioSTOMy MOJKHO nOJIOJKHTB 

(12.7) 

/' D N M _ 2 { -p \ ML 
[-ti-KJA^C — ~:;^[-ti'K)A'i'L £CD 

Ohcbh^^ho, hto {Rk)a^c'^ = {T^k)a^c^ 1 HanpHMep, ecjiH ycjioBHe corjiacoBaHna cBasHocxefl 
HMeex bh;], 

VKimh^"" = 0. (12.8) 
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Pfiiii flajibHeHiuHx BbiKjiaflOK cjieflyeT BocnojibsoBaTbca ToacflecTBaMH (noMep K 6yfleM onyc- 
KaTb, nocKOJiBKy Bce ocTajiBHbie BbiKjiaflKH ne saBHcaT ot SToro HOMepa) 

^[a/'^'^A2]AiA3^[A3^''^'^A4]A4A2 = y5Al[A45A3]A2- (12.9) 

V[Al^'^^VA2]A^A3V[A3^^'^''VAi]AU5V[A5'^''^'VA6]AeA2 = ^^5[A3|[A2^Ai ]|[A6^A5 ]|A4l ■ (12.10) 

?7[a/^^'?7a2]AiA3?7[A3^'^'?7a4]AiA5?7[A5^'^'?7a6]A6A,?7[a/*^'?7a8]A8A2 = 

= f(fi'Ai[A8fl'A7]A2fl'A3[A69'A5]A4 - 5'Ai[A6fl'A5]A2fl'A4[A85'A7]A3 + 

+5'Ai [ A4 fi'Aa ] A2 fl'As [ As fl'Ar ] Ae ) + ^ (5'[ As I [ A2 fi'Ai ] [ Ag fi'Ar ] [ As fi'As ] | A4 ] + 

+5'[A5|[A45'A3l[A75'A8][A25'Ail|A6] + 5'[A3|[A75'A8][A55'A6][Ai5'A2]|A4])- 

^OKaaaTejiBCTBO b npnjioaceHHH. 



(12.11) 



TeopeMa 12.1. Kjiaccu(puKa%UK) 6umeH3opa, o6jiadaK)m,ezo ceoucmeaMU (A, = l,n, 



A,B,... = 1,N) 

-RA**e = -R[A*][*0] , -RA*$e = -R$GA* (12.12) 

u npuHadAecHcaiu,eso KacameAhHOMy paccAoeHum r(CV"„) Had aHaAumuuecKUM nceedopuMano- 
euM npocmpaHcmeoM CVn, mochcho ceecmu k KAaccu^uKav,uu mensopa Ra^c^ N-uepnodo 
KOMTiJieKCHOso cnuHopHoso npocmpaHcmea maKoso, nmo 

Rc^s^ '■— Ra^^oA^^ A"^^ , ^A*c^ '■— 2^[A^^^*]AC'. (12.13) 
KpoMe moeo, eunoAHenu coomHomeHUfi 

Rk''s''^RsV = 0, Rc''s'' = RsV. (12.14) 

PasAoofceHue 

r> K A _ n K A 4 p D P^ABKL^GN ^ 

J^C M — M — jV(n-2) N £ £ ML^DPCB — 



K 



:i2.i5) 



coomeemcmeyem pasAocnceHuw mensopa Rmi^^ 

i?A**® = C^A**® + ^i?[A[*^.,]®l - -^^ ^%a[*5*]®1 (12.16) 

n — ^ [n — l){n — 2) ^ ^ 

Ha nenpueoduMue opmosonaAbHUMU npeo6pa306aHUHMU KOMnoHenmu. Upu amoM moofcde- 
cmeo BuauKU 

-RA**e + -Rag** + -Ra^g* = (12.17) 

6ydem eusAndemb kuk 

i?LV = -^i?55^- (12.18) 
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/(oKasameAhcmeo. 



1. riepBMii mar. ToacflecTBo BnaHKH -R[a^#]g = 0. 

= i^Avi^^eKr/^ABr^^-^VDC + g'^^v" db- (12.19) 

OGpaxHo, 

(4i?^,^c^s + li?5A/^)r?[A5|A5A6|r7A6]^^''«r^[A7|A7A8|r?A8]^^''^ = 

= i?AiA,A3A4^^^A,A.^^^^^^^r7^«A3A4r?^^^^''^^7[As|A5A6|T/A6]^^'"«T/[AHA7A8|%8]^^''* + 
+ IRVIA5\AiA6\VA6]^''^'^VIA7\A7As\VAs]^'^'^ = f (-RasAtAsAs --RabAsAtAs- 
--Rfi'AslAgS'ATlAe) + -^(--^[AgKAsS'AelAT] + -R[A6|[AgA7]|A6] + 
+-R[A6|[A75'Ag]|A5]) + I • f -R5'A5[A8 5'A7]A6 = f (-RAgArAeAs + S-RAelAgAylAs) = 0. 

(12.20) 

2. BTopoH mar. Tenaop Phhhh Ra^- 

BocnojibsyeMCfl flsyMfl BcnoMoraTejitHbiMH TOJKflecTBaMH. 



D M _ 2 p ML 

-Ka*c — — ;^-Ka*l £^CD , 



(12.21) 



3to onpe^ejiHT ToacflecTBO 

?7[r|CD|?7n]'^^-RA*L^ = —V[T'^^Vn]MNRA-9C^- (12.22) 

riosTOMy 

jrjA^^rj^CDRA^ B^ — li?5'7i 



^12.23) 



— jv^A V'i'CDVrALV^ V^NBVe ^ ~ i^gA^ — 

= jfia^^^A'^^VTALVie^^mjNB - VA^^VTALV^^^V^CDVe^^mNB)R^'^^^- 

"l-Rfl'A* = ^g^^gAngreR^^^^ — jfigr'^VA^^V^ADV[e'^^Vci]NB— 

-r](^A^^m)ALVT''''mcD^e''''m]NB)R^^''^ - \RgA^ = 
— —\Ra^ — \g^QgAQ.gT^R^^^^ + jS'A^srnS'e^-R^*^® — \RgA^ = —Ra^- 

OTKy^a 

p MAf p „A ^^MN _ 4 AB.MN r> C D ^ p_ MAT noO/l^ 

-TftTL ■— -Ka*^ iiTL^ — 'J^^KL £ CD-Ka B " ^-K£;^L ■ [iZ.Z4:) 
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KpoMe Toro, 



>M 



= e^^^^R'^^^MLVKCB - kR^'^VA^^'VACBhi'' = (12.25) 
— e n rji^MLVACB — 4-Koc om — 

4 P Pc-ABKL^GN ^ ,1 jd/^ABKL^ r Ar 

— J^-tiQ N £ £ ML^DPCB + 4-K(^£ ^CBML — Oq Om )■ 



3. TpexHH mar. CKajiapnaa KpHBHsna R. 



„[A|[<I' „4>1|A1^ AB„ „ E'L^ 



^12.26) 



— 9 VA VACBiV"^ V^ML — 2fi'**'^A/ J " ^ ^CBML — jOc Om ■ 

Tenepb ocxaexca co6paTb Bce peayjibTaxbi BMecxe h nojiyHHXb anajior pasjiojKeHHa na nenpn- 

BOflHMbie OpXOrOHajIBHblMH npeo6pa30BaHH3MH KOMnOHeHXbl. □ 

CjieflCTBHe 12.1. 

1. VcAoeusi npocmomu Bueenmopa n-Mepnoso npocmpaHcmea C" sanucueawmcsi e eude 

p[A^pm = 0. (12.27) 

KoopduHamaM maKoso Bueenmopa momcho conocmaeumb 6eccAedo6ym KOMnAeKCHym Mam- 
puu,y maKym, umo 

PL^'ps'' - ^{pl''pk'')5s'' = 0. (12.28) 

2. IJpocmoMy 6ueeKmopy npocmpaHcmea C" c ycMoeucM p^^PA* = mochcho nocmaeumb 
6 coomeemcmeue HUAbnomenmHuu onepamop c undeKCOM 2: piPps^ = 0. 



JJoKasamcAbcmeo. 

1). BHBeKxop npocx xor^a h xojibko xor^a, Kor^a HMeex Mecxo pasjioaceHHe 



A't A ^ A "I" 

p = X y — y X . 



^12.29) 



IloBXOMy ycjiOBHH (12.27) BbinojiHeHbi aBXOMaxHHecKH. 06paxHO, ecjiH BbinojiHeHbi ycjiOBHJi 



(12.27), xo Hx MOJKHo pacnHcaxB KaK 



(12.30) 
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CBepneM sto ypaBHCHHe c xaKHMH HenyjieBbiMH KOBeKxopaMH h hto p z<s,tQ ^ 

1 



V 



A* 



{V z^P tn-p z^p tn) 



P'^-zqU 



12.31) 



HOJIOJKHM 



1 



X 



-p Zd,, 2/ 



1 



P)= , '^y; w • , (12.32) 

P^^zqIe. P zet^ 

OTKy^na H Gy^nex cjie^oBaTb ycjioBHe npocxoTbi GnBeKTopa. HocKOJibKy Tenaop -Ra^^q = Pa^P<!>q 



y;];oBjieTBop3eT ycjioBHHM TeopeMbi KjiaccH(|)HKaij,HH, to dpopuyjia (12.28) ecxb npaMoe cjie^i;- 
CTBHe TOJKflecTBa BnaHKH. 



2). B ycjioBHHX nepBoro nyHKxa ^o6aBHTca cooTHomeHHe p^'^pA^ = 0, KOTopoe npHMex bh^ 
Pl^Pk^ = 0, oTKy^a h cjieflyex cymecTBOBaHHe HHjitnoTeHTHoro onepaxopa c HH^eKcoM 2. □ 

HocTpoHM anajior flH(|)(|)epeHi];HajibHoro TO>K;],ecTBa BHaHKH npn ycjioBHH KOBapnaHTHoro 
nocTOHHCTBa CBHsyiomHX onepaTopoB 

V[Ai?*$]0Q = 0. (12.33) 
JJ^jisl 3Toro CBepneM ero c Bt.ipa>KeHHeM t]^ ab^'^'^ ^'^^ 

= —^^AbRc^K^ — ^{^YCXP^AB'^^'^^^ — XPEAB^^'^Yc)Rq^ = 0. 

3to npHBeflCT k flH(|)(|)epeHii;Hajit>HOMy cnHHopnoMy Toac^ecTBy BnaHKH 



^12.34) 



VabRc^k"- = ^(^''^'xP^^B^'^Vyc - ^5c^£AiJ^<3Vxp)i?Q^i.^. (12.35) 



13 TBHCTopHoe ypaBHGHHe 

B amoM napaepacfie paccKasueaemcsi o moM, nan nocmpoumb u pemumt n- 
MepHoe meucmopHoe ypaeneHue, a sameM uccAedoeamt ego ceoucmea. Bueod ecex 
pesyAbmamoe amozo napazpacfia cdeAan na ocHoee 122, m. 1, c. 419-426, m. 2, c. 
56-60, c. 545]. 

OnpejiejinM TBHCTopnoe ypaBHenne KaK 

^aabV^X^ + v^abVaX^ = -(?A*r/*ABV$X^. (13.1) 

n 

CBepneM ero c 7]^'^^ 

VaabV^'^X^ + f VaX^ = Iv^^'^VabX^, 
VaX^ - t^^^^VabX^ + f VaX^ = h^<'^VABX^, 
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VaX^ = -t^a^^VabX^. (13.3) 
n 

YcjiOBHa HHxerpHpyeMOCTH flaHHoro ypaBHeHHs ^jih npoH3BOJii.Horo HMeiOT bh^ (flOKasa- 
TejibCTBo B npHjioaceHHH) 

C$*AA = 0, (13.4) 

HTO cooTBeTCTByeT KOH4)opMHO-njiocKOMy npocTpancTBy. HycTb Q - npoHSBOJitHoe CKajiapHoe 
nojie. PaccMoxpHM KOHcJjopMHoe HSMeneHHe MacmxaGa mctphkh 

9a^ 9a^ = ^gA^- (13.5) 

HoSTOMy MOJKHO nOJIOJKHTb 

VA^"" := VA^"" , f)AAB := ^VAAB. (13.6) 

HorpeSyeM BbinojiHeHHfl 

Va77*^^ = 0, Va77*ab = 0, VATy^'^^^O, WaV^ab^O. (13.7) 
3to npHBe^eT k CHCTeMe 

' (Va - VA)r/^^^ = 0, 



(Va - '^a)V^AB = -{^ ^'^A^)'n^AB, 

n ab _ n kb , n b„ ak 

Qa^ Ve — Qak + Qak , 

Qa^^Voab — —Qaa^V-^kb — Qab^V'^ak + {^~^^a^)v^ab, 
rfle (5a*® - TeH3op fle4)opMaii;HH. Tor^a 

QA(*n) = jfd^nQAK^ , 
QA(*n) = —jfQ'i'nQAK^ + (^^~^Va^^)5'*q, 
Ta := |f2~^VAfi, QA{*n) = d'l'n'^A, Qak^ = y^A, 
Qa'^ci '■— QaI'^ci], Qak^ '■— Qak^ — j^Qal^^k^- 



riosTOMy 



EcjiH noTpeSoBaTB coxpaHeHHs BH^a TBHCTopnoro ypaBHennfl 



;i3.8) 



(13.9) 



QAtfi — -j^^-^q.a^Qak^- (13.10) 



TO 3T0 HajIOaCHT Ha TeH30p fle4)0pMaiI,HH yCJIOBHe 

Qak"" = -r^A^VcBQ^i.^. (13.12) 
n 
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Torfla 

Qa<I>0 — ^('^A5'4-0 + '^$5'A0 — TefifA*) = ■^^VA^^V^CBV'i'^^'n&LNQ^ 1 

<3a($0) — ^Ta5'$0 = ^(Q*A* — Q**a)5'$0, 
Q*A*-g**A = 2(n-l)TA, 
Qa[$0] + ^(-T^s'AG + Tes-A*) = ;;^?7A'^^?7*CB^[*^^^0]LArr7[r|5i^|?7n]'^-^O*^^"' = 
= ^{gA-^gneg^r - gA-9gn^ger)Q^^^^^ + f^g[e\[Ag^][ngr]\^]Q^^^ , 

(1 - ^)Qa[<i>0] + ^(-T<i,5fA0 + TefifA*) = 
= ^(fi'A05'ji*5'$r — gmegnAg^T + g^^gaAger — gA^ga^ger)Q^^™^ — 
= n((^ ~ l)T$cj'eA - Q0[$A] + <5$[0A] -{n- l)Te5'$A)- 

(13.13) 

OTKy^a OKOHHaTejibHO HMeeM 

Q[A*e] — 0, (5A[$e] = ^^gAQ — ^QgA^i Qa^o — '^Ag^e + ^^gA0 — ^egA^- (13.14) 

nonpo6yeM peniHTb TBHCTopnoe ypaBHeHHe b hjiockom npocTpancTBe {Ra^k^^^ = V[aV*]X^ 
0) npn ycjiOBHH KOBapnaHTHoro nocTOflHCTBa CBa3yioii],Hx onepaxopoB (VA^y**^^ = 0) 

VaX^ = Iva'^^'VabX^, 
V^VaX^ = ir^A^^VAB(V*X^), 
V^VaX^ = Iva''''Vab{Iv^^''VlkX^), 
V(v,Va)X^ = ^(r/(A^^V*) -r/(A^V)ABV^^)ViK^^, 
(1 - |)V(v,Va)X^ = -^^?A*V^^Vi;,X^ = -^5A*V^VnX^, 

V*Va^^ = 0. 

TaKHM o6pa30M Va-'^*^ ABjiaeTca KOHCTaHToii h npeflCTaBHMO xax 

VaX"" := iVa'^^Ya, (13.16) 

r^e Hepe3 Ya, X'-^ 6yfleM oSosHaHaTb nocTOflHHbie cnnHopHbie nojia. HpoHHTerpHpoBaB sto 
ypaBHeHHe, HOJiynnM 

:= + (13.17) 

Hac Sy^eT HHTepecoBaTi. cjiynan, Kor^a X*^ = 0. OnycKafl tohkh nafl CHHHopaMH, HOJiynaeivi 
cjieflyiOH],ee cooTHomeHne 

= -iR^'^YA. (13.18) 



;i3.15) 
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C reoMexpHHecKofi tohkh speHHH ypaBHeHHe (13.16), nepenncaHHoe b xepMHHax onepaTopoB 



7a, ecTb HHHTo HHoe KaK ;];epHBaii,HOHHoe ypaBHeHHe HopMajiHsoBaHHoro rpaccMaHHana [16 



ypaBHeHHe (1.2)], a (13.17) ecxb ypaBnenne [T6| ypaBnenne (2.6)]. HoflpGnas HopMajiH3an;HH 
HasbiBaeTca chhhophoh HopMajiH3an;HeH. Hpn n=6 ona nocTpoena b [7]. 



BepneMca k XBHCTopnoMy ypaBHeHHio (13.1), ho BocnojibsyeMCH KOBapnaHXHO hoctohh 



HbiMH onepaxopaMH (11.59), nocTpoeHHbiMH b npe^L.i^yn];eM naparpacjie. Tor^a TBHCTopnoe 



ypaBHeHHe (13.16) ^jih flencTBHTejiBHOH peajiH3aH,HH npHMex bh^ 



(13.19) 



a fljia KOMHjieKCHOH peajiH3an;HH 



(-PR')AAV*(Xi^) + {PK)'i'A^AiXK) — -gA^iPx) A^^{Xk) 



(13.20) 



2N 

BbiHOJiHHM cyMMHpoBaHHe no K H, onpe^ejiaa x\ := ^ {Pk)aa{Xk)'^, nojiynnM KOH(|)opMHoe 

K=l 

ypaBHeHHe KHjijinnra 

2 

Vax^ + V*xa = — fi'A*V#x*. (13.21) 

n 



14 CnHHopHbiH 4)opMajiH3M ^jiii n=6 h n=8 

B amoM napadpa(pe paccKasueaemcH o moM, nan nocmpoumt cnuHopnuu 
MttAUSM npu MaAux pasMepHocmfix. /(asi uaeAsidHocmu cmpofimcfi pasAUHHue seo- 
MempuHecKue UHmepnpemav^uu Henomopux aAse6pauHecKux coomHomeHuu. Uona- 
sueaemcfi, nan na ocHoeanuu npuHuuna mpoucmeeHHOcmu Kapmana nepeumu k 
cmpyKmypHUM KOHcmaHmaM aAse6pu onmae. Bueod ecex pesyAhmamoe amozo na- 
pa2pa(pa cdeAan na ocHoee /i/ u Aumepamype k neu, JTTj . fWj . fTS^ . 



14.1 OcHOBHbie H30MOp4)H3MIjI 



B smoM napaspacfie paccKasueaemcsi o moM, nan nocmpoumh ocHoenue U30- 
Mop(f)U3MU cnuHopH020 (jjopMaAUSMtt upu n=6. Bueod ecex pesyAbmamoe smozo 
napaapacpa cdeAan na ocnoee fTj, f^. 



1. = A^Cl 
HycTB a, (3, 



1,6, a,b,ai,bi, ... = 1,4. Tor^a hs (|8.17|) 6yflyT cjie^oBaxt TOJK^ecxBa 

(14.1) 



l a aai ^ X P ^ bhi s: bbi QAr I^A .''^^ 
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= 1/2 ■ ri''aa^R''^\ R""' = Va^^'r" 



gap = 1/4 . r]"aaybb,e 



aaibbi ^aaibbi 



(14.2) 
(14.3) 



QaP — 1/4 ■ ria"'"''^1]j3^^^eaaibbi, ^aaibbi — aaiV'^ bbidaP , 

onpeflejisiomHe h3omop(|)H3m Meac^y npocxpaHcxBOM h npocxpaHcxBOM GHBexxopoB 
A^C^, a Qap Sy^nex MexpH^ecKHM xensopoM npocxpancxBa C^. 

2. S0{6X) = 5L(4,C)/± 1. 



CorjiacHo (6.42) co6cxBeHHbie opxoroHajiBHbie npeoGpaaoBaHHa npe^cxaBHMbi xax 



14.4) 



HpH 3XOM Ea'' H3 (^8.19 Gy^ex xo>K;i,ecxBeHHbiM npeoGpaaoBaHHeM, ;];oMHOJKeHHbiM na 



MHHMyio eflHHHii;y. fl^Jis HecoGcxBeHHbix npeoGpaaoBaHHii cnpaBefljiHBo xojKflecxBo 

SJvr' =Vabb,S'^S''^''K (14.5) 



3. so(6,C) = s/(4,C). 
OnpeflejiHM 



Aa/sf = V[a''°"'ll3]da- 



Tor;i,a no anajiorHH c (10.6) h (12.5) nojiynHM 



T' A Crp d rp k r\ rp rp 

al3 — ^ajSd c , J-k — U, la/S — —-^ap, 

A c A 13 s _ 
^ajid ^7 T — 

= {Va'^'V'yrd + Va^^hrS/) + 1 /2{r]c,'''r]^rnSd'' + Va^'^V-ydk^/) " I / ^Q^^S/ Sd" , 

T' n 1 Aaf} nrp rp rp 

m 2 ''■13 a: -'■13 a -'afi- 

KpoMe xoro, nnxepecHBi xojK^ecxBa ^jia 4-BeKxopa 

p p p A a A b d 

^al3"f5 ''[«/375]; ^al3"f5 -^a/Sb -'^^Sd c ; 

ns / " I p «A s\ _ 1/ s>: n, nr s\ 

p 6 1 p k b r) k A d A k \ A k A c p T3 k„ r „ k ri 

Ca ■ s'^c 5 J-'al3^5r ■ ^Q!/3r ^7(5(i ~r ^«/3c ^7(5r ; ^al3^S ■ J-'a^'ySr Cfc , tik U 

H 6-BeKxopa 

„ A a A c A k^ b d I 

fiapfSXfi — ^al3b ^7<5d ^A^ii c k } 

eaW = l{2{{A5k%' - 5k'5,')5/ + (45/5,' - 5fc'5/)5,'')- 
-(45fc^5/ - 5fc'5/)5/ - (45fc^5,' - 5fe'5/)5„^), 

eQ7Ai/7r<T — 2?7[q, ^r]^,]ddiV[X Vu]xxiV[tt V<t] ■ I Or Om Ob Ob^ ^0^ — 

= 1^1, bbi ddi mmi xxi rri ssi . j p , p p, 

4'/[« '/7J '/[A '\v\ '/[vr '/(tJ '^rb\dd\'^mr\ss\'^bm.\xx\- 

/loKaaaxejiBCXBO sxhx xojK^ecxB BbiHeceno b npHjioJKeHHe. 



(14.6) 



(14.7) 



(14.8) 



(14.9) 



(14.10) 
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14.2 O KJiaccH4)HKai],HH xeHsopoB c CHMMexpnaMH xeHsopa kphbhshbi 
fljia n=6. CnHHopbi kphbhshbi 



B amoM napmpacfye paccKasueaemcH o moM, kuk conocmaeumb meHsopaM, 06- 
AadawiUfUM cuMMempusiMU mensopa npueusHU, ux cnuHopnue anaAosu. 3mo ynpo- 
iu,aem npoBACMy KAaccu(f)UKaii,uu manux mensopoe Bar muaux pasMepnocmeu. Bu- 
eod ecex pesyAbmamoe amoso napazpacjja cdeAan na ocHoee 12]. 

TeopeMa 14.1. KAaccucfjuKav^uH) 6umeH3opa, o6Aadamm,e20 ceoucmeaMU 

RajS-yS = R[al3] [jS] ; Rafi'yS + RaS/Sj + R^^s^ = (14.11) 

u npuHadAecHcaiu,e20 KacameAtHOMy paccAoeHum t{CVq) Had mecmuMepHUM anaAumuHecKUM 
nceedopuManoeuM npocmpaHcmeoM CVq, mochcho ceecmu k KAaccucfjunayuu mensopa Rj'c'^ 
4-MepHoso KOMHAeKCHOso eeKuiopHozo npocmpaHcmea manozo, umo 

Rap-yS = Aap/ Ays/ R/ ■ (14.12) 

KpoMe mo20, eunoAHenu CAedymvuue coomHomeHUH 

T3 k r T3 r k r\ D d r T) r d ^'1/11Q^ 

-Kfc s — -Ks fc — U, Xtc s — -Ks c • [14:. 16) 

PasAOCHceHue 

R/s' = C// - Pj' - ^ ■ i?(3(5/(5/ - 25/5,'^) (14.14) 
coomeemcmeyem pasAootctHum meHsopa 

Rai'' = Ca/' + i?[J^^/3]" - l/10i?(7[J^(7^]'^l (14.15) 

Ha HenpueoduMue opmosoHaAbHUMU npeoBpasoeanufiMU KOMnoHenmu, Komopue 6ydym ydo- 
eAemeopHmh CAedymiu^UM coomHomeHURM 

PJ" = -4(i?[,^]'^l +i?,['-[J*^l<5,]'^]), (14.16) 

CcV = i?(c + ^ ■ i?^(/^c)^ = C(c^^)'^\ (14.17) 

R = Rp^ = -2-Rk\\ Pkc"" = 1/2 -RS/, (14.18) 

Ri^' = -^-R6s^ (14.19) 
nocAednee us nomopux fieAfiemcfi aKeueaAenmoM mootcdecmea BuauKU. 



202 



JJ^OKasameAbcmeo. Bepno cjieflyiomee paBencTBo 

Rafi^S = 1/16 • Va'''''V0'""V'r'"''Vs'"''Raa,bb,cc,dd,. (14.20) 

riojioacHM 

-R/s'^ '■— -^Rck'^st*^ Rfil — -^Vls'^^V'rrd ' Pcs^'^ ■ (14.21) 

H3 SToro cjie^yeT, hto 

Rap^S = ^ap/A-yS/R/s^: (14.22) 

RpS — Rape's — AaP(fA°'s/R/s^ — (V/s'^^VSrd + Vl3'^''VSkr^/)Rc''' — 
= IvrVSrd ■ ^R[J^f^ - Rlc^lkl^'Ssf^). 

riojIOJKHM 

P,/<^ := -4{RiJ^sf^ - R[c'\k\^'-Ssf^) , (14.24) 

Tor^a 

Rps = \v0'"VSrdPcs''. (14.25) 
HosTOMy cKajiapnaH KpHBHsna HMeex bh^ 

R— Ra^ — -na'^'^r)^ P ""i — -f '^^ P a«i — 1 P aai _ nur k fl4.26l 

H BbinojiHeHo ycjioBHe 

PkJ"" = -m[k^\{^ + R[r\k\^'5sf^) = 



A( ^ d k \ 1 ( r> r ks: d \ A T> d k O r> d k\\ T> r ks: d 1 r?X d 

— 4(^—2 rtfe s + 1\J^k r <Js + 4/£fe g ~ ^-Kfc s jj — —J^k r — 2^^s ■ 



;i4.27) 



TojKflecTBo BnaHKH mojkho nepenHcaxb cjie^yiomnM oGpaaoM 

{■^afid'^ -^^5/ + ^a-id'^^SPr^ + ^aSd'^ ^^r^) ' R/s^ — 0. (14.28) 

CBepnyB 3to ypaBHCHHe c A^^ t A^^ , nojiy^HM, hto 

^Rkrn'^t^ + ^Rr^t^^m ~ '^Rkt'^m^ ~ '^Rk^ ~ '^Rk^ r' ^t^ + Rr^k^^m^^t — 0. (14.29) 

CBepTKa 3Toro ypaBHeHHs c 5„* h npHBe^eT nac k cnHHopnoMy anajiory TOJKflecTBa BnaHKH. 
ripH 3T0M Bce 15 cymecTBeHHbix ypaBHeHHH coxpaHeHbi. riycTb 

Ca/' := A„^/AT^^C//', (14.30) 

Tor^a 

C„/'' := V' - + l/10i?^[J^(7^]^ (14.31) 

R[J^9P]'^ = A^p/A-^'/ ■ ^(P, * - 1/2P5/5/ + ^P5/5/), (14.32) 

9[a 9B] = " ^(l/2<5/5/ - 25, V), (14.33) 

OTKyfla nojiyHHM pasjiojKeHHe na HenpHBOflHMbie opToronajibHtiMH npeo6pa30BaHHaMH komho- 
HeHTbi. Bce BbiKjiaflKH npHBefleHbi b npnjiojKeHHH. □ 
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SaMenaHHe 14.1. Upu n=6 bosmochcho dea eapuanma KAaccu(fjuKav,uoHHUx cxcm cnunopa 
BeuAH: 

1. Cfc'™^,'^ = A</)t", 2. Cfc'^^c/)'^'" = A</)^". (14.34) 

Cjie/],CTBHe 14.1. 1. VcAoeusi npocmomu Bueenmopa 6-MepH020 npocmpaHcmea sanu- 
cueammcR nan 

P[a/3P7/3] = 0. (14.35) 

KoopduHamaM maKoso Bueenmopa mochcho conocmaeumb BeccAedoeym KOMnAeKCHym Mam- 
puyy 4x4 maKym, huio eunoAHCHO ycAoeue 

pi^pj - l/4(p,Vfc')5s" = 0. (14.36) 

2. UpocmoMy Bueenmopy npocmpaHcmea C^, nocmpoeuHOMy na usomponnux eenmopax 
(p'^^Pap = Oj, MoofCHO conocmaeumb eupootcdcHHym uyAb-napy PoseHcfjcAbda: noeenmop 
u ecKmop npocmpaHcmea C^, ceepmna Komopux ecmb uyAb. Upu amoM ynasaHHue ecK- 
mop u Koeenmop onpedeAHmcH c moHHOcmtm do KOMnACKcnoso MHOotcumcAH. 



/J^OKasamcAbcmeo. /JoKasaxejibCTBO anajiornHHO ^^OKasaxejibcxBy cjie;];cTBHH |12.1[ E^^HHCTBen- 
Hoe OTjiHHHe saKjiioHaeTca b tom, hto HSOTponnbie BeKTopt.1 npocTpancTBa npe;];cTaBHMbi 
B BH^e r°'rici°'^ = i?"^ = X"'Y''—X''Y"'. TaKoe npe^cTaBjieHHe bosmojkho H3-3a Bt>inojiHeHH3 to>k- 
^ecTBa ^JiH HsoxponHoro r"" {r°'ra = 0) 

Sahcd - TCHSOp WJXSi 



.17). ripH 3TOM TaKOH TCHSOp KOCOCHMMeTpHHeH HO BCCM 4 HH^^CKCaM 

H y^oBjieTBopaex cooxHomeHHHM 

£abcd£ — ^^0\a Ob Oc On] , Eabcd^ — D^Jfb Oc On] , Eabcd^ — '^0\c On] , 

(14.38) 

_ r-abcn X n r- r-abcd O/l 

£abcd£ — Od , £abcd£ — 

nojiojKHM x^T^c."'' := X"y''-F"X^ y^r^a"^ := Z^T^-T^-Z^. Vis ycjioBHJi p'^^p^p = Gy^ex cjie- 
flOBaxb x'^ya = 0. 3xo osnanaex, hxo eabcd-^^^^^^T"'^ = 0. HosxoMy BeKxopbi X", y**, Z'^, T*^ 
jiHHettHo saBHCHMbi. HojiojKHM T*^ := aX°- + + h nojiy^HM 

= liiX'^Y^ - X^Y^)Z^T'^ - X'^Y'^iZ^T^ - T''Z^))ecdka = 
= Z%l3Y'')X^e,dkaY' - Z'\aX'')Y^e,dkaX'' - X'Y''Z^e,dka{aX' + (3Y^ + ^Z')+ ^^^-^S) 
+X'^Y\^Z^)e,akaZ' = X-Y^Zh^ka (-2aX^ - 2/3r^) = M,iV^ 
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ripH 3TOM A^* H Ma onpe^^ejieHbi c tohhoctbio ;i,o npeo6pa30BaHHa 

N\ — >e'^N\ Ma^ — >e-'^Ma. (14.40) 

□ 

Otmcthm, hto napa {N^^Ma) 6y^zi;eT HBjiHexcH Hyjib-napoii Posenc^ejib^a [19]. B npocTpan- 
CTBe CP^ =' C^/'C (r^e 'C* = C*/0) A^^ onpe^ejiHx xoHKy, a Ma - njiocKocxb c ycjioBHeM 

HHIi;HfleHTHOCTH M^Na = 0. HoSTOMy MOJKHO HOCTpOHTB npOCTpaHCTBO CH^ =' C*^/'C, ^BOH- 

cTBeHHoe npocTpancTBy CP^. Tor^a npocTpancTBo CP^ x CH^ Sy^ex npocxpaHcxBOM nyjib-nap 
Po3eH(|)ejib;],a. Cjie;i,yex oxMexHXb, hto xaxHe npocxpancxBa HsynajiHCb BnepBbie Chhi^obbim 

[23] H KoxejIBHHKOBblM |l^. 



HoflcxaBHM xenepb Eab = 25[a'^5fe] b (12.35). Tor^a flHcjDcjDepeHi^HajibHbie xo^K^ecxBa Bh- 
aHKH ynpocxaxcH 

CBepneM 3xo ypaBHCHHe c 6k'^ 



VlrmRt]^/ = Slm.^VrlnlRt]"'/ ■ (14.411 



V,^mRt)V = 0, (14.42) 

CBepxKa Koxoporo c Sg"^ ^acx 

Vcn.Rt'r = l/8VrtP, (14.43) 

HXO HBJIHeXCH CnHHOpHbIM aHajIOXOM 

V"(P„/3 - l/2Rg^p) = 0. (14.44) 

14.3 reoMexpHHecKoe npeflcxaBJieHHe XBHCxopa b IR(2 4) 

B smoM napaapac^e paccKasueaemcsi o moM, nan nocmpoumh seoMempuue- 
CKym UHmepnpemau,um usomponnoso cnuHopa (meucmopa) na usomponnoM Konyce 

4) ■ ^iTT-o npedcmaeAenue anaAosuHHO npedcmaeAeHum cnuHopa e M^-,^ 3-^ c moii 
AuvuLh pasHuv^eu, Hmo pasMepHocmb (pAasa u noAomHuiu^a yeeAUHueammcfi na edu- 
Huuy. Bueod ecex pesyAbmamoe amozo napazpacjja cdeAan na ocHoee ^Sj. 

riycxb MexpHKa npocxpancxBa 4) HMeex bh^ 

dS"^ = dT"^ + dV"^ - dW^ - dX^ - dY^ - dZ\ (14.45) 
H nycxb 3a;i,aHo ceneHHe cBexoBoro Konyca Kq 

T"^ + -W^ - -Y"^ - = (14.46) 



205 



njiocKOCTbio V+W=l. PaccMoxpHM CTepeorpa(|)HHecKyio npoeKij,Hio SToro ceneHHa na njioc- 
KocTb (V=0,W=1) c nojiiocoM A^(0, ^, |, 0, 0, 0) xaK, hto xoHKe P(T,V,W,X,Y,Z) cooTBeTCTByex 
p{t, 0, 1, X, y, z) Ha njiocKocTH V=0. Torj^a 

(V - -) 

T/t = X/x = Y/y = Z/z = — (14.47) 

2 



C^ejiaeM saMeny 



H nojiyHHM 



q = ix — y, u = i(t + z), r] = i(t — z) (14.48) 



-iX + Y -iiT + Z) iiZ-T) 



HosTOMy HHflyi];HpoBaHHa5i b cenenHH MexpHKa HMeex bh^ 



ds^ := dT^ - dX- - dY- - dZ- = _^^^i±^. (14.50) 
/],OKa3aTejit.cTBo sToro 4)aKTa BbiHeceno b npHjiojKeHHe. IIojiojkhm 



Tj J \ —dq drj 



dX 



d_ 


a 


du) 


a? 


a 


a_ 




dr] 



Tor^a 



PaccMOTpHM rpynny ^poGHo-jiHHettHbix npeoGpasoBaHHH L 

X = {AX + B){CX + D)-\ S := \ , detS=l. (14.53) 

C D 

YcjioBHe ^eficTBHTejiBHocTH, HaKjia;];t.iBaeMoe na X (X* + X = 0), ;i,acT no;i,rpynny yHHTapHbix 
^po6HO-jiHHeHHL.ix npeo6pa30BaHHii LU (2, 2) Tax, hto MaTpHij,a S y^oBjiexBopaeT ycjioBHio (cm. 
npHjioaceHHe) 

. . f e\ 

S*ES = E, E = \ . (14.54) 

[e ; 

Onpe^ejiHM ^ajiee b cnen;HajiBHOM 6a3Hce [2?, t. 2, c. 83, c. 361] 



= 


l/V2iV + W) 


= coV 


- co'e, 


= 


i/V2{T + Z) 


= 






1/V2{V-W) 


= n'^'f 




/?23 = 


t/V2{Z - T) 


= e^' 


1 -1' 
— CO rj 


i?24 = 


l/V2{Y + iX) 


1 -0' 

= uj rf 




= 


l/v^(r - iX) 


= e^r'' 


0-1' 
— CO T] 



[U.55) 
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3Ta 4)opMyjia npHMenaxejibHa tcm, hto b nefi noKasano Bt>ipa>KeHHe 6HBeKTopa i?"** nepes ero 

CnHHOpHbie KOMnOHeHTbl. HOJIOJKHM 



X := yZ-\ Y = AY + Z = CY + DZ, Y 







f TTo 














Vi j 



(14.56) 



Tor^a 



R :=|| R 



•ab 



{detY)J YZ-\detZ)J 
iYZ-\detZ)Jf {detZ)J 

J := \ ° ^ I , ^ = SRS^. 

-1 



j[y^ 



riojIOJKHM 




(14.57) 
(14.58) 



Tor^a 



S*ES = E. (14.59) 

MaTpHn;bi S oGpasyioT rpynny, H30Mop4)Hyio SU{2,2), cjieflOBaxejibHo MaxpHi^bi 5* oGpasyioT 
caMy rpynny SU{2,2). HasoBCM npeoGpasoBanna c MaTpHu;eH ns rpynnbi LU{2,2) TBHCTop- 

HblMH npeo6pa30BaHH5IMH. BBH^y ^ByjIHCTHOCTH naKpblTHa CBaSHOH KOMnoneHTBi eflHHHU;t.I 

rpynnt.1 5*0(2,4) (xoTopaa oGosnanaexcH nepes SO'^{2,4)) rpynnoii SU(2,2) n ^ByjincxnocTH 
HaKpbiTHa rpynnbi KoncJiopMnbix npeoGpasoBannii C^^(l,3) [22^ t.2, c.359] rpynnoii 50^(2,4) 
cjieflyex cymecTBOBanne u;enonKH hsomopcJdhsmob 

SU{2, 2)/{±l; ±i} = LU{2, 2) = C^_^{1, 3) ^ 50^(2, 4)/ ± 1. (14.60) 

3to osnanaex, nxo rpynna LU{2, 2) ncnepntiBaex Bce KOH(|)opMnt.ie npeoGpaaoBanna h3 rpynnti 
C^''(l, 3). Hpn 3TOM MaTpHn,a S BoccTanaBjinBaexca c Tonnocxbio ;i,o Mnoxcnxejia A xaKoro, nxo 
= 1 (det(S)=l), oxKy;];a n noaBjinexcH yxasannaa neo;],no3nannocxb. Ha ocnoBannn xoro, 
nxo Bepnbi xo>K;i,ecxBa 

Y = AX + B =^ dX = AdY, Y = X'^ ^ dX = -X-^dXX-\ (14.61) 

r^e A H B - neKoxopbie nocxoannbie MaxpHn;bi, HMeeM 

Z* dX Z = Z* dX Z. (14.62) 

3xo ypaBnenne nnBapnanxno oxnocnxejibno npeoGpasoBannn ns rpynnbi LU(2,2). ^OKasa- 
xejibcxBO 3xoro (|)aKxa paccMoxpeno b npHjioacennn. /Jpyroii HnBapnanx MOJKno nojiynnxb, 
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paccMaxpHBaa TO>K;],ecTBa 

r^e A H B - Toace HCKOTopbie nocToaHHbie MaTpHij,t.i. Oh 6y^eT hmctb bh^ 

Z-i^Uz* -1 = Z-i-^Z* (14.64) 

/],OKa3aTejit.cTBo mojkho naliTH b npHjiojKeHHH. 3to osHanaeT, hto cymecTByex ^eiicTBHTejii.- 
Hbifl KacaxejibHtiH Bexxop L k rHnepGojiOHfly, nojiyneHHOMy ceneHHeM Konyca njiocKO- 
cTbio V+W=l. 3tot BCKTop HHBapHaHTeH oTHocHxejiBHo npeo6pa30BaHHH 6a3Hca H3 rpynnti 
LU(2,2) (x.e. Koop^HHaTHo-He3aBHCHMbm na KacaTejiBHOM npocTpancTBe k ^aHHOMy rnnepGo- 
jioH;];y) H o;];H03HaHHO onpe;];ejieHHbiH MaTpHn;eH 

J 1 ( v-\ d V* -1 7-1 d rvT -1\ _ 

L .- ^\Zj q^Zj - Zj q^/j }- 



(jf (-t/OttO + r707rO) + ^{-fi^TX^ + r7i7ri) + 
-1 / ' I > dn^ I I > ^^4g5^ 



1 
-1 



+ |(-,-%o + ,Ovri) + |(,-o,^-,%0)).^^^,^:= I '\L 



HopMa sToro BCKTopa b Hamefi MexpHxe Gy^ex TaKoii 



2{det{Y)f {V + Wf ^^^'^^^ 
Ha30BeM H30TponHbiH BeKTop k BeKTopoM, HMeiomHM e;i,HHHHHyio npoxajKeHHOCTB nepBoro 
THna [22| t. 1, c. 57] b tom cjiynae, Kor^a k 6y^eT 3a^aBaTB TOHKy na ii30TpoiiHOM Konyce, 
npHHa^jiejKamyio ceneHHio njiocKocxbio V+W=l. ToTf\a, || L ||= —1 h jiio6oh H30TponHOH 
BCKTop K, KOJiJiHHeapHbiil k, onpeflejiHTCH xax 

K={-\\L\\)'^k. (14.67) 

O^HaKO, npH V=-W nojiynaioTCH BeKTopti c GecKoneHHoii npoTHJKeHHOCTtio nepBoro THna. 
HtoGbi HayHHTbca hx pa3JiHHaTb mojkho 3a^aBaTb ceneHHe njiocKocTbio T+Z=l h bbccth 
no;],o6HbiM o6pa30M HeKOTopbifi bcktop L c nopMofi 

Ha30BeM H30TponHbiH BeKTop k BeKTopoM, HMeiomHM ej^miwiRjio HpoTHJKeHHOCTb BToporo 
THna B TOM cjiynae, Kor^a k 6y^eT 3a^aBaTB Tonxy na H30TponnoM Konyce, npnna^JieJKaniyio 
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ceneHHio njiocKocTbK) T+Z=l h npoTajKeHHocTb nepBoro THna ne 6yfleT KoneHHOH. Onpefle- 
jiHM npoTfljKeHHOCTb BCKTopa K KaK KOHeHHyio npoTfljKeHHOCTb nepBoro THna, a ecjiH TaKoii 
He cyH];ecTByeT, to KaK HpoTfljKeHHOCTb BToporo THna. OTMeTHM, hto bcktop L ne flBjiaeTCfl 
KOopflHHaTHO-HesaBHCHMbiM B npocTpaHCTBe M|'2 4) ) xoTa H aBjiaeTca HHBapnaHTOM KacaTejiB- 
Horo iipocTpancTBa k rHiiep6ojiOH^y, iiojiyneHHOMy ceneHHeM Konyca Kq iijiocKOCTbfo V+W=l. 
Tenepb noaBHjiacb bosmojkhoctb narjiaflHo H3o6pa3HTi> tbhctop b npocTpancTBe M^(2,4)- Pac- 
CMOTpHM napy BeKTopoB H3 R^(2,4) paBHoii npOTflaceHHOCTH 

K'' ^r)"abiT^''X''\ N"" = r]''abT^''Z''^ ^ K''Ka = 0, N''Ka = 0, AT^AT^ = 0. (14.69) 

BbiSepeM BBKTop Y"' TaKHM oGpasoM, htoGbi Gbijih BbinojiHeHbi ycjiOBHs 

VYa^O, Y^Xa^O, Y^Za^O, 

(14.70) 

eabcdx^YbZ^Ta = X'^Z^Y'^Ta = 1, e""^^ = 2AX^''Y^Z''T'^l 
TaKHM oGpasoM nojiyHHTca GasHc h3 BeKTopoB X°',Y"', Z°- ^T°- (nanoMHHM, hto = •Saa'^°'') 

y«y„-o, y«x„ = o, y«z„ = o, x«x„-o, ^^^^^^ 

OTKy^a 

eabcdT^^y^ = -2X[„Z,]. (14.72) 

HoSTOMy BCKTOpbl 

= <„,,(-T["y''] + X["Z^]), = <„6(-i)(T["y''] + X^^Z^^) (14.73) 

yflOBJieTBOpflMT COOTHOmeHHaM 

L"Ar„ = 0, M^^A^a = 0, L^^La = -2, M"M„ = -2. 
BoT Tenepb mbi MO»ceM nocTpoHTt TpHBeKTop 

pa/37 ^ 6X["A^^L^1. (14.75) 

Snaa K°', mbi snaeM h X" c tohhoctbk) flo 



^14.74) 



X" ^ AiX" + //iT", ^ i/iX" + ^iT", det 



A ecjiH HaM H3BecTeH N"', to nponsBOJi b BtiSope T" h TaKOB 



(14.76) 



^ A2^" + At2r", T" ^ i/2^" + 67"", det I 1=1. (14.77) 
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riosTOMy 1^1 = 1^2 = H ^2 = Ci- P,^^ nojiyHHM 

V I — > aX" + ^y" + 7Z" + 57". (14.78) 

EcjiH Tenepb noTpeSosaTb, ^to6i>i flsa TaKHx 6a3Hca CBaaaHti npeoSpaaosaHHeM h3 rpynnti 
LU(2,2), TO nojiyHHM 

^ ' ' (14.79) 

I — ^ r-^Z'^ + xT", I — ^ -x^'' + tF" - /iZ« + ^T'^, 

XlJi + Px + tS + f5 ^0, Tf = l. (14.80) 



OTKyfla 



(14.81) 



;i4.82) 



;i4.83) 



HojioacHM r =: e*®, Tor^a 

I — > L° cos(2e) + sm(2e) - i(xT - f x)i^" + (//r + r/Z) A^", 
I — cos(2e) - sin(2e) + (xr + f x)-ftr" - i(AiT - Tfl)N''. 
TaKHM o6pa30M 3-nojiynjiocKOCTb HaTsnyTaa, na seKTopbi K"',N°',L°', Gy^ex KOopflnnaTHO- 
HesaBHCHMa b iipocxpaHCTBe IR(2 4)- HTaK, namy KOHCTpyKii,Hio mojkho npe^cxaBHTb b cjieflyio- 
meM BHfle. ripoTflaceHHOCTb nepBoro rana BexTopoB h A^" flOJiJKHa 61.1T1. oflHHaKOBa. K"' 
H N'^ onpeflejiaiOT 2-njiocKOCTi>, MHOJKecTBO BexTopoB KOTopoii c npoTflaceHHOCTbio nepBoro 
THna, paBHoii npoTaaceHHOCTH BexTopa K"' h HanajiOM, coBnaflaiomHM c HanajiOM BexTopa K'^, 
HasoBCM 4)jiarinT0K0M. K'^,N"',L°' oiipe/],ejiaT 3-nojiynjiocKOCTb, KOTopyio nasoBeM hojiothh- 
meM 4)jiara. TaKHM o6pa30M, anaa K"" h A^", mbi snaeM tbhctop c tohhoctbio flp (^ashi 
Q. B CBOK) OHepeflb, 2G - 3to yroji noBopoTa nojiOTHHma 4)jiara - 3-nojiynjiocKOCTH P"^t - b 
2-njiocKOCTH (L",M") BOKpyr 4)jiarmT0Ka - 2-njiocKOCTH (N'^,K°'). HosTOMy, noBopoT 4)jiara 
Ha 27r HpHBefleT k TBHCTopy — T", h tojibko HOBopoT Ha 47r BepneT namy KOHCTpyKH,Hio k hc- 
xo^^HOMy cocTOSHHK). KpoMC Toro, KOJiJiHHeapHBie TBHCTopbi oiipe;];ejiaiOTca HpoTaxceHHOCTbio 
BeKTopa i^T" TaK, hto npn npeoGpaaoBaHHH T" 1 — > rT"-, Y"" \ — )■ r'^Y"" (r e i?\{0}) 4)jiar- 
HiTOK yMHoacaeTCfl na r, a nojiOTHHii],e ocTaeTca HeHSMeHHBiM. Cjie^yeT, HaKOHen;, OTMeTHTb tot 
4)aKT, HTO yKaaaHHafl reoMeTpHHecKaa CTpyxTypa OflHOSHaHHO BOCCTanaBjinBaeTCfl no tbhcto- 
py T". B cjiynae GecKOHeHHoii npoTfljKeHHOCTH nepBoro THna BexTopa paccMaTpnBaeTCfl 
Konyc ^4 C Kg, Ha KOTopoM jiejKHT BCKTop A'^". Ho nenyjieBbie BeKTopbi n A'^" hmbiot 
KoneHHyio npoTajKeHHOCxb BToporo Tnna, flaBaa reoMeTpHHecKyro HHTepiipeTai],HK) ciiHHopa na 
H30TponnoM Konyce ^4 fljia i^" n A^". 
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14.4 O CTpyKxypHbix KOHCxaHxax ajire6pbi oktohhohob. CnHHopHbiH 
4)opMajiH3M ^Jia n = 8 



B amoM napmpacfye paccKasueaemcH o moM, kuk no censymm^uM onepamopaM, 
ydo6Aem6opfimm,UM ypaeneHum KAU(fj(f)opda, nocmpoumb cmpynmypHue KOHcman- 
mu aAse6pu onmoHUOHoe. Tanue aA2e6pu neAfimmcfi uacmHUM CAynaeM nopMupy- 
CMOU aAseBpu c deAenueM (n=8). PaccMampueaemcsi ancuoMamuKa maKux aAse6p. 
Bueod ecex pesyAhmamoe amoso napazpacfja cdeAan na ocnoee 



HycTt. onepaxopbi rja""^, {a , /3 = 1,6; a ,b = 1,4) - 3to KococHMMeTpHHHbie 
onepaxopbi, nocTpoeHHbie Bbime fl,Jis cnHHopnoro (|)opMajiH3Ma npn n=6. Tor;];a onepaxopbi 
r/A"^^ (A , \I/ = 1,8; A ,B = 1,8) fl^Jis cnHHopnoro (|)opMajiH3Ma npH n=8 cxpoaTca 



corjiacHo cxeMe (8.20). HosTOMy xensop (8.17) Gy^ex oGjia^axb cHMMexpaaMH 



_ 1 _ 1 

£AB{CD) — -^AB^CD, £AiB\C\D) — -^AC^BD, 



(14.84) 



rflfi corjiacHO 



^.19) Eac = ^Ac aBjiHexcH MexpH^ecKHM Ha cnHHopHOM npocxpaHcxBe C 

1 (J£) ^ CD 

Vaab = -^Va ^abcd = Va ^ad^bc, Va '■= -Va ^cd- 



(14.85) 



Bxopoe xo>K;];ecxBO (14.84) ohchb BaacHO. Oho o6ecHeHHBaex HeBt.ipo>K;],eHHOcxb onepaxopa 
Exa'^^X^Xy h, KaK cjie^cxBHe, HopMHpyeMocxb ajireGpti oKxaB. HpH bxom xojK^ecxBo (9.11) 



pacHa^aexcH na xpn: ^Ba xojK^ecxBa ajiBxepnaxMBHOcxH (jieBoe h npaBoe) h n;eHxpajibHoe xojk- 
^ecxBo ajiacxHHHocxH. KaK sxo npoHcxo^Hx. 



TeopeMa 14.2. /(asi Am6ozo G UMeem Mecmo pasAoofcenue 



dAsi HCKomopux X^, E . 



(14.86) 



JJ^OKasameAhcmeo. Hs ypaBnenHa KjiH(|)(|)opfla (8.1) Gy^ex cjie^oBaxt., hxo 



R^^RcB = -^r^^rA^c^, Rkl^a" = Rar^kl""' + R""^£klar- 



BR I D-BR, 



(14.87) 



CBepneM sxo ypaBHenHe c P^P^, BbiGnpaa P^ xax, hxo p := ^EakP^ 7^ 0, h nojiaraa, hxo 
Ql '■= RklP^ , 

QlP"" = QrP'^skl'''' + VR'^L. (14.88) 



Tor^a H3 (14.84) Gy^ex cjie;];oBaxt> 

1 



^BL ^ tQRpK^SnV - eK'\) = -Q^P^E^'^KR. 
p p 



(14.89) 
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OcTaexca nojiojKHTb 



HTo H flOKajKCT TeopcMy. 



B 



Onpe^ejiHM 



Tor;];a 



pA pi- AS _ A* r, — c- 



(14.90) 

□ 

(14.91) 
(14.92) 



TaKHM o6pa30M onepaTop P a onpe^^ejiaex H30Mop(|)H3M ueyKpy npocTpancTBaMH C"" = C {n 



N = 8) 



[14.93) 



HOJIOJKHM 

r/A*® := v^r/A^^P%P%, (14.94) 
Tor^a fljia TaxHx cxpyKxypHbix KOHcxaHx BbinojiHeHbi xojKflecxBa ajibxepHaxHBHocxH ajire6pt>i 

OKXaB 

^^Ae^^T)® = ??A(vi>®'7|e|T)*, Vim^Ves'^ = ^(Aiei^^*)*® (14.95) 
H ii,eHxpajit>Hoe xojKflecxBo My(|)aHr 



* U B TT <Ii O r Q T 

r^V^e Va^ Vnr = r^r]^A r]en V^r r'^ . 



(14.96) 



/I^OKaaaxejiBCXBO b npHjiojKeHHH. Tenepb, ^Jia xoro, hxo6l.i nepelixH k cxpyKxypntiM KOHCxan- 
xaM ajireGpbi oKxaB, neoGxoflHMo BocnojibsoBaxbca onepaxopoM BjiojKeHHa 



HopMHpyeMocxL. ajire6pt.i oKxaB GjflfiT cjie;];oBaxb hs ypaBHCHHa KjiHcjDcjDop^^a (8.1), BbinncaH- 
Horo jiJis cxpyKxypHbix KOHCxanx 



(14.97) 



Onepaxopbi >Ke BH^a (12.5) 



A X ._ l„ AfX„ A X ._ l/„ MX„ I ^ XM^ \ 



6yflyx y^oBjiexBopaxB xojK^ecxBaM 



(14.98) 



A B 



A/^^'^^A^^ CD = ^IC^^D]^, A/^^i,'^^A^^ CD = ^^IC^^^D]^ + l^ic^D 

A AB ATn _ A Tr n A AB aTQ _r Tj: ^ j_ x nl„ 

^A* ^ AB — 0[A d-^] , /1a^ a AB — d[A 0^] + 1]^ 0[A ^^?*]- 

/loKasaxejibcxBO b npHjioacennH. 



(14.99) 
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14.5 FeoMexpHa HH^yKXHBHoro nepexo^a ox n=6 k n=8 



B amoM napaspacfye paccKasueaemcH o moM, kuk nocmpoumb dee KeadpuKU, 
cefiaaHHue npuHuunoM mpoucmeeHHOcmu Kapmana. UocmpoeHue npoeodumcfi e 
siOHOM eude, o6ocHoeueasi cmaHdapmHym cxeMy undyKmueHoso nepexoda om n=6 
K n=8. Bueod ecex pesyAbmamoe amoeo napaspacfja cdeAan na ocHoee 

14.5.1 Hyjib-napbi Po3eH(J)ejiBfla 

B amoM napaspacfje paccKasueaemcsi o moM, nan nocmpoumb fienoe pemenue 
meucmopnoso ypaeneuufi npu n=6. Bueod ecex pesyAbmamoe amoso napaspacfja 
cdcAttH na ocnoee JUj, /7P|/ . 

06o3HaHHM Hepes A"--* npocTpancTBo, ^^BoficxBeHHoe k cnHHopnoMy 4-MepHOMy KOMnjieKc- 
HOMy BCKTopHOMy npocTpaHCTBy A*^, H o6pa3yeM 8-MepHoe KOMnjieKCHoe npocTpancTBO KaK 
npsMyio cyMMy A*^ © A"-"*. To ecTb, ecjiH X" (a, h, ... = 1, 4) - KoopflHHaxbi BCKTopa b A^, a Yh 
- KoopflHHaTBi KOBCKTopa B A^* , TO := (X",Y{,), (A,B,... = 1,8) 6y^yT KoopflHHaxaMH 



BCKTopa H3 T^. By^eM paccMaxpHBaTt Koop^HHaTbi GnBeKTopa r"^ hs (|13.18|) 



= ir'^by^ (14.100) 

KaK KoopflHHaTBi TOHKH KOMnjicKCHoro a(|)(|)HHHoro npocxpancTBa CAg. 3to ecTb CHCxeMa h3 
4 jiHHeHHBix ypaBHeHHH c 6 HeHSBecTHBiMH. JXns BL.i5icHeHH3 ee panra paccMoxpHM o^Hopo^- 
Hoe ypaBHCHHe r'^^Y'b = 0, Koxopoe HMeex HenyjieBbie pemeHHa xor;];a h xojibko xor^a, Korfl^a 
6HBeKxop npocxofi: rkcr""^ = \r"''^rabSk'^ = - h, cjie;];oBaxejibHO, npe;],cxaBHM b BUflfi 

<„opo«„oe = P'^Q' - P'Q\ (14.101) 

npHHCM H Q*^ onpe;];ejieHL.i c xohhocxbio j\o hx jiHHeflHbix KOM6HHaii;HH. Hs sxoro cjiepyeT, 
Hxo P'^Ya = 0, Q'^Ya = 0. 06o3HaHHM Hcpes X"',S°',Z"' Bce pemeHHa ypaBHenna X^-Ya = 0, 
Koxopbie o6pa3yiox 6a3Hc. Tor^a name pemeHHe npHMex bh^ 

Copo^Hoe = Ai^l'^X^l + X.X^^Z'^ + XsS^^Z'^ (14.102) 

H, cjie^OBaxejiBHO, onpe^ejiHX b npocxpancxBe 6HBeKxopoB 3-MepHoe no^npocxpancxBO. Oxcio- 
^a nojiynaexcH o6iii;ee pemeHHe 



' Ai^l^X''! + AaXl^Z^l + AgSl^Z^l, (14.103) 



^ ^HacTHoe 



r^e r^^j,^jjQg-HpoH3BOJit>Ht>iH Ghbckxop, aBjiaioni,HHC5i nacxHtiM pemeHHCM. 
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14.5.2 IIocTpoeHHe KBa/],pHK CQe h CQe 

B smoM napaspacpe paccKasueaemcsi o moM, Kan nocmpoumb neadpuKU, ydo- 
eAemeopsimuifUe npuHii,uny mpoucmeeHHOcmu Kapmana. Bueod ecex pesyAbmamoe 
amoso napazpacfja cdeAan na ocHoee [0. 

HoKajKeM, HTo onpe^ejieHHoe panee npocxpaHcxBo Sy^ex KOMnjieKCHbiM npocxpancxBOM, 
B KoxopoM CKajiapHbiii KBa^pax Bexxopa onpe^ejiHXCH KBa^paxHHHoii (JiopMofl 

EabX'^X^ = 2X"F„ (14.104) 

xaK, HTo MaxpHii,a xenaopa Eab HMeex bh^ 

SAB 11= . (14.105) 

5% 



IIpH (|)HKCHpoBaHHOM r"^ ypaBHCHHe (14.100) onpe^ejiHX b 4-MepHoe npocxpancxBO, koxo- 
poe 6y^ex HBjiHXbca 4-MepHoii njiocKofi oGpasyiomeli Konyca Eab^^^^ = 0. TaKHM o6pa30M, 



Mbi MOJKeM paccMaxpHBaxb KBaflpHKy CQq, sa^aBaeMyio ypaBHCHHeM (|14.104|), b npoeKXHB- 

^B 



HOM npocxpancxBe CP7. Ee 4 6a3HCHi>ie xohkh 6yflyT y;];oBjiexBopaxt. ycjioBHio EAB^f^f 



0, {I,J,... = 1,4). HOJIOJKHM 

X^:={X%Y,), X^:={Z-,n), X^ := {L^, N,), Xt:={K\M,). (14.106) 



Hcxo^a H3 oGmero pemeHHs ypaBHCHHa (14.100), KajKfloft xohkc KBa^pHKH CQg mojkho nocxa- 



BHXb B cooxBexcxBHe 3-MepHyio Hsoxponnyio njiocKocxb npocxpancxBa CAg. ToHKy (t,v,w,x,y,z) 
npocxpancxBa CAg mojkho npe^cxaBHxt npaMoit (AT, AV, At/, AS", \W, AX, Ay, \Z) npocxpan- 
cxBa C^, o6jiaflaioiu;ero MexpHKoii 

dL'^ = dT^ + dV^ + dU^ + dS^ + dW^ + dX'^ + dY^ + dZ^. (14.107) 

3xH npHMbie 6y;];yx oGpasyiomHMH Hsoxponnoro Konyca Ci^g: + + f/^ + 5^ + W'^ + + 
Y"^ + Z"^ = 0. HepeceneHHe 7-njiocKocxH U — iS = 1 c yKasannbiM KonycoM CKg o6jia;];aex 

HHflyii;HpOBaHHOH MexpHKOH 

dL'^ = dT^ + dV"^ + dW"^ + dX^ + dY^ + dZ'^. (14.108) 

3to npocxpancxBO HMeex bh^ napa6ojiOH;];a na CKg h xo>K;];ecxBeHHO npocxpancxBy CM^: 
U = 1 + iS = \{l — T"^ — V"^ — W"^ — X^ — — Z"^) BcHKaa oGpasyiomaa sxoro Konyca 
(MHOJKecxBO xoHCK, npHHaflJie>Kaiii,HX CiiTg c nocxosHHbiM oxHomeHHeM T:V:U:S:W:X:Y:Z), He 
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jiejKamaH na rHnepnjiocKocTH U = iS, nepeceKaex napa6ojioH;]; b e;];HHCTBeHHofi tohkc. 06pa3y- 
ioiu;hm KOHyca, jieJKamHM na rHnepnjiocKocxH U = iS, cooTBexcTByioT tohkh, npHHa^JieJKamne 
6ecKOHeHHocTH npocTpancTBa C^. TaKHM o6pa30M, npsMbiM C^, npoxo^JimHM nepes Hanajio 
C*^, cooTBexcTByioT TOHKH npoeKTHBHOTO npocTpaHCTBa CP7. Cxepeorpacl^HHecKaa npoeKij,H3 
yKasaHHoro ceneHHa na hjiockoctb (U=1, S=0) c nojiiocoM A^(0, 0, |, |, 0, 0, 0, 0) oTo6pa>KaeT 
TOHKy P(T,V,U,S,W,X,Y,Z) rnnepGojioH^a na tohkj p(t,v,l,0,w,x,y,z) njiocKOCTH (U=l, S=0) 

(14.109) 



XT = t, XV = v, XW = w, XX = x, XY = y, XZ = z, A = 

- ^-^^ XU=Ul-t'-v'-w^-x'-y^-z^) = -XiS + l. 



OGpasyiomHM yKe Konyca CKg cooTBexcTByeT KBa^pHKa CQq b npoexTHBHOM npocTpancTBe 

CP7 

^^^rV* = 0. (14.110) 



14.5.3 CooTBeTCTBHe CQq i — > CQq 

B smoM napaspacfie paccKasueaemcsi moM, nan nocmpoumh coomeemcmeue 
MecHcdy o6pa3ymm,UMU neadpuKU pasAUHHOzo pama cosAacHO npunyuny mpoucmeeH- 
Hocmu Kapmana. Bueod ecex pesyAbmamoe amozo napaspacfia cdeAana ocHoee J^. 



1. OGmee pemeHHe ypaBHeHHa (|14.100|) 

„ab „af) 



HacTHoe OflHopoflHoe 



™e + Ai^'^'X^l + AsXt-^Z^] + As^I'^Z''! (14.111) 



onpeflejiHT 4-MepHyio njiocKyio oGpaayiomyio Konyca 'CK^. ToTj\a. TaKoft oGpasyiomeH 
onpeflejiHTca cHCTCMa 



(14.112) 









= z\ 




= L\ 







C yCJIOBHHMH 



X^Ya = 0, Z"T„ = 0, L^Na = 0, K"M, = 0, 

X-Ta = -Z-Ya, X-Na = -L-Ya, X''Ma = -K^Ya, 



(14.113) 



TaKHM oGpasoM hs 16 ypaBHeHHfl c 6 HensBecTHbiMH r"^ cymecTBeHHbiMH Gy^yT tojibko 6 
ypaBHeHHH (10 ycjioBHfl cbhsh), hto owpej\ejiwi TOHKy CAg, a snaHHT h TOHKy kbap^hkh 
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2. EcjiH ace nam HSBecTHO tojibko ofl;BO ypaBHeHne 



(14.114) 



c ycjioBHeM 

= 0, (14.115) 

TO H3 4 ypaBHeHHH cymecTBeHHbiMH 6yflyT jiHinb 3 {oflfio ycjioBHe cbhsh). 3to osHanaeT, 
HTo TOHKe KB&flpuKa CQq 6y;i,eT cooTBexcTBOBaTb njiocKaji S-Mepnaa oGpasyromaa CP3, 
npHHafljieacamas KBaflpHxe CQe- 



3. EcjIH HaM H3BeCTHL.I ^Ba ypaBHCHHa 



■^abrp 



(14.116) 



C yCJIOBHHMH 

X»r, = 0, Z'^T, = 0, X-Ta = -Z^Ya, (14.117) 

TO H3 8 ypaBHeHHii cymecTBeHHtiMH 6y^yT jihuib 5 (neHSBecTHBix xce 6 h 3 ycjioBHH cbs- 
3h) . 3to osHanaex, hto npaMOJiHHeliHOH o6pa3yioin;eil CPi KBa^pHKH CQe Sy^ex cootbct- 
CTBOBaxb npaMOJiHHettHaa oGpasyiomaa CPi, npHHa;];jie>Kairi;aH KBaflpHxe CQe- Hpn stom 
MHoroo6pa3He oGpasyiomnx CPi(CQ6)5 npHHa^jieacamnx oji^oV^ h toh ace oGpasyiomefl 
CP3(C(56); onpe;];ejiHT nynoK oGpasyiomnx CPi(CQ6); npHHa^jieacamnii KBa;i,pHKe CQg 
(sTOT nynoK SBjiaexca na caMOM ;];ejie KonycoM). LI,eHTp nynxa onpe;];ejiHTCH CHCxeMofi 



(14.112). 



4. EcjIH HaM H3BeCTHBI TpH ypaBHeHHH 



ir^^Yb 








= z\ 


(14.118) 








0, Z-Ta 


= 0, L-Na = 0, 
-L'^Y,, Z''N, = -L''Ta, 


(14.119) 



C yCJIOBHHMH 



TO H3 12 ypaBHeHHii cyniecTBeHHbiMH Gy^yx jthhib 6 (h HensBecTHtix 6 c 6 ycjioBHHMH 
cbssh). 3to oananaex, hto 2-MepHOH oGpaayronieii CP2 KBaflpHKH CQq 6y^eT cooxBex- 
cxBOBaxb xoHKa KBappuKii CQq. HpH 3XOM MHoroo6pa3He oGpasyioniHx CF2{CQq), npn- 
Ha;i,jie>Kam;HX ojiHoa h xoh >Ke o6pa3yiom;eH CP^^CQq), onpejxejiRT e^^HHCXBennyio xoHxy 



KBa^pHKH CQq. 3xa xoHKa onpe^ejinxcH cHcxeMofi (14.112). 
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14.5.4 FeoMeTpHa nepexo/],a k CBasyiomHM onepaTopaM r/A^^ AJi^i n=8 

B smoM napaepacfie paccKasueaemcsi o moM, nan nocmpoumb cesisytoinue one- 
pamopu Bar cnuHopnoso cfjopMaAUSMa npu n=8. Bueod ecex pesyAbmamoe amoso 
napaspacpa cdeAana ocHoee 16]. 

PaccMoxpHM flajiee Ghbcktop R/^^ xaKoli, hto ero cocTaBjiaioiri,He BCKTopbi Xi^,X2^ oripe- 
^ejieHL.1 KaK 

(14.120) 

3thm onpe^ejiHTca n;enoHKa Toac^ecxB 



S^rr/j/l^l — X Saklmi 



(14.121) 



kYi^ = X" 

CBepneM nocjie^^nee xoac^^ecxBO c Z™, hto j^acT 

ir^iY^Z^ = X"Z-£fc,„„ +p/(r) ■ 2T[fcYi], 

Hcxojis H3 BbimecKasaHHoro, paccMoxpHM npaMOJiHHeitHyio oGpaayiomylo KBa;];pHKH CQq, onpe- 
^ejieHHyio GnBeKxopoM [T^X^ ^ 0) 



(14.122) 



X^Z^-X^Z'' X^Td-YdZ'' 
Y,Z' - TeX" r.Trf - FrfT, 



-ir^^TkX^ + e^^''^pf{r)YkTi 2ir"''F[^T5 
le^^^r^kY^mTn] - S^'X^T^ 2F[,Trf] 



(14.123) 



Tck -i5c'' j V -z5/X«T„ 2zY[,T,] 



■.=R^K .-pKB 



218 



Rab '■— ^AcR'^ B — TiX 




;i4.124) 



rfle Sac Bce tot ace MeTpHnecKHtt cHMMeTpHHecKHtt cnHH-Tenaop. Hpn 3tom 6yfleT Bepno ypaB- 
HeHHe 

Ra^R^^ = 0, (14.125) 
KOTopoe osHanaeT, hto jiio6oh Tenaop i?"^^, npeflCTaBji5iioiri,HH o6pa3yioiri,yio CPi(C(56), 6yfleT 

COflepJKaTb OflHH H TOT JKB TCHSOp B CBOBM paSJIOJKeHHH, npH 3T0M BTOpOH TBHSOp pa3- 

jioaceHHfl 6yfleT OTBenaTb 3a nojioacenne CPi b CP3. HosTOMy ecTb pe30H nocTaBHTb b 

COOTBCTCTBHe TOHKC KBaflpHKH CQe SnCnHHOp R^^ , KOTOptlM OHa Onpe^ejIHTCfl OflH03HaHHO. 

IIpH iiepexofle k npocTpancTBy CM^, hcxo^h hs 



,12 



,13 



onpeflejiHM oflHopoflHbie KoopflHHaTbi CR^ cjieflyiomHM oSpasoM 

15 



;i4.126) 





: i^i3 . 


R'^ : 


i?23 . 


i?24 . i?34 


: i? 


A= < 














^12 . ^13 . 


^14 . 


^23 . 


^24 . ^34 


: -|m 






R'^ 










R^^ 




-X + iY), 








R^' 




iU + S, 








R'^ = 












R'^ = 
















= = 












= = 














-R'\ 







































;i4.127) 



(14.128) 



(14.129) 
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R^^'RaB = 8(i?12^34 _ ^13^24 ^ ^14^23 ^ ^^15^51) ^ 



= 4(^2 + y2 ^ [;2 ^ ^2 ^ ^2 ^ ^ y2 ^ ^2) _ Anf(R), 



(14.130) 



R'^'^RcB = \nf{R)5c' 



R^''RAB = 4:nfiR). 



P^a Toro, HToSbi (r/)^ onpeflejiajiH o6pa3yioiii,yio KsaflpHKH CQe neoSxoflHMO h flocTaTOHHO 
BbinojiHeHHe ycjiOBHfl 

5Avi>(r7)^(o)^ = 0. (14.131) 
OnpeflejiHM neKOTopbie CBflayiomHe onepaTopM tja^'-^ Tax, htoSm BbinojiHfljiHCi. ycjiOBHs 



— -r]A Kbc, — bc^ ■ 



Torfla 3TH onepaTopbi yflOBjieTBopaiOT ypaBHeHHio KjiH4)4)opfla 



(14.132) 



;i4.133) 



Oiipe/j,ejiHM 



A vJ* _ 

^PQRT '■— V PQV RT9A.^i ^PQRT — ^RTPQ, 



;i4.134) 



HTO flacT eiii,e o^hh MeTpHHecKHH cnnnop Epqrt, c noMOiii,i>io KOToporo mojkho noflHHMaTb h 
onycKaTb napHbie HH^eKCBi 



1 PO 1 PO 1 RT 

QA^ = 4?7A ^V-^PQ, VART = 4^A ^SPQRT, £pQ = ^SpQRTS , 

£ L R Li R Li 1 I^R 

^STPQOk = £STK £PQ R + ^PQK ^ST R, ^STPQ = I^ST ^PQKRi 

£PQ{KL) = l^PQ^KL, £[PQ]{KL) = 0, 'r]A 



(14.135) 



(MJV) 



1„ KL^ ^MN 



npH 3T0M peayjiBTaT npHMeneHnfl flByx MeTpHHecKHx TenaopoB flOJUKen 6bitb oflnnaKOB. Ecjih 
jKe MaTpHi];Bi TenaopoB g^A^ h HMeiOT bh^ 



5'a* 



/lOOOOOOO 
1 
1 
1 
1 
1 
1 
yOOOOOOOl 



1 

1 

1 

1 

1 
1 
1 
1 



(14.136) 
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TO cyiri,ecTBeHHbie Koop^HHaTbi onepaTopoB tj^kl b neKOTopoM 6a3Hce 6yflyT TaKHMH 



V 12 — 


1 

V2' 


n2 _ 

V 34 — 


1 

a/2' 


V^12 — 


j 

72' 


n5 — 
?7 34 — 


i 

72' 


^ 78 — 


1 

%/2' 


n2 _ 

^ 56 — 


1 

72' 


V^78 = 


i 

72' 


V 56 — 


i 

72' 


= - 


i 

V2' 


^7^23 = 


i 

V2' 


V 14 — 


1 

72' 


V 23 — - 


1 
72 


V^67 = - 


i 

V2' 


^^58 = 


i 

72' 


V 67 — 


1 

72' 


V 58 — - 


1 

72 


V 13 — - 


i 

V2' 


V 24 — - 


72' 


m6 _ 
^ 13 - 


1 

■ 72' 


„6 

^ 24 — - 


1 

72 


V 68 — 


i 

V2' 


V 57 — 


i 

%/2' 


?7 68 — 


1 

72' 


V 57 — 


1 

72' 


V 15 — 


1 

V2' 


V 51 — 


1 

72' 


^^15 = 


i 

72' 


^ 51 — 


i 

72' 


4 

V 26 = 


1 

V2' 


4 

V 62 = 


1 

72' 


V^26 = 


i 

72' 


^^62 = 


i 

72' 


4 

V 37 ^ 


1 

V2' 


4 

V 73 = 


1 

72' 


3 

V 37 = 


i 

~72' 


3 

V 73 = 


i 

71' 


?7^48 = 


1 

V2' 


4 

?7 84 = 


1 

72' 


r?^48 = 


j 

72' 


?7^84 = 


i 

72' 



(14.137) 



a cyiii,ecTBeHHi>ie KOopflnnaTM onepaTopoB r^A^^ TaKHMH 

^ 12 _ 1 „ 34 _ 1 „ 12 _ i n 34 _ j 

^2 - 7I> ^2 - ^, - 73, V5 - -73, 

„ 78 _ 1 „ 56 _ 1 „ 78 _ i „ 56 _ i 

m - ^, r/2 - ^, - ^, 775 - -73, 

„14_i rj23__« ^14__1 „23__1 

- 72' ^1 - 72' - ^8 - ^, 

„67_i T7 58__« „67__1 „58__1 

^1 - 72' ^1 - 72' ^8 - 71> ^8 - ^, 

^ 13 _ i „ 24 _ i „ 13 _ 1 ^ 24 _ 1 

^7 - 75> ^7 - 73, 7/6 - yj, V6 - -73, 

^ 68 _ i 57 _ i ^ 68 _ 1 ^ 57 _ 1 

^7 - ^7 - 7/6 - -^73, 7/6 - ^, 

7/4^^ = ^)3, ^4^' = 73' ^3^' = 71' ^3'' = -71' 

^ 26 _ 1 „ 62 _ 1 „ 26 _ i n 62 _ i 

774 774 773 773 --73, 

37 _ 1 ^ 73 _ 1 ^ 37 _ i „n 73 _ i 



(14.138) 



774 774 773 773 = ^, 

„ 48 _ 1 84 _ 1 „ 48 _ i — — * 

774 - ^, 774 - ^, ?73 - ^, 773 - ^, 

HTo HecKojiBKO OTjiHHaeTCH OT 6a3Hca, B KOTopoM BBime 6bijiH onpeflejieHbi oflHopoflHbie ko- 

opflHHaTbi CM*. TaKHM o6pa30M, Shchhhop R"^^ onpe^ejiHT npflMOJinHeiiHyio oSpaayiomyio 

CFi{CQq), npHHafljiea<;aiij,yio neKOTopoH njiocKoii oGpaayiomeH CP3{CQq), KOTopaa onpe^e- 

jiHT HeKOTopyio TOHKy c KOopflHHaTaMH R^^ KBaflpHKH <CQq. OnpeflejiHM HeKOTopBiii Tenaop 

^AB _ RAKp^B^ p^B _ [ '^rn' \ ^^^^^^^ 

\^ -pf{r)i5'\ j 

TeH3op R^^ no-npejKHeMy Sy^eT npeflCTaBjiaTb npflMOJiHHeiiHyio o6pa3yioiii,yio <C¥i{<CQq), 
npHHafljiejKamyio neKOTopoii njiocKoii o6pa3yioii];eH <C¥^{<CQq). ripHMeHHM onepaTopti 77^xl 
K TeH3opy R^^ H nojiyHHM 

rj^K^R^^ = V^KLTmX"^ I 2 7 j ^ 77^xii?^^ (14.140) 
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TaKHM o6pa30M, onepaTopbi tj^kl ocyiri,ecTBjiaioT cJ^aKTopHsai^Hio npHMOjiHHeflHbix oGpaayio- 
ni,Hx CFi{CQq) no npHnafljieacHOCTH k oflHoii hjiockoh o6pa3yioiii,eH CF^ICQq), h sto onpe^e- 
jiaeT TOHKy KsaflpHKH CQq. B oflHopoflHtix jKe KoopflHHaTax TeH3op R^^ onpe^ejiHT KoopflH- 

HaTM TOHKH R HpOCTpaHCTBa 



BbiacHHM KaKOMy ceMettcTBy npHHafljieacaT paccMaTpHBaeMbie Bbime o6pa3yioiri,He CF3[CQq) 

^Jlfl STOrO paCCMOTpHM yCJIOBHfl 



eMXinXj)^ = 0, 



(14.141) 



rfle £ 



IJKL 



KBa^pHBeKTOp, KOCOCHMMeTpHHHblH HO BCCM HH^eKCaM. KpOMC TOrO paCCMOTpHM 



8-BeKTOp CaBCDKLMN, TOJKe KOCOCHMMeTpHHHblH HO BCCM HHfleKCaM. ToFfla, eCJIH B yCJIOBHH 

1 



GaBCDKLMnX^^'-^^ — pe krS LT^ MU^ NV X"'^ ''^^ , — 1 



RTUV 2 



24 



;i4.142) 



p = 1, TO 6yfleM roBopHTb, hto njiocKne o6pa3yioii],He CF^^CQq) npHHafljieacax I ceMeiicTBy, a 
ecjiH p = —1, TO - II ceMCHCTBy. B nameM cjiynae 



(x,)^ = ((x,r,(F,),), 



(14.143) 



H Tor^a 



e'''''^{Xi)\Xj)'{XKr{Xr.r = p£^^^^(X,)i(Xj)2(X^)=^(X^)^ 



(14.144) 



OTKy^a p — 1- 3to 03HaHaeT, hto naniH oSpaayiomne HeoSxoflHMO npHHafljiexcaT I ceMeiiCTBy. 
KpoMe Toro, cymecTByeT TeH3op Pa^ ■— tja'^^Xa flJifl Xa — (1, 0, 0, 0, 1, 0, 0, 0) 



1 

V2 



i 

1 1 
-i i 

1 1 
i -i 
1 1 
i -i 
0-100 0-1 



det II Pa^ 



-1, 



(14.145) 
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Tor;i,a H3 



gA^rinrjf = 0, 

^ABCD _ P^^P^B p_^C p^D^K^<S>e 



cjie;];yeT, hto p = 1, h 



(14.146) 



1„ p An B p C p D„A*$0 

TjeABCDKLMN-TA -T^ -r$ -Te r 



24 



cr c- c- c- p Ap Bp Cp D^Aivti^iei 
^KA^LB^MC^ND-TA^ -T^i -r$i -r0i 



1„ pApBpCpDpKpLpMp N^A^<S>e 

^^ABCDKLMN-^A -T ^' -T $ -T Ai -T *i -T $i -T 01 



^ ^ ^ « «,Ai^i'I>i©i 
fl'AAifi'**ifi'$$ifl'00i^ , 



(14.147) 



j^det II II CAvp^oAivi/i*!©!'^'^'*'*'®' = 5'AAi5'**i5'*'f 15^001^^'*'*'®', 



24 



1 „ ^Al*!"!*!©! „ „ „ „ „Al*l<I>l0l 

24eA*$0Ai*i$i©i'^ — fi'AAifl'**ifl'$<I'ifl'©0i'^ ; 



Oxcio^a BH^Ho, HTo H o6pa3yioin;He CP3(CQ6) Heo6xo^HMo npHHafljiejKax I ceMeficxBy. 
Toro, HTo6t.i nojiyHHTb oGpaayiomHe II ceMeiicTBa, neoGxoflHMo nofleftcTBOBaTt. sjieMeHTapHtiM 
opToroHajiBHbiM oxpajKeHHeM (c onpeflejinxejieM, paBHbiM -1) na onepaxop Pa^ ■ 

14.5.5 CooTBeTCTBHe CQq i — CQe 

B amoM napazpacpe paccKasueaemcsi o moM, nan nocmpoumt oBpamnoe coom- 
eemcmeue Bar neadpuK, ydo6Aem6opfimm,ue npuHv^uny mpoucmeeHHOcmu Kapma- 
na. Bueod ecex pesyAhmamoe amodo napaepa^a cdeAan na ocnoee 

HpHMenaa onepaTopbi ?7a^^ k gA<i'ij'i)^ij'j)^ = 0, nojiy^HM 

{Ri)^''{Rj)ab = ^ ((i?/)^^ - {Rj)^''){{Rk)ab - {Rl)ab) = ^ 

{{RiY' - iRjr'){{RK)ab - {RL)ab) = 0. 

3^ecB I, J, KaK o6l.ihho, HOMepa GasHCHbix xoneK. 3thm onpe^ejiHXCH CHCxeMa 



(14.148) 



t{R,: 


aby^ 


= X^ 




^{{Rlr''- 


{R2] 


ab 


)Yk 


= 0, 


i{R,] 


aby^ 


= x^ 




t{{RiY'- 




ab 




= 0, 
















aby^ 


= X'*, 




i{{R;Y' - 




ab 




= 0, 


i{R^] 


aby^ 






t{RiT'Y, 








= X'^ 



(14.149) 
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JXajiee Gy^neM paccMaxpHBaTb tojibko npaByio cncxeMy. Ona cxpoHTca cjie^^yiomHM o6pa30M. 
Bcer;];a cymecxByex xaKofi KOBexxop Ya, Koxopbifi oGnyjiaex 3 pasjiHHHbix npocxbix GnBeKxo- 
pa. 3xo yxBepjK^eHHe cbo;i,hxch k cymecxBOBaHHio KOBeKxopa, opxoroHajibHoro ;];aHHL.iM xpeM 
BeKxopaM, nocKOJiBKy KaJK^^bifl h3 npocxbix 6HBeKxopoB pacKjia^biBaexca no (|)opMyjie R""^ = 
2P^'^Q^y Ho nexBepxoMy ace ypaBHenHio onpe^ejinxca neKoxopbiH BeKxop C /i;pyroH cxo- 
poHBi, Ha ocHOBaHHH xoro, HXO Bce {RiY^ HMeiox BH^ i?,^^^^^„, + Ai^["X^] + AsXt^Z^l + AgSl'^Z''! 

npH 4)HKCHpOBaHHL.IX Ai, A2, A3, BCpHO paBCHCXBO 



{{RlT'-{Rjr){{RK)a,-{RL, 



\ab 



ab 



0. 



(14.150) 



1. HxaK, nycxL. naM HSBecxHO nocjieflnee ypaBHenne cncxeMbi (14.149) 



(14.151) 

xo ML.I HMeeM 4 ypaBHeHHa, Koxopbie Bce 6ypyT cymecxBeHHbiMH. IIocKOjibKy y nac 8 
HeHSBecxHbix {X°-, Yh) npn 4)HKCHpoBaHHL.ix [RjY^, xo xoHKa KBa^pHKH CQe onpe^ejinx 
S-Mepnyio njiocKyio oGpaayiomyio 'CF^[<CQq). 



2. ECJIH HaM HSBeCXHBI BCe ypaBHeHHH CHCXeMbl (14.149) C yCJIOBHHMH 

((i?l)«^ - {R2Y'){{Rl)ab - {R2)ab) = 0, {{R^Y' - {R3Y') {(Rl) ab ' (i?3)ab) = 0, 



{{RsY' - iR4YliiR3)ab - (i?4)afe) = 0, 



iR,Y''{R2)ab = 0, iRlY''iR3)ab = 0, {RlY'{R4)ab = 



{R2Y\R3)ab = 0, {R2Y\R4)ab = 0, (i?3)'^'(i?4)a6 = 0, 

(14.152) 

xo H3 16 ypaBHeHHii, cymecxBeHHbiMH 6yflyT 7 (8 HensBecxHbix h 9 ycjioBHfl cbssh). Ho- 
sxoMy oGpasyiomeil CP3(CQ6) 5y/i,ex cooxBexcxBOBaxb xonxa KBa^pHKH CQq. 



3. EcjiH HaM HSBecxHbi 3 ypaBHeHHH cHcxeMbi (14.149) 

t{{RiY' - {R2Y')yb = 0, 



t{{R,Y- {RsYlYb = 



(14.153) 



tiRiY'Yb 



C yCJIOBHSMH 



{{R,Y' - {R2Yl{{Rl)ab - {R2)ab) = 0, {{RlY" - {R3r){{Rl)ab ' {Rs 



lab J 



{RlY''iR2)ab = 0, {RlY\R3)ab = 0, (i?2)"'(i?3)a6 = 



(14.154) 
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TO H3 12 ypaBHeHHH, cymecTBeHHMMH 6yflyT Toace 7 ypaBHeHHfi (8 HensBecTHbix h 5 
ycjioBHH cbssh). 3to osHanaex, hto oGpasyiomefi CP2(C(56) Sy^eT cooTBeTCTBOBaxb toh- 
Ka KBa;];pHKH CQq. Hpn stom MHorooGpasne oGpasyiomnx CF2{CQq), npHHafljiejKamHx 
o^HOH oGpasyiomeH CF^^CQq), onpe^ejiHT e^HHCTBeHHyio xoHKy KBa^pHKH CQq. 



4. EcjiH HaM HSBecTHbi TOjiBKO 2 ypaBHCHHa CHCxeMbi (14.149) 



liiRir" - {R2r'')Y, = 0, 



(14.155) 



C yCJIOBHHMH 

{{R,r' - {Rt){{R^),, - {R2)ab) = 0, {Rir\R2)ab = 0, (14.156) 

TO H3 8 ypaBHeHHH, cym;ecTBeHHbiMH 6yjieT tojibko 6 ypaBHeHHH (8 nensBecTHbix h 2 
ycjioBH3 cbssh). HosTOMy o6pa3yiom,eH CFi{CQq) 5y;i,eT cooTBeTCTBOBaxb HpHMOJinHeii- 
Haa oGpasyion^aH CFi{CQq). Hpn stom MHorooGpasne oGpasyioniHx CFi{CQq), npHHa^i;- 
jiejKamHx oflHOH oGpasyiomett CF^ICQq), oHpe;i,ejiHT nynoK hphmbix CFi{CQq), npHna^- 
jiejKaniHH KBa^pnxe CQq. IJ,eHTp nynxa onpe^ejiHTCH CHCxeMOH ( 14.149[ ). 



14.5.6 O MaftopaHOBCKHx cnHHopax. 

B amoM napaspacjje paccKasueaemcsi o moM, nmo maKoe ycAoeue Mauopanm- 
Hocmu cnuHopa c uiohku spenusi UHeoAwv^uu e cnuHopnoM npocmpaHcmee. Bueod 
ecex pesyAbmamoe amozo napazpacjja cdcAan na ocHoee f2^ . fSl^ - 



B KanecTBe HjijiiocTpan;HH paccMoxpHM chmbojibi Hncjiejib^a - Ban ;i,ep Bap^ena [221 t. 1, 
c. 161]. HycTb ypaBHenne KjiH(|)(|)op;];a aa^ano na bcktophom npocTpancxBe h b neKoxopoM 
cnen;HajibHOM 6a3Hce HMeex brjx 

r?A(x* + r/vtciA = (5avi>, (A, ^, ... = M). (14.157) 

EcjiH aa^aHO ^elicxBHxejiBHoe Bjio^Kenne Hi^ : M.'^^ 3^ C C^, xo sxhm onpeflejiena hhbojiioi^hh 
Sa^' '■= s^'^' Sab' corjiacHo cjie^cxBHio 8.4, cjiynafi II). 



SK'^'n^'^'"'' = Vk''^Sa^'Sb''\ {A,A\... = 171). (14.158) 
3xo nosBojiHx onpe^ejiHXb chmbojibi HH4)ejiL.;];a - Ban ^ep Bap^ena cjie^yiomHM oGpaaoM 

„ AA' f7 A„ ABq A' 



g^^^' = ^.^'^ := H.'^'va'^'^'Sb'"' = ^>'5A,^r^A^^5c^' = i/.^A^^^c^' = 9^''^\ (14.159) 

g^^''' = g^''^', (^,J,... = o:3). 
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3thm ypaBHeHHCM hhbojiioi];hh 5*^^' bbo;];htch b onpe;];ejieHHe chmbojiob gi'^'^' ■ TaKyio onepa- 
ij,Hio nosBOJiaex ocymecxBHTb HajiHHHe MeTpHnecKoro KococHMMeTpHnecKoro xensopa sab, c 
noMombio KOToporo mojkho no^^HHMaxb h onycKaxb o^^HHOHHbie nnjieKChi. HocTpoHM xenept. 
onepaTopt.1 ^npaxa 

ig^)iAA' 

9^''^' 

B HCKOTopoM cnen;HajiBHOM 6a3Hce ohh 6y^yT HMexb bh^ 

/ n n 1 n \ / 



(14.160) 
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v 
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1 

10 
^0100^ 

-i 
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-i 

1 



7i 
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n n 


n 


_1 \ 

1 





-1 





1 








1 







u 





-1 








1 


1 








V" 


-1 






(14.161) 



CooTBexcTBeHHO, hhbojiioii;h5I Sa^' Sy^ex renepHpoBaTb hhbojiioii;hio S KOMnjieKCHbix onepaxo- 



poB ^HpaKa 7j = S'-fiS, h b yxasaHHOM cnen;HajibHOM 6a3Hce BbinojiHeno \\S\ 



|7^||. TaKHM 



oGpasoM, MOJKHo onpe;];ejiHXb MattopaHOBCKHfi cnHHop KaK 

ijj' = -^"^i)', (14.162) 

Hxo cooxBexcxByex H3Jio>KeHHio |2T1 c. 115, HpHjioaceHHe E]. Hpn nepexo^e k npocxpancxBy 
]R^2 4) ycjioBHe MailopaHXHOcxH ^YJ^ei xaKHM {A, A', ... = 1, 4, a, a', ... = 1, 2) 

\ / n 



={X%Y,,) = {S\X'',S,>'Y,) 



Sh'" 



S^'^Xa. 



(14.163) 



OflHaKO, Ha xaKOM cnHHopnoM npocxpancxBe corjiacHO (8.19) h (8.19 ) ne cymecxByex Mexpane- 
CKHX xeHsopoB, KpoMC 5*^^'; cnoco6Hbix no;],HHMaxb H onycKaxb o;],HHOHHbie HH;];eKCbi. TaKHM 
TKe 5y^ex ycjioBHe MaiiopaHXHOcxH h ^jih npocxpancxBa M^. B sxom cjiynae BocnojitayeMCH 

M) 

—iRabZ^ = Ta- 



(14.164) 



EcjiH name npocxpancxBo Gbijio 6bi KOMnjieKCHbiM C^, Torj^a. 6t.i sxa cHcxeMa ycxanaBjiKBajia 
B3aHMHO-o;];H03HaHHoe cooxBexcxBHe Me^Kpy npaMOjiHHefiHbiMH oGpasyiomHMH cooxBexcxByio- 
mHx KBa^pHK. CBo6o^a npe^cxaBjieHHa ^HKxoBajiacb 6bi oflHopoflHbiM pemeHHeM cHcxeMbi, 
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KOTopoe 6l.ijio 6t>i HsoxponHbiM. Ho, Hs-sa ^^eiicTBHTejibHoro BjioacenHH C nsoTponnbie 
BeKTopt.1 npe;i,CTaBjieHt.i tojibko nyjieBbiM BCKTopoM. HosTOMy bosmojkho BsaHMHo o/i,H03HaHHoe 

COOTBCTCTBHe Me^Kfly TOHKaMH COOTBeTCTByiOmHX KBaflpRK 



R'^' = —^{Y.X.e''"^'' + 2X['^y^]), Z' := Y' = S'^'Y,,, := X, = Saa'X^\ X'^Y^ = 0. 

(14.165) 

X'^Xa + Y^Yai-^R'^'Rab) = 0. (14.166) 

(Ohcbh^^ho, hto R'^'^Rab > 0, X'^Xa = Saa'X'^X^' > 0, Y^^Y^ = Saa'Y"'?''' > HeHyjieBbix 
BCKTopoB.) Ilocjie^^Hee ycjioBHe mojkho nepenHcaxb cjieflyiomHM oGpaaoM 

(x^n)(x„,=^^r^) = o. (14.167) 

TaKHM o6pa30M l-Mepnofi npaMOJiHHettHOH oGpasyiomefi, npoxo^amefi nepes tohkh (X", Yh) 

H (y° "ycy"^ ; X\)) CXaBHTCa B COOTBeXCTBHe OpTOrOHajIBHaH njIOCKOCTB {Xai -y^Y^Y}))^ KOTopaa 

BbiceKaex na KBa^pHKe {X'^Ya = 0) 2-MepHyio njiocKyio oGpasyiomyio. CoBOKynnocTB l-Mepnoii 
H 2-MepHOH opToroHajiBHBix oGpasyiomHX onpe^ejiHX S-Mepnyio njiocKyio o6pa3yioiri;yio, ko- 
Topaa o;],H03HaHHO onpe;];ejiHT TOHxy na KBaflpRKe c Koop^^HHaxaMH R""^. B 3tom h coctoht 
reoMexpHHecKHH cmbicji MaflopaHTHocxH npn n=6 fl^jis BjioxceHHa Mg C CMe- KcxaxH roBo- 
p3, i?"'' npe^CTaBjiaex coGofl HsoxponHBifl Bexxop Haoxponnoro Konyca npocxpancxBa Rfuy 
CooxBexcxByiomaa KBa^pHKa BticeKaexca ceneHHeM 3xoro Konyca. 

Example 14.1. HmaK, nycmb Y^Y^. = 2, X°'Ya = 0, mozda e cneuuaAbHOM 6a3uce bosmochcho 
npedcmaoAeHue 



(14.168) 

iR^^ = -i i?23 = xI^F^l + Xl^Y^l 

14.5.7 TeopeMa o flsyx KBa/i,pHKax. 

B smoM napaspacfje paccnasueaemcfi o moM, nan momcho UHmepnpemupoeam'b 
npuHuun mpoucmeeHHOcmu Kapmana na ocHoeanuu npedudym,ux pesyAbmamoe u 
ceecmu ux eoeduHO. Bueod ecex pesyAtmamoe amoso napaepacfia cdeAan na ocHoee 

TaKHM o6pa30M ^oKaaana xeopeMa 
TeopeMa 14.3. (npunyun mpoucmeeHHOcmu Bar deyx B- yuAundpoe). 

B npoenmueHOM npocmpaHcmee CPy cyiu,ecmeyH)m dee neadpuKU (dea B - yuAundpa), o6Aa- 
dammue CAedymvuuMU o6m,UMU ceoucmeaMU 
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1. IJAOCKasi o6pa3y}om,afi CP3 odnou neadpuKU esauMHO odnosHaHHO onpedeAum moHKy R 
dpyzou. 

2. UAOCKasi o6pa3ymm,afi CP2 odnou neadpuKU odnosHaHHO onpedeAum moHKy R dpyeou. Ho 
moHKC R MOCHCHO conocmaeumb MHOsoo6pa3ue haockux o6pa3ymm,ux CP2, npunadAeofca- 
iu,ux odnou UAOCKOU o6pa3ymuji,eu CP3 emopou neadpuKU. 

3. npRMOAUHeuHaR o6pa3y'K)m,afi CPi odnou neadpuKU e3auMoodH03naHno onpedeAum npn- 
MOAuneunym o6pa3yK)VU^ym CPi U3 dpysou. UpuneM ece npfiMOAuneunue o6pa3ymuji,ue, 
npunadAeMcam^ue odnou nAOCKOu o6pa3ymuji,eu CP3 nepeou neadpuKU, onpedeAfim nyuoK 
c %enmpoM e monne R, npunadAecHcauj,uu emopou neadpune. 

Stsl TeopeMa na caMOM fl^jie aBjiaexcH o6o6iu;eHHeM cooTBexcTBHH Kjiafina. flpKayKeM sto. 

/(oKa3ameA'bcmeo. PaccMoxpHM na KBaflpHKe CQq tojibko xe oGpaayiomHe, KOToptie HMeioT 
BH^ = (0,y;,). MHoroo6pa3He xaKHx oGpasyiomHx ^H(|)(|)eoMop(|)Ho CP3. Hpn 3tom Ka>K- 
flpR TaKOH oGpasyiomeH mojkho nocxaBHTb b cooTBexcTBHe xoHKy KBa^pHKH CQ4, C CQq. Tor;];a 
R^^Yb = 0. JIp KOHij,a ;i,oKa3aTejibCTBa nojioacHM A, B, A', B', ...= 1,2. KpoMe xoro, paccMox- 
pHM cnHHopHoe npe;];cTaBjieHHe XBHCxopoB corjiacHO [22, (|)opMyjit.i (6.1.24) h (6.2.18)] 



Yb = (vrB,a; 



B 



(14.169) 



y -i-^A' ^A'B' j 

HosxoMy ypaBHCHHe R°'^Yb = nepenHinexcH b Bnp^e cncxeMbi ^Byx ypaBHeHHii 



B^ I = , ,B' 



(14.170) 



-ii?A' TTb + ^A'B'^^ = 0, 

H3 Koxopbix 6y^ex cymecxBeHHbiM xojibko o^ho 

^r^A'-^, ^ ^A_ (14.171) 

3flecb Mbi BocnojiBSOBajiHCB onepai^Hefi conpajKeHHa h MexpHHecKHMH cnHHopaMH £:a'B',£^ab, 
c noMombio Koxoptix noflBiMaroxca h onycKaroxca cnHHopHbie HH^eKCbi h Koxoptie npH conpa- 
jKeHHH nepexojisT flpyr b flpjra. 3xhm onpe;];ejiHXCH CHCxeMa 

• A A' - - A' 

tr tta' = 00 , 

n = (7rB,u;^'), Tb = im,^')- (14.172) 
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3Ta CHCxeMa coBna^^aex c CHCTeMoii p2] , (|)opMyjia (6.2.14)], KOTopaa, b cbohd onepe^^b, npHBo;i,HT 

K COOTBeXCTBHIO KjI3HHa. □ 



Cjie^yex b saKjiioHeHHH OTMexHTb, mo h3 sxoii xeopeMbi cjie^yex npHHn;Hn TpoflcTBeHHOcxH 
Kapxana: cymecxByex 3 ^H(|)(|)eoMopc})Hbix MHoroo6pa3HH - MHorooGpasHe xohck KBaflpHKH h 
2 MHorooGpasHH hjiockhx oGpasyiomnx I h II ceMeficxB. 3xo ^^ettcxBHxejiBHo xax, nocKojiBKy 
jlBe nocxpoeHHBie KBa^pHKH mojkho oxo>K;];ecxBHXb, nanpHMep, c noMombio xensopa Pa^- Ilpn 
3XOM MHoroo6pa3He xohck KBaflpHKH 6y^ex ^H(|)(|)eoMop(|)Ho MHoroo6pa3Hio hjiockhx o6pa3y- 
lomHX o^Horo H3 ^Byx ceMeiicxBa. KpoMe xoro, nocKOjiBKy npHHn;Hn xpoflcxBeHHOcxH Kapxana 
BbinojiHen, xo onepaxopbi tj^kl BjioaceHHa C onpe^ejiax ajire6py oKxaB, nocKojitKy 
y^oBjiexBopHiox ypaBHeHHio KjiH(|)(|)op^a. 3xo yxBep^Kflenne ocHOBano na pe3yjibxaxax, npn- 
Be^eHHbix B MOHorpa(|)HH [221 x. 2, c. 543-544], r^e paccMaxpHBaioxca cxpyKxypHbie KOHcxanxbi 
3X0H ajire6pbi. 

14.6 5lBHoe nocTpoGHHe anajioroB onepaxopoB JIh npn n=4. 

B 3moM napaspacfje paccKaaueaemcR o moM, nan momcho e neKomopoM 6a3uce 
noAyHumt npedcmaeAenue onepamopoe P, c noMom^hm Komopux mochcho nocmpo- 
umt cnuHopHuu anaAoz onepamopoe JIu. Bueod ecex pesyAbmamoe amozo napa- 
spacfia cdeAttH na ocnoee J^. 

Ilycxb Ha npocxpancxBe M^^ 3a;];aHa MexpHKa 

dS^ = -dU^ + dS^ + dV^ - dW^ + dX^ - dY^ - dT^ + dZ^, (14.173) 
xor^a B HCKoxopoM 6a3Hce cBH3yioiii;He onepaxopbi rj^^^ Sy^yx hmcxb bh^ 
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(14.174) 
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a cymecTBeHHbie Koop^^HHaxbi onepaxopoB r]^KL Sy^nyx xaKHMH 
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(14.175) 



(14.176) 



Cjie^OBaxejiBHO, ajiropHTM 8.1 npHMex bh^ 
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AjiropHTM 14.1. 



1. Ha nepeoM maze ucnoAbsyeM e KaHecmee onepamopoe (6.24) (6.30) onepamopu 
1 I e'^S"- ±ie''se^~P 







\ e-*t5,^ Te-'^e 



cq 



= ("il±)'*J 











^ 











\ 













1 




_^-ii^dh 





























v 













V 







/ 



ab 



AB 



le 4 



((-«! - =F (7i - «<^i)) 4 



^((-ai-2/3i)±(7i-z5i))5"d ^ 



<0i±) 



=('^i±) 



(14.177) 



«! = 1(^3 + ^4), A = i('73 - ^74), 7i = i(^2 - ^71), 5i = \{ri2 + rii). 

3decb e°'^ - KococuMMempuHecKuu MempuHCCKUu cnunop Oasi C6fi3ymvui,ux onepamopoe rjap 
(a,h,...,~a,h,... = T72, =T;8, A,B,...=TA). 
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2. Ha emopoM maee ucnoAbsyeM e Kanecmee onepamopoe (6.24) (6.30) onepamopu 



1 / e's ±ie's 
\ e-*t ±e-'t 



"2 72 

S2 P2 

^^i± -/32 72 

62 -a2 J 



:=(m2±)'*^ 



1 

71 



e 8 









^ =Fie *8 y 



6 4 



((«2 + «/32) ± (72 + ^^2)) 



=</'2 4 



V 

— ((-«! - ± (71 - l6i)) 

" V ' 

:=01± 



— — ((-tti - if3i) T (71 - i^i)) -^^{{(^2 + iP2) T (72 + ^'^2)) 



V 



:=i/'l± 



J 



■ = {m,2,3A) a"^^ 

^2 = UVt + Vs), /32 =1(^7-^8), 72 = ^(-% - ?75), '52 = ^(^6-^5)- 

f^,... = t;8, i,^,... = T;4, AS,... = 1:2;. 

3. KacameAhuozo npocmpaHcmea onepamopu niA^ 6ydym uMemt, eud 

n n nnnn\ 



rriA 



1 

V2 



m 



1 

V2 



-i 1 

-z -1 

i 1 

i 1 
'^ilOO 0000^ 

i -1 

1 

-z 1 



To2da onepamopu 
( u 1 



1 

7^^ 



: = (»?C)2 



V 



■■={rf)2 



= ('7^)4 



(14.178) 



(14.179) 



(14.180) 



: = (m,2,3,4)A'*^ 

6ydym c6fi3ymm,UMU onepamopaMU Bar KOMnAencHou peaAuaauuu npu n=4. TanuM oBpaaoM 
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nocmpoeH nepexod om eeiu,ecmeeHHOu peaAU3a%uu censyminux onepamopoe npu n=8 k ux kom- 
nACKCHUM anaAosaM npu n=4. 



TaKHM o6pa30M, onepaxopt.! 2((M^)^)^'^ corjiacHo (|6.33p h ajiropHTMy 



.1 



V 







-i- 

e 8 



'Piie~ 












-piie~ 





i- 
—6 8 




i- 

Pie s 






6 8 






P16 ! 






P2e 








-i- 

e 8 






—P2i 





-1 


-P2 


u 


1 








Pi 





-piP2i 


-Pli 





-piP2i 






6jflyT HMext. 



(14.181) 

HpH 3TOM pi,p2 npHHHMaioT jiBa 3HaHeHH5i ±1, o6ecneHHBaH 4 pasjiHHHbix BapnaHxa onepaxo- 
poB M^. Ocxajiocb npHMeHHXb sxh onepaxopt.1 h onepaxopt.1 m\^, m\'^ k onepaxopaM P^"^ 



l+i 



( 



P\ -P2 
\^ 1 - PxP2 



( 



A ■- 






Pi -P2 

1 - P1P2 



P1-P2 ^ 
1 - P1P2 




P1-P2 ^ 
1 - P1P2 






( 



-Pl - P2 

y 1 + 

/ 



-P\ - P2 

y 1 + P1P2 



Pi +P2 
1 + P\P2 




Pi +P2 
1 + P\P2 






(14.182) 



(14.183) 



OneEHflHo, Hxo hs 4 BapnanxoB K = 1,4, cymecxBeHHbiMH Gy^nyx xojibko ;];Ba (Pg) 



(P3*)a^ h (p;)a,^, (p;)a,^ (A, 



1,4). HpH ycjiOBHH nocxo3HCXBa xaKHX onepaxopoB npn 



o6b.ihhom h KOBapnaHXHOM ^HcjDcjDepeHi^HpoBaHHH K034)4)Hn;HeHXL.i CB5I3HOCXH r^^* pacna^a- 
loxcH Ha 8 cymecxBeHHBix KOMnoHenx 





)aa • 




)aa' 




)A'A' 




\ B 



r A * * ( -Pk ) A ( -Pft: ) ■I' ^ , 
= rA-^*(Pft-)*A'(-Pft:)*^ 5 

— F 'I''/' P 'I'l'' /' P* -B' 



(14.184) 
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B CBOK) OHepejxh, K03(|)(|)Hi];HeHTL.i r^^* onpe;],ejiaioTC3 h3 ypaBHeHHH V^mij,'^ = 0. TaKHM 



oGpasoM TeopeML.1 111.2[ |11.3| ocxaioTca BepHbiMH h b stom cjiynae. B cjiynae BemecTBCHHoro 
Bjio>KeHH3 c noMombio onepaxopoB Hi^ npn ycjioBHH KOBapnaHTHoro h o6biHHoro nocToancTBa 
onepaxopoB (Pg)*"^; (-fs)*"^ K09(|)(|)Hij,HeHTbi CBH3HOCTH F^j-' pacna;],aioTCH Ha 

4 cymecTBeHHBie KOMnoneHTBi 



Ai 



(^K)kA'^ ■— ^ki-'{PKyA'{PK)j^ 



(14.185) 



OflHaKo, ycjioBHe ^eitcTBHTejiBHocTH orpaHHHHBaex BbiGop cnHHopa npn onpeflejieHHH one- 
paxopoB P^^ 

X^ = S~/X'', X^ = J^^X., (14.186) 

r^e S^^ (S^^) ecTB ^eficxBHTejiBHaa peajiH3aii;Hs KOMnjieKcnoli hhbojuoi^hh Sb^' {S^^'), ko- 
TopaH HBjiaexcH oGpasoM hhbojiioii;hh Sa^' b KacaxejibHOM npocTpancxBe corjiacHO cjie;];cTBHio 



8.4 Heo6xo;];HMO ;i,o6aBHTb, hto cymecxByex Heco6cTBeHHoe opToronajibHoe npeoGpasoBanne 



Va 



BA 



;i4.187) 



ocyin,ecTBji3ioin;ee TpancnoHnpoBaHHe cB33yioiri,Hx onepaTopoB (14.84) 



15 Bjiaro/],apHOCTH 



3Ta cxaxba aBjiaexca oxBexaMH na nacxo 3a;];aBaeMbie Bonpocbi. HosxoMy aBxop 6jiaro;];apeH 
BceM, Kxo 3XH Bonpocbi BepHO c(|)opMyjiHpoBaji, Hxo Jiajio bosmojkhocxb HaiixH na hhx oxbcx. 
Ox^ejiBHaa Gjiaro^apnocxb K. IIIapHxopcxy sa Konnn cxaxeli, 6e3 Koxoporo sxoii ny6jiHKan;HH 
He 6l.ijio. 
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16 npHjio:»ceHHe 



16.1 ^OKasaxejibCTBO cJiopMyji o MCTpHHecKHX xensopax h hhbojiio- 

I],HH 



HeoGxoflHMo flOKasaxb xojK^ecTBa (8.19). 



Cjiynafi I)., MeTpHHecKHH Tensop eab = —^ba- 



In n/2 + g + l) 

= '7A^'^'(£:(n/2+<7))A(„/2+,)A(„/2+,+i)...(£:i)AiA2(£:2)^'^' 

(£^{n/2+9))iJ(„/2+,)S(n/2+,+i) •••(^1)^1^2(^2)^'^' = 
-VAB2A2 + (^l)A^lA2B2)(^{n/2+g))A(„/2+,)A(„/2+,+i)---(^2)^'^' 
(£^{n/2+g))B(„/2+,)-B(n/2+9+l)---(^2)^^^^ = 



-(-r]A^^^^ + (r/2)Ae2^^^-')(^(„/2+,))A(„ 



(^(n/2+g) ) B(„/2 + 9)S{n/2 + 9 + l) • • • + (^i)a(£i). 



{7i/2 + <j)-^(n/2 + <j+l) ••• 



Kn/2 + <j+l)-B(n/2 + q+l) 



+ (^i)A(£i)A( 



l(n/2 + 9+l)-B(„/2 + ^+l) 

'{n/2 + g)A(„^ 

2 



VA ^ ^ (^(„72+g) ^{n/2 + g) A(„/2 + ,-+l) • • • (^(„72+g) ^ + B(n/2 + q + l) " " " + 



n/2+q 

^^■B(„/2+9+l)A(„/2+g+l) ~^ X] ('7Q)A(^Q)A(„/2+q+l)-B{„/2+g+l) 



''^^A(„/2+5+l)-B, 



(16.1) 



% ^ ^ (^(n/2+13) ) A(„/2+q) A(„/2+9+i) • • • (^(n/2+g) ) B(„/2+9) B(„/2+g+i) • • • + 
2 

+ (''^q)a(^q)A(„/2+,+i)B(„/2+5+1) = 

Q=l 

n/2+g 

~ ~^AB(„/2 + q + l)A(„/2+q + l) ~^ X/ (^<9)a(^q)A(„/2 + , + 1)-B(„/2+9 + 1) ~ 

Q=l 

— '7AA(„/2 + g+l)-B(„/2 + 5+l)- 

Cjiynali I)., MexpHHecKHfl xensop Eab = £ba- 

^ AiBiz z 

'/A ^AlA^n/2 + q + l)^BlBf^„^2 + q + l) ~ 

= ??A^'^' (£^(„'/^-))A(„/2+,-)A(„/2+,-+i) ••• (^i)AiA2 (^2)^'^' 

^^(r^q)^B{rr/2 + q)B(n/2 + q + l)---i^i)BlB2{£2)^''^^ = 

= {VAB2A2 + (^i)A£^iA2B2)(£^(„7J;:^-))A(„/2+,-)A(„/2+^+i)---(£^2)'^'^' 

^^(Ti^q)^^{n/2 + q)B(„/2 + q + l)---i^2) ^ " 

= (?7A^^'^^ + ('72)A£^2^^^^)(^(„7^g))A(„/2+,-)A(„/2+^+i)---(£:(^-/J:^^ 



(16.2) 



/2+5+l)-D{„/2+9+l) • 
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CjiynaH II)., HHBOJiioii,Ha Ea^Eb'~^ — —5a~'- 

(£(„/2+,) ) ^(V2+,+i) . . . (£1 ) (£2) ''^''^ = 

— (^^]^)^(£]^)^('i/2 + <7 + l)-S(n/2 + 9 + l) = 

= r^A^3^3 (£(n/2+9) ) ^(W2+.)^(n/2+,+l) . . . (£(„/2+5) ) ^(V2+,)S(n/2+,+l) . . . _ 
2 

- E (r?Q)A(£o)^("/^+«+i)-^("/^+'+i) = 
Q=l 

n/2+q 

— jy^^(n/2+q+l)S(„/2+q+l) _ ^ (^^^"^ ^ ^g-^ A(„/2+g+l) B(n/2+9+l) — 

Q=l 

— _7y^-S(n/2+q+l)^(n/2+g+l)_ 

Cjiynaii II)., HHBOJiioi];Hfl Ea^Eb^ — —Sa^- 

= (r^AB^A^ + (^i)A^iA.Bj(^(„7^-/("/^+'-+i'-'("/^+«...(£2)^^^^ 

(S ~)-B(„/2+g-+i)B(„/2+g) fp-~)-B3S2 _ 

^ {n/2+q)^ '"^ 2' 

= (77A^^^^ + (?72)a£2^^^^)(^(,7^,-))^<"/^+'"+^^^'"/^+^"'---(^(,;7^,-P^ 



+ ('7i)A(^l)A(„/2 + ,-+l)B(„/2 + q + l) 



TJ.^S-Bafp ^^{n/2+9 + l)^(n/2+q) f p ^ B(„/2 + 5+l) B{„/2+9) _|_ 

2 

+ E (ryQ)A(£Q)^("'''+'+i'^("/'+^'+^^ = 

n/2+g 

= 77a'^*"/^+^+^''^*"/^+^+^' + E (ryQ)A(£Q)'^^"/^+*+^^'^'"''^+^+^' = 

0=1 



(16.3) 



;i6.4) 



^A 



5(„/2 + g+l)^{„/2+q + l) 
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16.2 ^OKasaxejibCTBO (JjopMyji o CBH3yioii],HX onepaxopax 



HeoGxoflHMo flOKasaxb Toac^^ecxBo (8.27) 



ncD^e 



N 



1. nepEbiii mar. 



VA^''v^''''{ep)AD{eQ)Bc = iiiVQhMA + (^q)a(^p)*), P^Q- 
r7AAD(ep)^^(5Q)Bcr7*^^ = ^{{VQhMA - MAivph), P^Q. 



floKaaameAbcmeo. 

riK''''m''^{ep)AD{eQ)BC = (r/A^^ + E(^p)^''(^p)A)r/*^^(ep)AD(^Q)BC 

p 

= r/A^^(r/*^^ + Y.{epr^{Vph){ep)AD{eQ)BC+ 
p 

+ E{£p)^^iVp)AV^^^{ep)AD{eQ)BC = r?A^V^^(^p)AD(£Q)pc+ 



(16.5) 



(16.6) 



;i6.7) 



+ Eii^pr''iVp)AV^''"iepUDisQ)Bc + ispf^ivphvA^^iepUDieQ)Bc) 



(a) nepBbm mar. 



VA^^V'f^^{£p)ADieQ)BC = f (^p)A(r?Q)* - {£p)^'^V'f^^VAADieQ) 



BC 



N 



{Vp)a{Vq)^ + (egr-^V^^^VAADiep) 



BC 



N 



{{Vp)A{VQh + {vq)a{vp)^) - VA^^m^^ {^Q)AD{ep) 



BC- 



%^V^^(^p)AD(eQ) 



BC 



f ((^p)a(^q)* + hlQ)A{rip)m) -r]A^^r]^,^^{eQ)AD{ep)Bc■ 



{lQ.%) 



;i6.9) 



(b) BTopofi mar. 

{epr''{ep)AB{eQr^{eQ)cD -{eQ)^''{ep)AB{epf''{eQ)cD = 
-{^q)^^{^p)ba{.i^p)'^^{.£q)dc- 

(16.11) 



{.^p)'^'^{.^p)ab{.^q)^^{.^q)cd 



(c) TpeTHH mar. 

VA^''{sp)AB{epr^{eQ)cD = -r,AKL{sQr''{eQ)^'{ep)AB{epf^{eQ)cD = 

^{eQr''{eQ)cD = VAKL{epr\ep)AB{eQ)^'' = 

- '-'^ ""^ \CB 



VAKL{eQ)''^{epr\sp)AB 



= -TlA^^{ep)KD{ep)AB{eQ)^^ = -VA^^{£Q)cD{£p)AB{ep) 

(16.12) 

(16.13) 



Va^^{£p)ab\^p 



££>f^{£Q)cD = 0. 



□ 
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2. BTopoH mar. 



floKasameAhcmeo. 

= (-77AArM(£p)^^ + (77p)A5M^)77*^^(£Q)Bc(£p)^^77"i.L- 

-^ivpUMAivpr - ivQnvp)A) + ^ivpnivphMA + MAivgh) 

= r^A^M^^^^ry^x^eg)^^ + ^MAi iVQhivpf - ivphiVQf) - 

1 2 

- f iVpU MAiVpf - {VQ)yp)A) + f(r^p)"( fap)^fr)A - fap)Afr)..J 
3 2 3 1 

= (-r7A^^(£Q)AM + (r?Q)A<^M^)r/*^'^r/^/^L = 

= -r^A^^(-r7*AD(eQ)^^ + {vQhSA'')v''KL + f (^q)a5^^ = 

= -ryA^^r?*Aipry^^^(£Q)cB + ^{gA^iVQ^ + MaS^"" - (^q)*<^a"). 



3. TpeTHH mar. 



VA V'ifADV V CB — ^{QA^g -rO\ dis — d^r ()a j. 



floKasameji'bcmeo . 



= -r/A^^r/^AD(-r7^ML(eQ)""^ + {VQ)''h''){eQ)KBv''''''+ 
+ ^{VQn9A^{VQr + MaS^"" - iVQhS^'')- 

-^ivQngA^ivQf + MaS^"" - ivQhSA^) = 

= -i-VASNisQ)'^ + {VQ)^5^'')v^''''v''MLv''''HeQ)KB + f (r/q)® (^7a^ (r/Q)^+ 
+ f (%)*(5a^(%)® + (^q)a^?^® - (r/Q)^5A®) = VasnV^''''v''mlv'''''+ 

12 3 14 

5 3 6 5 



6 4 

—V'^adV V cbV + ylfi'A'^fi' + ^JA 0^ —0* Oa J 



(16.18) 

□ 



16.3 ^OKasaTejibCTBO (JjopMyji o6 HHcJjHHHTesHMajibHbix npeoGpaso- 

BaHHHX 



Heo6xo^HMo flOKasaxt. TOJK^^ecTBo (10.5). 



1. CjiynaH 1). 



C ■i'^ AB _ ^ CD c Ajp K c M rp B 

OA ^* — —'7a oc J^d ok J^m , 
l\ r]-q, — r^A J-c - Va J^d -lr J^m , 

Ed^'Tk^'Em'' = {eif''Tc^{ei)AD - (r//)^TA*r/*^^(£,)AD, 
Ja —'7a — ^a -LR {£i)md + Va [£i>md[Vi> V<5> > 

rp A 771 Brp D Tp A 

J-c — —-t^c -Lb J^d ■ 



(16.19) 
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2. Cjiynafi 2). 

TA^r/^^^ = r/A^^Tc^ + VA^''iVirTnViei)KD + r/A^^(£/)^^£i.LTx^£*^^(e/)MD, 
TA^r/,,^^ = r/A^^Tc^ - r/A^^(5/)^^T^^(e/)AfD + r/A^^(e/)MD(r//)^Tn*r7$^^, 

rp K _ T ^KC 

(16.20) 

IIoflCTaBHM B 3TO ypaBHeHHe Tc^ = \T'^'^rjq>'^^rjQCB h nojiy^HM (16.21) 

n^m'''' = ^(r]A^^T®*r/^^^r/ecz. - r/A^^(e,)^^T«*r^^^-^^r^e/.7v(e/)^'^^) + 
+r/A^^(^/)A.D(r//)^To^<,^^^ = |(TA*r/*^^ - r/ACDT®*r/$^^r/e^^- 
-%^^(r7/)0T«*r/*^^(5/)AfD + r/A^^Te*r/e^^(e/)L^r/*^^^(6/)MD) + 
+r/A^^(£/)MD(r/7)^Tn*r/<,^^^ = |(TA*r/$^^ - T^Ar]©^^ + T^'^mcDnK^^m'"' ' 
-VA^''{Vi)eT''Viei)MD - VA''''T^''VfLDVe'^''+ 

16.4 ^OKasaxejibCTBO Toxc^ecTBa o ckoGkg JIh 



(16.22) 



Heo6xoflHMo ^OKaaaTb TOJKflecTBo (11.70) 



2N 

(L±)[,,,](y^)^ = {x^dey'' - y^dex'')dn{YKV - Y.{Yj)''{Pj)''B{P*K)e^dA{x^d^y'' - ^Shx®) = 

J 

2N 

= {x'^dey'' - y''dex'')dn{YK)^ - E(>j)''(^j)''i?(^x)e^(5AX=&y® - d^y^d^x^)- 

J 

2N 

- E(^j)''(^j)^B(P^)e^(a:^9A9s2/® - r^A^sx®), 
J 

2N 

{{L^yAL±)y - (L±),(L±).)(F)^ = x'^d^iy^dniYK)^ - E(X7)^(^i)%(^^)e^9Ai/®)- 

J 

-(y^5c(lA')^ - E(X7)''(^j)%(^;)e^5A2/®)(P/)*c(P^)H^5*a;= - y^'d^ix^'dniYK)^- 
i,.j 

2N 2N 

- Y.{yj)''{Pj)^B{PK)e^dAx'') + (a;^5o(rx)^ - E(>0)''(^j)%(^;)e^5AX®)(P/)*c(P^)=^5*r ^ 
J /,j 

= x^'d^y^'dniYK)^ + a;*y^a$af,(F^)^ - E 5*(>j)''(^j)^i?(^^)e^9Ay®- 

J 

2iV 2Af 

J J 

2N 

+ EiYj)''iPj)''BiPI)e''dAy''iPj)^ciPKh^d^x^- 
i,j 

2N 

-y^d^x^'dniYKV - y^'x^'d^dniYKy + E <9$(F7)^(Pj)^B(P^)e^9Axe+ 

J 

2Ar 2Af 

+1/* E(^j)''(^i)%(^^)e^5$5AX« + E dn{Yjf{P.,fc{P*Kh^d^y^- 
J J 

2N 

-T.{yjr{Pj)^B{Pl)e''dAx''{Pirc{PKh^d^y^. 
I,J 

(16.23) 
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16.5 ^OKasaxejibCTBO (JjopMyji o Tenaope kphbhshbi 



HeoGxoflHMo ;i,oKa3aTb Toac^^ecxBo (12.7) 



TeHSOp KPHBH3HL.I B CnHHOpHOM paCCJIOeHHH BbIHHCJI3eTCJI HO (|)opMyjie 



(16.24) 



Tor^a d\{eK)AB^^ = npn BbinojiHeHHH ycjioBHH (11.33) osHanaeT 



n-4 



lAB 



N 



-6a Sb ) d[A{TK)^]D ■ 



(16.25) 



B CBOK) onepe^b, 'Va{bk)ab = npn BbinojiHeHHH ycjioBHH (11.33) osHanaeT 



(rK)AA^{BK)LB'^'^ + {^k)aB^{Bk)aL^^ = k) AL^ {^k) AB^^ + k) AL^ k) AB^ ^ ■, 
K)AA^iX k)<^C^{.Bk)lb'~^^ + k) AB^ k)^!c'^ {b k) AL^ = 
= XK)AL^XK)<i!C^{,BK)AB^'^ + X k) Al'^ X k) <i! k) Ab'~^ ^ , 

X k)aA^X K)<i'C'^{.BK)LB'~'^ + Xk)aB^Xk)^c'^{.Bk)aL^'^ = 
= XK)Ac'^XK)<i'A^{BK)LB^^ + X k) Al'^ X k) ^ k) Ab'~^ ^ i 



Xk)[A\A\ XK)m]C (bk) 



LB 



CD 



(ri^)[A|L| (r^)* 



\B 



OTKy;];a 



D~ ML 



iJ^K)A^!C — (J^k)a^!L BcD 



(16.26) 
(16.27) 



16.6 ^OKaaaTejibCTBO BcnoMoraTejibHMX TO>K/],ecTB ^jia TeopeMbi o 
cnHHopHbix anajiorax Tensopa kphbhshbi 



Heo6xo^HMo ^oKasaxb TOJK^ecxBo (12.9). 



N 



2"fi'Ai[A45'A3]A2- 



[16.28) 



/^OKasameAbcmeo. 



Va, 



Ai Ao 



VAM, = i-VA^sMBir'^HBir^' + iVl)A^isj)''^^^)r]A,A,A, 



-VA,BMBl)'''^'i-VA,^''''iei)A,As + {Vi)a,Sas''') + {Vl) aA^i)^'^'VAM, 



VAiBiBiVAi 



^^^^{eif^^^{ei)MA. - {vi)A,{eir^^^VA,B-,A, + {vi)Mieir^''^VA,MA.. 



(16.29) 
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AjibxepHHpyeM no Ai, A2 h cyMMHpyeM no I 



VlAi^'"^'' VA2] A^As = ^iV[A^\B^B2\VA2]'^'^'^^'^'ArA3, 

V[A,^'^'VA2]AiA;V[^-/*^'VAi]AiA2 = 
= V[M\B,B2m2]''''''i^,e^'^'A,A,V[As^''''VA,]A,A2) = 
= ^[Ai|BiB2|'7A2]^'^''7[A3|Aii?3l'7A4]^'^' = 
= -^?[A/''^'^?A2]Aii33^[A3'^''^^'7A4]BiB2 + f (fi'Ai[A4fi'A3]A2 - fi'Ai[A3fi'A4]A2), 

OTKy^a H cjie^yex Tpe6yeMoe. 



(16.30) 



□ 



HeoGxoflHMo flOKaaaxb ToacflecxBo (12.10). 



r?[Ai^'^'r?A2]AiA3^[A3^"^'^A4]A4A5r/[A5^'^'^A6]A6A2 = iV^[ A3 1 [ Az^Ai ] | [ Afi ^Ag ] | A4] 



A4A3 



AeAs, 



(16.31) 



/^OKasameAhcmeo. 



V[A^ VA2 ] Ai A3 VI A3 ^A4 ] A4A5^?[ As ^"^'VAe ] Ae A2 



:;^V[Ai\BiB2\VA, 



AiB2^BiA2 



A4A3 



AiA3'7[A3 ^'7A4]A4A5'7[A5 "^^AbIAbAs 



n-4 



V[Ai\BiB2\VA, 



AiB2^BiA2A4A3 



V[ A3 1 Ai A3 1 ^A4 ] A4A5 V[ A5 ^''^'^ ^Ag ] Ag A: 



+ ;^r?[Ai|iJiiJ2|%2]^''^'^[A3^'^'^A4]AiA5^?[A5^'^'^?A6]A6A2 



i4'7[Ai|i?iB2|'7A; 



,AiB2c-BiA2 



A4A5^[A3|AiA3|^A4]^*^'^[A5'''^'^A6]A6A2 + 



AgAs 



+ ;^'^[Ai|-BiB2|%2] 



^i^2r7[A3^i^2r7A4]AiA5r/[A5^«^^%6]A6A2 = 

= ^[Ai|i3ii32|%2]^'^'^[A3|AiA3|^A4]^'^'^[A5|A4B3l%6]'^''^'- 
■^^^[Ai|i?ii?2|^A2]^'^'^?[A3|AiA5|^?A4]^'^'^?[A5|A6A2|^?A6]^'^'- 

-^^Z4^[Ai|BiB2|^A2]^'^'''7[A3|AiA5|fi'A4][A6'7A5]^'^'' = 

'7[Ai|BiB2|%2]'^''^'^[A3|AiA3|%4]^'''^^^[A5|A4B3l%6]'^'^'^ = 

= 2r7[ A3 1 Ai A3 1 '7A4 ] ^[ As I A4B3 1 fi'Afi ] [ Ai ^?A2 ] + 
+^[Ai|A4B3l^A2]^'^'r?[A3|AiA3|^A4]^'^'^[A5^''^'^Ae]BiB2 = 



2?7[A3|AiA3|^Az 



,A4A3 



+ 2r/[ A2^'^'^Ai][A4^7A3]AiA3^[A5"'"'%6]BiB2 + 



'7[A5|A4B3|5'A6][Ai'7A2 

B1A3 



A1B3 



+ 



+V[A^\AiA3\VA2] '^VlAs " 'VA4]AM[As 



-I + ^Ha/^^^ 



VA2 ] Ai A3 ^[ A3 ^?A4 ] A4 As V[ A5 



VAe]BiB2 
^'^'VAe]A,A2 + 



+ - 4)f 5'[A3|[A25'Ai]|[A55'A6]|A4] ' 

OTKy;];a n cjie^yex TpeGyeMoe. 



(16.32) 



□ 
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Heo6xo;];HMO ^^OKasaxb TO>K;],ecTBO (12.11). 



= f (5'Ai[A85'A7]A25'A3[A6fl'A5]A4 - fl'Ai[A6fl'A5]A25'A4[A85'A7]A3 + 
+fl'Ai[A45'A3]A2fl'A5[A8fi'A7]A6) + A^(fl'[A3|[A2fl'Ai][A8fl'A7][A6fl'A5]|A4] + 
+5'[A5|[A45'A3][A75'A8][A25'Ai]|A6] +5'[A3|[A75'A8][A5fi'A6][Ai5'A2]|A4])- 



floKaaameAbcmeo. 
1. riepEbiH mar. 



(16.33) 



^?[a/'^'^?A2]AiA3^?[A3^*^'^A4]AiA5^[A5^'^'^A6]A6A7^[A7^'^'^A8]A8A2 



:;^V[Ai\BiB2\Va, 

-;^^[Ai|BiB2|^A2 



AiB2f-BiA2 



AiA3^[A3^'^'^?A4]A4A5^?[A5''''''%6]A6A7^?[A7^''''^?A8]A8A 



AeAs, 



A8A7 



Ai_B2^-BiA2A4A3 



'7[A3|AiA3|'7A4]A4A5'7[A; 



+ ;^^[Ai|i?ii?2|^A2]^'^'^[A3^'^'^A4]AiA5^[A5^'^'^A6]A6A7^[A 



,^'^'^A6]A6A7^[A7^'^'^A8]A8A2 + 

A8A7, 



zi^[a^\b^B2\Va, 



,AiB2^BiA2 



■A4A5'7[A3|AiA3|'7a, 



15 
A4A3 



^[A5 



^A8]A8A2 = 

VA, ] AeA,V[ a/'^'VAs ]AsA2 + 



+ ^^[Ai|BiB2|%2]^'^'^[A 



B1A2 



?7[ Ai I Bi B2 1 '7A2 ] ^[ A3 1 Ai A3 1 '7A4 



'7A4]AiA5'7[A5 

A4A3 



^'^'%6]A6A7^[A7^**^'^A8]A8A2 



^[A5|A4A5|?/A6]^'^'^?[A7|A6A7|^A8]-^'^' + 



+ ^^[Al|i?lB2|%2]^''^'^[A3^'^'%4]AiA5^[A5^'^''/A6]A6A7^/[A7^'^'^A8]A8A2 + 



A1B2, 



A4A3. 



B1A2, 



A8A7, 



+ ;534'7[Ai|BiB2|'7A2]'''"^^[A3|AiA3|'7A4r'''"^^[A5"'''"%6]A4A7^[A7'"'"'^A8]A8A2 

(1 - ;^)^[Ai|BlB2|^A2]^'^'^[A3|AiA3|^A4]^'^'^[A5|A4A5|^A6]^'^'^[A7|A6A7|^A8] 



B1A7 



+ 



+ 



A1A2, 



A4A3, 



AeAs 



A8A7„ 



„_4'7[Ai^'"^'"?7A2]AiA3'7[A3^"^'^'7A4]A4A5^[A5''°^'°^A6]A6A7^[A7^'°^"^A8]A8A2 + 
+ ;5:^f (i5'Al[A35'A4]A25'A5[A85'A7]A6 + fl'[A3|[Al5'A2][A8fl'A7][A6fl'A5]|A4]- 
-fl'[A3|[Aifi'A2][A55'A6][A75'A8]|A4] + |fl'A5[A8fl'A7]A6fi'Ai[A4fi'A3]A2 + 
+fi'[A5|[A85'A7][Ai5'A2][A35'A4]|A6] - 5'[A5|[A8fi'A7][A4fi'A3][A25'Ai]|A6]), 



?/[a/'^'^A2]AiA3^?[A3^'^'%4]AiA5??[A5^'^'^A6]A6A7^?[A7^*^''/A8]A8A2 = 

= ^[Ai|BiB2|^A2]^'^'^?[A3|AiA3|^?A4]^'^'^?[A5|A4A5|^?A6]^'^'^?[A7|A6A7|^?A8]^'^' 



(16.34) 
(16.35) 
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2. BTopoii mar. 



= r/[A3^'^'^A4]A4A5^[A5^'^'%e]AeAvr?[A/'^"r?A2]AiA3^[Ar|A8A2|^A8]^'^' + 

+2r?[A3^"^'^?A4]A4A5r?[A5^'^'^?A6]A6Ar^?[A2|AiA3|^Ai][A8r/A7]^'^' = 
= ^?[A3^'^'^A4]A4A5^[A/'^'^A2]AiA3^[A5|A6Ar|?/A6]^'^'?/[A7|A8A2|r/A8]^'^' + 
+2{r]i A3 ^*^3^A, ] A4A5^?[ As ^Ae ] Ae A7 A2 1 Ai A3 1 ^Ai ] [ A8 VA7 ] + 

+r/[A3^*^'^A4]A4A5^[A2|AiA3|^Ai][A6^A5]^'^'^[A7|A6A2|r?A8]^^^') = 
= -^[Ai|AlA3|%2]^*^'^[A3|A4A5|%4]^'^'^[A5|A6Ar|%6]^'^'^[A7|A8A2|%8]^'^' + 
+ 2(r/[A3^4^3^A4]A4A5^[A5^''^'^?A6]A6A7^[A2|AiA3|C/Ai][A8%7]^'^' + 

+^[A3^'^'%4M4A5^[A2|A6A2|^Ai][A6^A5]^«^^r?[A8|AiA3|^A7]^^^'+ (16.36) 

+ 2??[A3^'^'^?A4]A4A5r?[A7|A6A3|^A8][A2^Ai][A6^A5]^'^' + 
+^[A3^*^^5'A4][Ai'7A2]AiA3??[A5|A4A7|'7A6]'^**'^^'7[A7|A8A2|'7A8]^'^') = 
= 2(f (fi'Ai[A85'A7]A2fi'A3[A6fl'A5]A4 - 5'Ai[A65'A5]A2fl'A4[A85'A7]A3 + 
+fi'Ai[A4fi'A3]A2fl'A5[A85'A7]A6) + f (fi'[A3|[A2fi'AiKA8fl'A7][A6fl'A5]|A4]- 

-fl'[ A3 1 [ A7 S'Ag ] [ Ai 5'A2 ] [ As fl'As ] I A4 ] + Sfi-f As I [ A4 fl'As ] [ A7fl'A8 ] [ A2 fl'Ai ] I Ae ] + 

+5'[A2|[A8fl'A7][A6fi'A5][A3fl'A4]|Ai] - 5'[A3|[A85'A7KA6fl'A5][A2fl'Ai]|A4]- 

-fl'[A3|[A7fl'Ag][A25'Ai][A65'A5]|A4] + fi'[A3|[A75'A8KA5fl'A6][Aifl'A2]|A4]))- 

-r?[Ai|AiA3|^?A2]^*^'^?[A3|A4A5|^?A4]^'^'^?[A5|A6A7|^?A6]^'^'^?[A7|A8A2|^?A8]^'^', 

OTKy^a H cjie^yex TpeGyeMoe. □ 

SaMenaHHe 16.1. OneeudHO, umo dannue euKAadnu ne npuMenuMU Oasi n<8, nocKOAbny 
— 4 Ke 6ydem UMemh cMucAa e amoM cAynae. 

16.7 ^OKasaxejibCTBO (JjopMyji o tbhctophom ypaBHeHHH. 



HeoGxoflHMo flOKaaaxb (13.4). 



= iDVV ADm^""^ lkX^ - b^^'^'v^'ADRn^K^X^ = (16.37) 
= (f )^(-r/^ADV^^r^^-^^Vi^X^ + V^r/^'^^Vz.^X^) - '-v^^^v'^AnRn^K^X^ = 
= -{'-?V^adV-^^''V^'''^lkX^ + f V^V^X^ - '-v^^^v'^ADRn^.K^'X^. 



244 



121 



(1 - f ) V^V^X^ + '-R^^k'^X^ + ^v^'^^v'^ADRn^K^'X^ = 

(1 - i)V(^V^)X^ + '-Vi^^^V%DRn\^)K^X^ = 3 
(1 - i)V®VeX^ + '-v^'^^v'^ADRn^K^X^ = -V«VeX^, 

U - -jV(#V,I<)A + -^?(* V \AD^n\'l>)K — nd-^^^V V AD^nSK ^ 

Y7 Y7 VC _ 1 ^eCLi^fl p A-v-Jf _2 „ CD^fl p A "v-K 

0V7 T7 yC — 2^ CD„r / p A T^iiT j 2 ^0AL^Q p S vK 

ZV$V$A — -7^^ T) ADK^^FK + (n-l){n-2) 9^'^V V SL^nOK — 

-^^V^^'v^'sLRnvK^X^ - ^,Vr^'^v''sLRn^K'X^) = (16.39) 

= - ^2)v^^^v''sDRn^K'X^ + ^-^^^^CD^^^^^^^L^^sLRnOK^X^- 

2 ^ CD„ AL„Q „e p 5 yK\ _ 

_ 4 ^ CD^n p S J 4 CD„ ^QAR^n p S "V-K 

— — ^ SD^n<^K ^ + (n-l){n-2) V^adV V SR^nOK ^ ■ 

TaKHM o6pa30M ycjiOBna HHTerpnpyeMOCTH npHMyT bh^ 

p CyK_ _4_„ CD„n p SvK, 4 ^ CD„ „eAL„fi p S vK 

K^^K A — -;^??[* Tj \SD^a\^]K ^ + („_i)(„_2) ^[^ V^]ADr] V SLrCnsK A . 

(16.40) 

ByfleM CHHTaTb, hto ^aHHoe ycjiOBne BbinojiHeno fljia jiioSoro X^. BocnojiBsyeMca Toac^ecTBOM 
BnaHKH 2i?^[**l^ = i?**^^ 

(i?$*X^ = -;^^[*^-°^"|5Di?a|<&]K^ + J—iJ(^)V[^^^V^]ADV^^^V^SLRn0K'^)x 



_ 8 /I ^f-^KA^Aie^sni p $1 1 ^f^fA^Aie^sfi- p $] , i „[*|q„s[a„a]0| p \, 

,^_8^_/i _*[A„A]$„es„Eap 1 „*E:„s*„nA„Aep 1 1 „*a„e*„sA„AHp , 

+ {n-i){n-2) \49 ^9^9 9 Rq.qth - ^9 g g g R^ie-Es + ^g g g g -KneEs+ 

_i_„e[$„*l[A „A]S_sn p I „G[A„A1[$ „*]S„sn p , „0[A„A]S_S[*„$]f2p \_ 

= 4_ [A|[*p*]|A] , P[A|[**]|A] 2_p**AA , 

n—2-^ n — 2 n—2 

I 2 p "I-l A A]$ 2 pAA*"!- , 2 pI'^AA, 

"^(n-l)(n-2)-^y 9 (n-l)(n-2)-^ ^ (n-l)(n-2)-^ 

+ 8 p[.3i|[A A]|vl/] , 8 o[*|[AdA]|*] , 8 d[<&|[AA]|*] 

^(n-l)(n-2)-^ 9 ^ (n-l)(n-2)y ^ (n-l)(n-2)-^ 



;i6.41) 



OKOHHaTejIBHO 



^**AA _ ^^[A|[cl> *]|A] ^ ^ 2 [A|[* $]|A] ^ ^$*AA ^ q_ .^5 42) 

n-2 ^ (n-l)(n-2) ^ ^ ^ ^ 
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16.8 ^OKasaxejibCTBO To:a<:^ecTB ^Jia n=6 
16.8.1 ^OKasaTejibCTBO ocHOBHbix TO>K/i,ecTB flJia n=6 
HeoGxoflHMo ;];oKa3aTb ( 14.8 ) . 



= r?[a'%]da, (16.43) 

— ( yi ly-i SQj\ p. ly-. ly-. SQj\ p. CO, /I'l CO, /y-. p. S0,\ I /v-i /y-i pCCLSCL\ 

4\'/ct 77 ^airad 'laaa'I'y ^air '/a ' Ijair'^ad \ ' faaa' I'yair^ J 

-r/a^'^r?7air(5a^5d'^^ - '^a''^^/) + IVa'^'V-rarrSklade"""'') = 
— ^{ 3?7q, ^-ylra^d] VardV^ ~^ VaadV-y 

V^dr ~l~ Vet ^^ar^d St^q^ 5(1 ^^"/^-j-air 
V'jrk^d ~l~ Vyrd Va V'ykd^r VardV'y ~^ Vaa.dV'J 

Va V-fdr ~l~ Va Vfar^d Vet V'ydr ~l~ Vet V^kr^d Vet V'ykr^d ) 
[{SVa^^V-yrd + ^Va^Vlkr^d'' + Va^'^Vydk^r" + VadrV-y"" + VakdV-y^^^r" + Va'^V^rkSd") 



(16.44) 



kd£ Or 

= -ga-fS/Sd'' + Va'^^kdS/ + Vet'^^rj^kr^d' + Vct^'Vlkr^d'' + Va^'V-ydr- 



= Va^'V-yrd + Vet^^V-ykr^d' + liVet^'^Vldk^r' + Vet'^V'yrk^d'') " iQct^^r' ^d'' ■ 

CBepneM c g°''^ 

Aal^d'^A"^/ = Erd^'^ + Ekr^^Sd + \ {s^^dk5r'^ + ^'^^rk^d'^) — f^r''^/ = 

= 5/5/ - 5/5/ - 35/5/ + §5/5/ + §5/5/ - |5/5/ = ^5/5/ - 25/5/ 

= h"'>r"'^'V^^'a,c- (-65[/^5/5„,]'0 = 
= -25[„^5/3]^ + (r/a'>"^'^r?t\fcir/^^,,, - r^/'^r/^'^^'^ir^I^fc^r^^l,,,) = 

= 25[«^5;3]^ + {Vct''V'''V^^ak,V^\,c - Vp"'^W^\.aV^^ea,) = 25[„'^5;3]\ 

/la/3 rtT^ /la/3 n /I /t^ 

^ m -fa/S — ^ m ^o/3fc i — 

= (|'5m"5fc' — 25k^5m)Ti' = — 2Tm", T^/J = —T^a- 



(16.45) 



(16.46) 



(16.47) 



(16.48) 



(16.49) 
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16.8.2 ^OKasaTejifaCTBO TO>K/],ecTB o 4-BeKTope 

HeoGxoflHMo ^OKasaxb ( 14.9 ) . 



CBepTKa c A'^'^rn'^A^^/ mcT 



b d p k 



e ^J" 
■^a k 



0, ea 



b d p d b 



(16.50) 



/ia/3 n 475 s A a A Cp b d 

= i^Sr'Sf - 25r'5d'){l5bV - 2Sb''5m^)ea''/ = 4e^"/ = 

— _ 4^0: n A-yS s A a A c b d _ 
^ m -'^ r -'^-yab ^poa c 

= -(r/7""^^m6 + r]^^'r]^kmSb" + hi^'/^-fc^-")- 
■{rip'''r]'^rd + Vp'^^V'^trSd' + \rip'^rii^dA')eac'^ = 

an_ cs _|_ _ ckrr '^'^S ^ -\- Ip '^'^p "^"A ^ I 

y^rd ^mb ' '^mb '^kr ^d ~r 2^iTib '^dk ~r 

+£rd £km Ob + e tr^ kmOd Ob + l^S dt^ kmOr Ob + 

+ 2^rd f^fefc Om + 2^fcfe Od + 4^6^ ^dt Om Or JCa c — 

= -i6rV6„,%' - 6dVSm'6b' + 6dVSb'6^' - 6rV6b'6m'+ 
+6^%^6kVS/ - 6m''6bAVS/ + 6j6bAVS/ - 6^%^6kVS/+ 

-l6b''6rVS/ - + IdbWn.'^d/ + l6bWm''S/)ea'/ = 
(p s n p s tj^nipt ks: nr s „ t nr s p tss:n\ptss: n 



I I n s _ 1 t p£ s I 1 t nr s _ g n t r s , n t r 



2^ 

_lp,P sx n , I s tx n _ t sx n , 1 p ns: s\ 



n s_|_p nsio n s_ n s , 1 t s r n_ 



(16.51) 



-e 



2e 



n s 
m r 



(16.52) 



16.8.3 ^OKasaTejifaCTBO cJjopMyji o 6-BeKTope 



HeoGxoflHMo flOKasaxb ( 14. 10 ) . 



A a A c A r b d s 

^aji^Spcr ^[al3'y5pa\ ^a^b ^'ySd -^pas ^^a c r ; 

«p n q s _ o/ s gs: n _i_ n gs: s\ _ ( s gs: n , n qs: s\ _ 

0(p q ss. n jt n ss. q\ _ ( p q s s. n , n ss: q\ s g ._ k s g _ s q k 

^\^in r ^p ' '^p r '-'m J V^P f ' '^m r )) '^m p ■ k p ^k p m ■ 



(16.53) 
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1. riepBaa cBepTxa. 
CsepTKa c 5q^ ^acT 

n — fip n s p _ o(p n s , p n s\ _ (p p sSj n , Ap n s\ _ _(„ p s\ X n _ n 
u — "Jc-m r p — ^\'^m r ~ '^m r ) y^p r ~ ^'^m r ) — y^p r ) — "-"j 



pps_ sp_r\ 



(16.54) 



2. BTopaa csepTKa. 
CsepTKa c ^acT 

8p s q , pt qSj s_ sq_p s q ^ p 9 s , p ksSj q) _ ( p q « _|_ p «A ?! 
f\p s q , p q s _ 2p q s _ Op * 1 — p ^ 



(16.55) 



1. riepBafl CBepTKa. 

CBepneM c Sg"^ h nojiyHHM 



2. BTopaa CBeprKa. 
CBepneM c Sg"^ h nojiyHHM 

10e:=etV, -26^^ = 2epV - eA V, e^V = f V- (16-57) 

3. TpeTbfl CBepTKa. 
CBepneM c 5s^ h nojiynnM 

Op kqxn.n q _ p kqs. n_ n q _ r) qriin nks q _ pQ kx n_ nq 

p n q — p q n 
'^r m — "^m r • 



(16.58) 



(16.59) 



7e s 9 _ 2e * * = 5e5 ^5 * — —5 *5 « 9e *1 = —5 *1 

■ "^m p ^'^m p ^c."m "p 2 P ' P 2 P ' 

5p s q _i_ Ap [s q] — KpX « _ M A 'A <? Rp s q ^ p/AX qX s _ X sx q\ 

r p*^ ^(2((4(5p (5^^ Sp'^Sy )(5^^ (^'^p '^m^ ^p^^m )^r ) 
-((4V5„^'' - 5p''5m")5/ + (45/5,'^ - V^/)^m"))- 

BblHHCJIHM e 

/If "ilX m X mX rni\p b d rip bi di n\ Op b d n„ a c m 

^ni c m c\ m\ c m ^b d n 

= -720 • 64e2. 

(16.60) 
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OTKy^a 



1 

e = -^. 



(16.61) 



16.8.4 ^oKasaTejibCTBo Toxc^ecTBa Bhcihkh 

TojKflecTBo BnaHKH HMeex bha 

CBepneM ero c A"'\^' A'^^ rn"" 

A c A s r> d r AaB I A-tS n r> d r 

^a/3d ^Sr s ^ t ^ m s — 

o/'j- srij- c( I j-cA; ^ snr i _i_ 1 ck^ snr i _i_ sk^ els: n i 

— ■^^,'^t(i '^mr- ~r t mr'^kt ~r '^dfe ~r c-td '^km ~r 

km^kit OdOr +2^ km^dki Or +2V^ rk^td O-m fcit^ rk^d Om ) + 

+ rk^ dkiOt Orn j^tc s — —'^[-tim t + ^k r Of Qm — ^t,n k "t ~ k Om — 

—Rmt^ — Rkm^^t^ + Rkt'^rn^ + \ {,Rm^k^5t + Rk'ni^^t — Rk' r^StS„J'') + 

_i_ r? k nX I r> I n r> k nX I _i_ n T? I n 1 r> I n 1 n r> k nX I i ^ / T) k I X n 1 
+-n^m k Ot ~ -n-m t ~ -n-t k Om 'r ^J^m t 'T J^t m ~ 2 ' "^^rn k Ot -T 2 \J^t k Om 'T 

_i_f?'feX w T) ''' kx nX l\ D k Ix n _i_ 1 T) r kx Ix n O/'Of? ^ I 

+^k t Om — J^k r Om Ot ) — k Om + 2^k r Of 0^ — —Z^ZKjn t 

■ ) p I kx n O P I _i_ D I kx n _i_ p fe nr I _i_ D r kx nX I lor kx nX l\ 

— IrCk m Ot — ZKt k Om + rCk t Om + J^m k Ot + Kk r Ot Om — 2^k r Om Of ) 



^Rkm^^t^ + 4:Rt^k"'^m'' — '^Rkt^^m"' — '^Rm'^k^'^t — '^Rkr^^t^^m^ + R/r'^^m"'^t — 0. 

(16.63) 

CsepTKa c flacT 

icp( k _i_ A r> k tx I OT? I k op k I QT?rkx I \ r> r kx I a 

WKk m + k Om — ^J^k m — k — oKk r Om + ^k r Om — U, 



4 

HTO H 3aBepmaeT flOKaaaTejibCTBO. 



z> I k ]_'Q ^ kx I 1 PA ' 

-'•'fe m A.-'^k r "m s-'^"m ) 



(16.64) 



16.8.5 /],OKa3aTejifcCTBO To:a<;/i,ecTB, Kacaioiij,Hxca Tenaopa Beftjia. 

rioCKOJIBKy 

Tlal3] = l'na-"'"'^V/3^^^ ' K^kfaibbi] - T[hhj^a]ai) = 

— I^a""^^^''^ ■ \iTak^'^£aidbhi — T^'^ kai^ adbbi) = \Va^""'l0'^^^adhki- (16.65) 

1 (r-rkd r-p kd\ A c 1 Crkd r-p kd\ 

' kc J-kc ) — -^afid ' kc kc )j 
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TO 6yfleT BepHbiM cjieflyiomee cooTHomeHHe 

p [7„ 5] A c A'yS s 1 ( pkdnrr- p nr^kd _i_ p g-kdnr pfed ^ nr\ 

-'''[q y/J] ^a^d ^ r 16 V '^kcns ^kc ns ' ^kcns'^ ns'^kc J 

A C/175 sj_(pkd l^mminrg- i p mmi 1 _ ^kdnr 

— -^afid ^ r ig v-* rrtmi 2'- <^kcns 1 J^kc 2 '""'■i"'' 

= A„^/A^^^^(P'='^fc,<5/ - P'='^,,(5/ + P'-'^c.+ (16.66) 

I p fedr r p fcr r dip dr p fer r dip dr pkd X r 1 prd \ 

~^-'-kc ^kc ~i~ ^sc ■'■kc ~i~ ^sc ks^c ~^ cs J — 

A c A'yS si / p dr 1 pfed X r \ I p kdx t 1 P kr x <i'\ 

— -^afid ^ r 4V-' sc 2 '^'^ ^ 2 '^'^ * 2 ^ / — 

AnajiornHHO 



TaKHM 06pa30M, H3 



cjie/i,yeT 



(16.67) 



(16.69) 



-2Ss%n) = A«^dM^MP( A)'' + P[cVl''<^^]''' + i)^(3<^/<^/ - 25/5c'^)). 
Torfla 

Ca^^' = A,^/^^^^(P(/,)'- + ^R5/5/). (16.70) 
CsepHeM ero c A°'^kA^st^ 

^Ckt^ '■— A'^^kA^st^Ca^'^^ — A°'^fJAa^(fA'^^r^A^st"{R(^/sf + ^qR^s'''^/) — 

= C^5k'Sf - 2Sk''Sj)i^^5r%^ - 25,-5/)(lPc'/ + IP// + ^o^S/Sj) = 

to D I n I Id ri fcirZrn Id I kix n 1 D ki nx I \ 

— [^^k t + g-Kfci n ()fc c>t — 2-n^fci k Ot — 2-f^t fci Ok + 

+2PA" + ^R{6t^6k' - 6t^6k' - 5t^5k' + 45^'^") = 
= (4P(fc',)" - 3^P5fe^5i" + ^P5fc^5t" + ^P5i"(5fe' + 8;jP(45t^5fe" - 5t"5fe')) = 

= 4(P(fc^)" + ^P5(A)"), 
HTO 3aBepmaeT flOKa3aTejii.CTBO pasjiojKeHHa. 

16.8.6 ^OKasaTejibCTBO (J)opMyji, cbh3cIHHi>ix c MeTpHKoit, HHflyii,HpoBaHHOH B ce- 
HeHHH KOHyca Kq 

riycTb 3aflaH0 ceneHne Konyca Kq 

+ -W^ - -Y^ - ^0 (16.72) 
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njiocKocTbK) V+W=l. C;j,ejiaeM cTepeorpacj^HnecKyio npoeKii;Hio nojiyneHHoro rnnepGojioHfla 
Ha njiocKOCTb (V=0,W=1). 



1 

T 



X 



y. 

Y 



1 



2y-i' 



T ^ -t{2V -1), X ^ -x{2V -1), Y ^ -y{2V -1), Z ^ -z{2V -1), 
dT = -(dt (2V - 1) + 2tdV), dX = -(dx (2V - 1) + 2xdV), 
dY = -{dy {2V - 1) + 2ydV), dZ = -{dz {2V - 1) + 2zdV), 
dS^ = dT^ + dV^ - dW^ - dX^ - dY^ - dZ^ = \dV = -dW\ = 
= dT^ - dX"^ - dY^ - dZ^ = {d,e - dx^ - dy^ - dz^){2V - lf+ 
+4:{tdt - xdx - ydy - zdz)dV{2V - 1) + 4(^2 

= \tdt - xdx - ydy - zdz = -\d{^)\ = "p^^Z^J^ 

CflejiaeM saMeny 



(16.73) 



^2 ■ 



-iX+Y 
2V-1 



-y + ix, a; = = i(t + 2;), 7] = '-^^^ = i{t - z) , 



dc. 



dY 2YdV \ _ ■( dX 

2V-1 (2V-1)2/ ''\2V-l 

dT 2TdV I dZ 



2XdV 



), d^={ 



dY 



2YdV 



dX 



2XdV 



(2V-1)2/'' ""^ \2V-l (2y-l)2/ ^ 
2ZdV \ _ Al dT 2TdV 



2V-1 (2y-l)2/' 
dZ I 2ZdV 



(2y-l)2 ' 2V-1 (2V-l)'^'i *'V2y-l 
r2 , Jv2_i_J'z2_ JT'2\ 



V \ J _ ■( dT 2TdV dZ_ , 2ZdV \ 

i)2j, — ''\2v-1 (2y-i)2 2y-i (2y-i)2^' 
dqdq + dwdr^ = {dx^+dY^+J^^-dT^) _ 4^_^ (x^^x + YdY + ZdZ - 

■=dT^- dX^ - dY^ - dZ^ = 



dT'^-dX^-dY'2-dZ'^ 



(r2-X2-y2-Z2)2 ' 



d<;d<;+dridw ^2 j_ ^,2 _i_ ^2 _ ^2 



1 

2V-V 



HosTOMy ecTb peaoH nojioacHTb 



X := 



dX := 




ax '''' 



f JL Jl\ 

du) dc; 

_d_ d_ 

\ dr, ) 



Tor^a 



ds' 



det{dX) 
\det{X)y' 



X^ +X = Q. 



(16.74) 



(16.75) 



;i6.76) 



16.8.7 ^oKasaTejifcCTBo (JjopMyji o nepeoM HHBapHciHTe 

PaccMOTpHM rpyiiiiy /j,po6HO-jiHHeHHMx npeoGpasoBaHHii L 



X={AX + B){CX + D)-^, S:^\ I, detS = 1. 

C D 



;i6.77) 



riycTb HMeeTCfl flsa nocjieflOBaTejii.Hi.ix npeoSpaaoBanHfl 



X = {AX + B){CX + D)-\ X = {AX + B){CX + b)-\ 



(16.78) 
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S :-- 



S = SS. 



TO 

X = {AX + B){cx + oy^ = 

= {A{AX + B) + B{CX + D)){C{AX + B) + D{CX + D))-^ = 
= {{AA + BC)X + is + BD){{CA + DC)X + CB + DD)-\ 

^ S:=( ^ §:=(^ ^ 

c D J ' yc D J ' yd D 

yHHTapHbix flpoGHo-jiHHeiiHbix npeoGpaaoBaHHH HMeeM 

X* + X = X* + X ^0, 
= {AX + B){CX + + {CX + + B)*, 

= (CX + Dy{AX + B) + {AX + 5)*(CX + D) = 
= X*(^*C + C*^)X + X*{A*D + C*S) + {B*C + + L)*S + B*D = 

= x* + x. 

OTKy^a 



(16.79) 



^16.80) 



A*C + C*A = Q, B*D + D*B ^0, A*D + C*B ^ E, S*ES^E, 

E 
E 



E :-- 



(16.81) 



IlycTb 



X^YZ-\ Y^AY + BZ, Z = CY + DZ. 



(16.82) 




X 



Xi X2 
Xs X4 



dX 



dxi dx2 
dxs dx4 



dX :-- 



dxi dx2 
dxs dx4 



Tor^a 



a . 
dx ■' 



d d 



dxi dx2 



d d 



\ dx^ dx4^ I 



a 

ax 



( 



d d 



dxi dx2 



d d 



\ dx^ dx4 / 



(16.83) 



d{XX) = d 



dX + dX ^d{X + X), 

XiXi + X2Xs XiX2 + X2X1 



X3X1 + X4X3 X3X2 + X4X4 



dXiXi + dX2X3 dXiX2 + dX2Xi \ I XidXi + X2dX3 XidX2 + X2dXi 

+ 

dx^Xi + dx^x^ dx3dx2 + x^x^ J \ x^dxi + x^dx^ Xsdx 2 + X4dx4 

= {dX) X + X {dX). 



(16.84) 
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rioSTOMy BepHbl TOJKfleCTBa 

X^AX + B dX^ AdX, X = X'^ ^ dX ^ -X''^ dX X' 
^OKaaaTejiBCTBO BToporo TaxoBO 

XX = 1, {dX) X + X {dX) = Q, 
(dX) X + X-^ (dX) = 0, dX = -X-^ (dX) X-\ 

Tor^a nojiyHHM ii,enoHKy Toac^ecTB 

x* + x = o, -x* = x, 

-{CX + Dy-\AX + By = {AX + B){CX + L>)-^ 
-{AX + B)* = {CX + DY{AX + B){CX + D)'^. 

^OMHOJKHM 06e HaCTH Ha CdX 

{-X*A* - B*)CdX = {CX + Dy{AX + B){CX + D)-^CdX, 
{-X*A*C - B*C)dX = {CX + Dy{AX + B){CX + D)-^CdX, 
{X*C*A + D*A - E)dX = {CX + Dy{AX + S)(CX + D)-^CdX, 
{CX + L))MrfX - {CX + + B){CX + DY^CdX = dX, 

A{dX){CX + - (^X + B){CX + D)-iC(dX)(CX + D)-^ = 
= (CX + Dy-^{dX){CX + 
(d(AX + B)) {CX + + {AX + B)d{{CX + L>)-i) = 

= (cy + Dz)*-iz*(rix)z(cy + dz)-^, 

Z* dXZ = Z* dXZ. 
TaKHM o6pa30M nojiynaeTCfl nepBbiH HHBapnaHT. 



16.8.8 ^oKasaTejibCTBo 4)opMyji o BTopoM HHBapnaHTe 

riycTb 

X^AX + B, 

HJIH B nOKOMHOHeHTHOH SaHHCH 

xi = aiXi + 02^3 + 6i, X2 = aiX2 + 02X4 + 62, 

Xs = 03X1 + 04X3 + 63, X4 = 03X2 + 04X4 + 64. 

Tor^a 



HJIH B COKpameHHOH SaHHCH 



ax dx dxT 

riycTb Tenepi. 



' -^^M ^ ^^^A-'{det{A)^Q). (16.9 



X = X-^, (16.9 



HJIH B HOKOMHOHeHTHOH SaHHCH 



^ — ^4 ^ X2 ^ X3 - _ XI 

-'■ X\Xa—X2X3 ^ X1X4—X2X3 ' X1X4—X2X3 * X1X4—X2X3 ' 



Tor^a 



d X4X4 d_ _|_ 3:23:4 d_ I 3:33:4 d_ 3:23:3 d_ 

dxi {x\X4—X2Xz)'^ dxi (xiX4—X2Xz)'^ 8X2 (3:13:4— 3:23:3)^ 9X3 (x\X4—X2X3)'^ 8x4'' 



8 3:43:3 d_ 3:1X4 d_ u;3u;3 u_ i 3;i3;3 u_ 

8X2 (3:1X4—3:23:3)29X1 (X1X4— X2X3)2 9X2 (X1X4— X2X3)2 9X3 {x\X4—X2Xz)'^ 8x4' 



d X4X2 d X2X2 9 X1X4 d I X1X2 9 



OxKyfla 



(16.9 



(16.9 



9X3 (X1X4— X2X3)2 9X1 (X1X4— X2X3)-^ 9X2 (X1X4— X2X3)2 9x3 (X1X4— X2X3)2 9x4 ' 

9 X2X3 9_ _|_ X1X2 9_ I X1X3 9_ xixi 9 

9X4 (xiX4— X2X3)2 9X1 (xiX4— X2X3)2 9x2 (xiX4— X2X3)2 9x3 (xiX4— X2X3)2 9x4 ' 

HJIH B coKpani,eHHOH 3anHCH 

ripeflnojrojKHM, hto det{C) 7^ 0, to 

X = (^X + 5)(CX + D)~^ = AC-^ + {B- AC-^D){CX + D)-\ 
^ 9(cx+D)T-i {B - AC ^D) ^ = 
= -(CX + D)^^^^{CX + D){B- AC-'D)-' = 
- -{CX + D)^C-\CX + D){B- AC-^D)-^ = 
= -{CX + D)g^{XC* + C-^DC*){BC* - AC-^DC*)-^ = 
= {CX + D)g^{CX + D)*{BC* + AD*)-^ = {CX + D)^{CX + D)* . 



;i6.9 



Z-^-^Z*-^ = Z-^-^Z*-\ (16.9 
dXT ^ 



Ecj[H det{C) = 0, TO 

X = X-i = (CX + L>)(AX + S)-i, l = + det{d)j^O. (16.9 
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EcjiH det{A) 7^ 0, to 



-1 d — l 7—1 d 



-{AY + BZ)-^X^X{AY + BZ)*-^ = \X* = -X\ 



(16.100) 



= {AY + BZ)-\AY + BZ){CY + DZy^^x 
X {CY + DZy-^{AY + BZy{AY + BZ)*-^ = Z-^^Z*'\ 

EcjiH Bce-xaKH det{A) = 0, to mojkho nojiojKHTb 

X = X + D, X = X-\ X = {AX + B){CX + D)-\ C = A + DC, det{C) ^ 0. 

(16.101) 

Ohcbh^^ho, hto Bcer;];a mojkho BL.i6paTb Tax, hto det{C) ^ 0. HosTOMy 

Z-^^Z*-^ = Z-^^Z*-^ = Z-^^Z*-^ = Z-^-$^Z*-\ (16.102) 

dXT g^T dXT ' ^ ^ 

HTO H ^acT BTopoii HHBapnaHT. 

16.8.9 ^OKasaTejibCTBO TOi«;/i,ecTBa ajibTepnaTHBHOCTH flJia ajire6pM OKTas 



/^OKajKeM TOJK^ecTBo (14.95). B cjiynae P^^ia = ?7*xa-^ 



= {-mA^''v^)Ax + 2r7(A^^r7*)(AX))X^P®i?r/0CDPc,^P^^ = 

1/1 V-Bv'^c- P CpTD, 1 ^ „ Tpe p B 



1^ T„ © — »n AB„ CDp pT p pe 
2'7{A|e| '7*)<I> — ^(A -reA-r B-r$C-r d 



„ A_B„ C" _|_ o„ K Ir C'\pT p 

'7(A ^7*)^ +^^(A V'i')K ■ gfJA j-r B-Tc 



T 

5 



— — IS'A*'^*^ + \fl{k^^V^)K^ P^ sP'i'C — — Is'A*'^*^ + J7^'7(*^|-ft:|'7A)* 
hA0*r/(T*)® = r?A^^PeAP*Br/{*^^PT)cP®D = r?AD^r?(*^^PT)cP*B 



iT/A(*®r/|e|T)* = r/A^^P(vt|AP®Br/e|^^PT)cP*D = r/A^^P(*|^|PT)c^xB^^X^P*D = 
= (r/A^^X^ - r/Ax^X^£^B^^)P(*|^|Px)c;P% = -^^?t*5a* + ^^A(vt*r7T)/^^. 

(16.103) 
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16.8.10 ^OKasaTejifaCTBO Li,eHTpajii>Horo TO>K/],ecTBa Mycjianr 



flpKayKeM TOJK^ecTBo (14.96). OxMeTHM, hto r^r^^e^ h V^t^^'^ hbjihiotch opToroHajit.Ht.iMH 

Hpeo6pa30BaHH3MH. 



* n B V T <I> B r QT 

r^V^e VA'f Vnr = r^r/^A ?7eQ ^?*t 
r^V'fA VoA = r^V'S'S Va^ Vnr r'T^^EAr-^- 



nocKOjiBKy = r]^ABX^Y^ = P^bY^, to 

D Qpe „ CD _ p A' pA ^ AS pH ^ VDV ^ "^^v 

-Ks^-r grye — -Kb -t -t kZ/q ly-r J^y, 

[=es^*^^XMyjv] [=X^'eps^B] [^^^LDVXi.n-] [eA-^^^XxiV] (16.105) 

1. HpaBaH HacTb. 

_ yP^ AB^ XCY y v c- KMN y v c- i-DF -v- v — 
— £PS ^A -^X^Y^B -^Mi N^K -^L^V — 

— A Eps Sa -^X1Y\—£ B + Ob £ j^M^N^K ^L^V — 

= X^iepse^^ + 5pHs^ - 5pHs^ - s^p)eA'''^'' XxYy 
(-F^Fb + + XlY^V^Xb - X^Xb) = 
= (X^e^^^^XxFy + ds^'Y^ - X^'es^'^^XxYY - e^^^^Yy) 
{-Y'^Yb + Sb" + X^F^F^Xb - X^Xb) = 
= -X^F^XxFpFye^^^^ + X^e^^^^FyXx + X^F^X^F^Xpe^^^^XxFy- 
-X^X^Xfi^^^^^XxFy - F^F^Fs + F^^cj'' + F^F^X^X^F^ - F^X^X5+ 

^^B^^XCy^^y^yDy^ - X^Es^'^^XxYy " F^Xz.F^XBX^£5''^''XxFy + 
+X^XBX^e5^^^XxFy + F^FB£^5^^Fy - e^5^^Fy- 
_yL^^yD^^^B^Cyy^ + X^Xpe^s'^'^Fy = 

= -XgF^XxlFf F^-g^^) +X5e^^^^FyXx + XgF^F^F^X,. - 

1 2 

- XsX^F^ - F^F^Fs +Yc5s'^ + F^F^XgX^F^^ -F^X^Xs+ 

3 4 1 

+ X^FpF^es'^'^'^XxFy - X^e^'^'^'^XxFy - 2X^Fz.F^£5''^''XxFy + 

" V ' " V ' " V ' 

2 3 2 

+2X^£5''''^XxFy +F^(FsF^ -55^) - 5^5^^Fy- 



3 4 

F^XiF^Xse^s^'^Fy + X^X^e^s^'^'F, 



y 



Xse^^^^FyXx + XsF^X^ - X^X^F^ - e^^^^'Fy + F^^s"" - F^^s^ 



X^e^^^^FyXx - e^^5^F, 



5 

y- 



(16.106) 
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2. JleBaa nacxb. 

( lo.lUT) 



3to npHMoe ^^OKasaxejibCTBO. Bojiee npocToe ^^OKasaxejibCTBO ocHOBano na (|)opMyjie (10.1 
cjiynafi 2). 

16.8.11 ^OKasaTejibCTBO TO>K/i,ecTB fl^Jin onepaTopa A flJia n=8 



JlpKayKeu Toac^^ecxBo (14.99) 
1. Bo-nepBBix. 



2. Bo-BTopt.ix. 

'7a ^ CL^ D — £^CL D — [OC <JL LC Ji^KD^ —^K 

_c c-AB c B A cABj_/\cAB_c c^B , Oc A B 



3. B-TpexBHX. 



(16.108) 



D 



(16.109) 



Ha ocHOBaHHH TOJKflecTBa (8.27) 



VKmADv'''^''v''cB = 2(^?Av,(7^'« + d^^'d^'' - (5^«5a^0, (16.110) 
Tor^a nojiyHHM 



V[A^\A\V^]CBVrK'^Vn^^ = 45't[a5'*]!^, 
ri[K^ \A\ri^]CBm'^ Kfln^^ = 4:gr[Agq,]n + 8r][rgn][Ar]^], 

V[A\A\^'n^]Bc'nr'^K'nn^^ = 4:gT[Ag^]n, 
VlA\A\'^V^]BcVrK^Vn^^ = 4:gr[Ag^]n + 8r][rgn][AV^]- 



(16.111) 



HpH 3TOM 



V[A^\A\V'f]CBVTK'^Vn^^ = 8gr[Ag^]n + Vr'^ AVWCB\VAf^VnK'^ = 
^9T[A9^]n + iV[A^^V^]BC + "^ViA^ \c\V^])iV[r\A\'^Vn]'^K + 2?7[n|i^|^?7T]) 
= 8gr[Ag^]n - 'n[A^\A\r]'f]CB'nrK^'nn^^ - '2r][<i,^ ic\'nA]'n[r\A\'^'nn]^K+ 
+'2r][n\K\^r]r]r][A^^r]^]Bc - ^Q'n[Ag^][n'nr]- 



(16.112) 
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Torfla onpe;];ejieHHe (14.182) cxanex xaKHM 
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;i7.3) 



nocKOjibKyx' := (P2)*a(^2) + {P^Y a{X^) to h3 (6.33), (14.84) h cjie^cxBHSi (8.3) cjie- 



^yex, Hxo {Xk) 



x^{PK)iA, a H3 (6.33), (14.84), cjie^cxBHs (8.3) 



H cooxHomeHHa (Mx)^^(Mx)iA = 0, {M^y'^{M^)iA = (cMoxpn ( |l4.18l[ )) cjie^yex, hxo 

(X|)c = {P2)''c{P3)iB{X3)^ . IIoBXOMy ML.I MOJKeM nOCXpOHXb BSaHMHO 0;i,H03HaHH0e COOXBCX- 

cxBHe (a, b, ... = 1,4) 

X' ■ mv, (p;).'') = {{x,)\ (Xs)^), ■ mu (a).b) = ((x*)^, (x*)^) . (17.4) 
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-Pi a 



--Xa 



^3tot npHMep ne Bomeji b ony6jiHKOBaHHyK) CTaTtro. 
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Tor;i,a Ha cnHH-napax X" = ({X2)^, (X^)^) HH;i,yn;HpyeTCH MexpHKa h hhbojuoi^hh Bnp^a 
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riosTOMy B03M0JKH0 nocxpoHTb Ha CHHH-Hapax jiHeBCKHe anajiorH 



(17.5) 



(17.6) 



SaMCTHM, HTo pasjiojKeHHe X* := (-P2)*yi(-^2)'^ + (-P3)*a(-^3)^ aBjiaeTca pasjiojKeHHeM no ^ByM 
HsoxponHbiM BeKTopaM. A fljia xaKHx BCKTopoB JiHeBCKHe anajiorH 6t.ijiH HocxpoeHBi b [22l t. 
2, c. 127]. 

OrpaHHHeHHoe Hpeo6pa30BaHHe JIopeHH,a nepeBO^^HX Bexxop b BeKTop x*. 3to unpy- 
H,HpyeT cHHHopHbie HpeoGpasoBaHHa (Xk)^ i — >■ (Xk)^- Ohh Bos^^eficTByioT na oHepaxop 



(P^)i^, (-Pa')*A; hjih 6ojiee tohho, na ynpaBjiaiomHH CHHHop X^ h3 OHpe^^ejienna (11.59). B 
CBOK) OHepe;i,B, 9TO HHflyii,HpyeT npeoGpaaoBaHHa na cnnn-napax X*^ = ((^2)'^, {X^)^) 1 — )• X". 
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